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Abstract: We explicitly construct two classes of iriﬁ\nitly many commutative
operators in terms of the deformed W-algebra W, +(sly), and give proofs of the
commutation relations of these operators. We call one of them local integrals
of motion and the other nonlocal one, since they can be regarded as elliptic

deformations of local and nonlocal integrals of motion for the Virasoro algebra
and the W3 algebra [1,2].

1. Introduction

This is a continuation of the papers [3], [4], hereafter referred to as Part 1 [3] and
Part 2 [4]. In Part 1 we constructed two classes of infinitly many commutative
operators, in terms of the deformed Virasoro algebra. In Part 2 we announced
conjecturous formulae of two classes of inﬁgiily many commutative operators,
in terms of the deformed W algebra W, .(sly), which is the higher-rank gen-
eralization of Part 1 [3]. We call one of them local integrals of motion and the
other nonlocal one, since they can be regarded as elliptic deformations of local
and nonlocal integrals of motion for the Virasoro algebra and the W3 algebra
[1], [2]. In this paper we give proofs of the commutation relations of the integrals

of motion for the deformed W algebra Wq’t(%).

Let us recall some facts about soliton equation and its quantization. B.Feigin
and E.Frenkel [5] considered the so-called local integrals of motion I(°!) for
the Toda field theory associated with the root system of finite and affine type
{1¢D H D} p g =0, where H®) = 1 [(e?®) + e=¢(")d¢ is the Hamiltonian of
the Toda field theory. They showed the existence of infinitly many commutative
integrals of motion by a cohomological argumemnt, and showed that they can
be regarded as the conservation laws for the generalized KdV equation. In [5]
they constructed the quantum deformtion of the local integrals of motion, too.
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In other words they showed the existence of quantum deformation of the conser-
vation laws of the generalized KdV equation. After quantization Gel’fand-Dickij
bracket {, }p 5. for the second Hamiltonian structure of the generalized KdV,
gives rise to the Wy algebra. V.Bazhanov et.al [1], [2] constructed field theoret-
ical analogue of the commuting transfer matrix T(z), acting on the irreducible
highest weight module of the Virasoro algebra and the W3 algebra. They con-
structed this commuting transfer matrix T(z) as the trace of the monodromy

matrix associated with the quantum affine symmetry Uq(s/l\z) and Uq(s/l;,), and
showed that the commutatin relation [T(z), T(w)] = 0 is a direct consequence
of the Yang-Baxter relation. The coefficients of the asymptotic expansion of the
operator log T(z) at z — oo, produce the local integrals of motion for the Vi-
rasoro algebra and the W3 algebra, which reproduce the conservation laws of
the generalized KdV equation in the classical limit copr — 0o. They call the
coefficients of the Taylor expansion of the operator T(z) at z = 0, the nonlocal
integrals of motion for the Virasoro algebra and the W3 algebra. They have ex-
plicit integral representation of the nonlocal integrals in terms of the screening
currents.

The purpose of this paper is to construct the elliptic version of the integrals
of motion given by Bazhanov et.al [1], [2] and to construct its higher rank gen-
eralization. Bazhanov et.al’s construction is based on the free field realization
of the Borel subalgebra By of U,(slz) and U,(sls). By using this realization
they construct the monodromy matrix as the image of the universal R-matrix
R € B, ® B_, and make the transfer matrix T(z) as the trace of the monodromy
matrix. The universal R-matrix R of the elliptic quantum group does not exist
in By ® B_. Hence it is impossible to construct the elliptic deformation of the
transfer matris T(z) as the same manner as [1]. Our method of construction
should be completely different from those of [1], [2]. Instead of considering the
transfer mtrix T(z), we directly give the integral representations of the integrals

of motion Z,, G, for the deformed W algebra Wq,t(ﬁ). The commutativity of
our integrals of motion are not understood as a direct consequence of the Yang-
Baxter equation. They are understood as a consequence of the commutative
subalgebra of the Feigin-Odesskii algebra [10].

The organization of this paper is as follows. In Section 2, we review the
deformed W algebra, including free field realization, screening currents [6], [8].
In Section 3, we give integral representations for the local integrals of motion
T,, and show the commutation relations :

Very precisely, in Part 2 [4], we only give the Laurent series representation of the
local integrals of motion, which is useful for proofs of the commutation relation
and Dynkin-automorphism invariance. In this section we show the integral rep-
resentations and the Laurent series representation give the same local integrals
of motion. In Section 4, we give explicit formulae for the nonlocal integrals of
motion G,, and show the commutation relations :

[gmvgn] = [ ;ugr*L] = [ng g;] =0,

[Im7g7l] = [I:mgn] = [Im’gr*L] = [I:mgvﬂ =0.
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We show the commutation relation [Z,,G,] = 0 using Dynkin-automorphism
invariance n(Z,) = Z,, and 1(G,) = Gy, which will be shown in the next section.
In Section 5, we give proofs of Dynkin-automorphis invariance :

N(Zn) =In, (L) =TI, 1(Gn) =Gn, n(Gr)=G.

In Appendix we summarize the normal ordering of the basic operators. We would
like to point out a differnt point between the case of the ge\formed Virasoro
Virg: = Wy (sle) and its higher-rank generalization, W, ¢(sly), (N > 3). Ba-
sically situations of Wq’t(ﬁ), (N = 3) are more complicated than those of
Virg: = Wq7t(;i;). However, one thing of Wq’t(g;), (N 2z 3) is simpler than
those of Viry, = qut(s/l\g). In the case of Viry, = Wq’t(s/l\g), the integrals of
motions Z,, G, have singularity at s = N = 2. Hence we considered the renor-
malized limits for the inte/g\ral of motions Z,, G,, in the lase section of the paper
[3]. In the case of W, (sly), (N = 3), the integrals of motions Z,,, G,, do not
have singularity at s = N = 3.

At the end of Introduction, we would like to mention about two important
degenerating limits of the deformed W algebra. One is the CFT-limit[1], [2]
and the other is the classical limit[14]. In the CFT-limit V.Bazhanov et.al. [1],
[2] constructed infinitly many integrals of motion for the Virasoro algebra, as
we mentioned above. We give a comment on the CFT-limit in Section 4. In

the classical limit, the deformed Virasoro algebra degenerates to the Poisson-
Virasoro algebra introduced by E.Frenkel and N.Reshetikhin [14].

2. The Deformed W-Algebra qu(g;)

In this section we review the deformed W-algebra and its screening currents.
We prepare the notations to be used in this paper. Throughout this paper, we
fix generic three parameters 0 < x < 1, r € C and s € C. Let us set z = z2%.
Let us set 7* = r — 1. The symbol [u], for Re(r) > 0 stands for the Jacobi theta

function

u? _ 9322"' (SCZU)

- —u

[u], = 2™ ) 04(2) = (2900 (427 D)oo (G Do (2.1)

where we have used the standard notation

oo

(2000 = [[(1 - ¢/2). (2.2)
§=0
We set the parametrizations 7, 7*
T = e*ﬂ\/f_l/'r'r _ 6771'\/7_1/7‘*7'*' (23)

The theta function [u], enjoys the quasi-periodicity property

], = —[uly, [utrr]y = —e VI gy (2.4)

The symbol [a] stands for
T — @
[a] = ————. (2.5)

z—x !
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2.1. Free Field Realization. Let ¢;(1 <4 < N) be an orthonormal basis in RY
relative to the standard basis in RY relative to the standard inner product ().
Let usset € = ¢; —€,e = % E;V:1 €;. We idetify ey11 = €1. Let P = Ef\il Z.€;
the weight lattice. Let us set a; = €; — €;41 € P.

Let 37, be the oscillators (1 < j < N,m € Z — {0}) with the commutation
relations

81, 83] = m i e i (1Si=j S N)
msMn _m[('r' 1)m] [m] 5™ sgn(i—j) § im0 (1 < 7&‘7 < N)

[rm] [sm]

(2.6)

We also introduce the zero mode operator Py, (A € P). They are Z-linear in
P and satisfy

iPy Q) = (A, (LueP). (2.7)

Let us intrduce the bosonic Fock space Fj x(I, k € P) generated by 47, (m >
0) over the vacuum vector |I, k) :

Fre =CHB 1B 5, h<ienlll k), (2.8)
where

3911, k) = 0, (m > 0), (2.9)

Pl k) (oz, ) 0, k), (2.10)

1, k) = VFTm iV EE R ). (2.11)

Let us set the Dynkin-diagram automorphism 7 by

l_

2s

n(BL) =" ¥mE2 o (BN =2 KN n(BN) = 2 ¥ N -Dmal (219)
and 77(61) = €i+1, (]. é 7 § N)

2.2. The Deformed W -Algebra. In this section we give short review of the de-
formed W-algebra W, .(sln) [7], [8], [9].

Definition 1. We set the fundamental operator A;(z),(1 < j < N) by

A5(2) = 2 2VTOTP e | ST T ——— i | (1S5S N).
m#0 m
(2.13)
Definition 2. Let us set the operator T;(z), (1< j < N) by
Ti(z) = Z t Agy (@7 T2) A, (277 32) - A, (2771 2) 1 (2.14)

1S51<82<-<s; SN
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Proposition 1.  The actions of n on the fundamental operators A;(z), (1 <
j < N) are given by

0(4j(2)) = A1 (@¥2), 1SFSN-1), n(An(2)) = A (a¥22)(2.15)

Proposition 2. The operators Tj(z), (1 £ j < N) satisfy the following
relations.

fij(22/20)Ti(21)T(22) — fji(21/22)Tj(22)Ti(21)
i k—1 i—i
=cy [T 4@~ (5 (x—%) fick k@O T (275 20) Ty (2% 20)
k=11=1 1
xmItim2k,, i & k .
= () sl Tl Tala ) ) (S 1S5S ),
(2.16)

where we have used the delta-function 0(z) =, ., 2". Here we set the constnt
¢ and the auziliary function A(z) by

_ (1 _ 1.27')(1 _ .713_2T+2) B (1 _ $2r—lz)(1 _ $1_2TZ)
€~ (1—2?) , Alk) = (1—z2)(1—2z"12) (2.17)
Here we set the structure functions,
fii(2)

(2.18)

e 2rm —2(r—1)m 2mMin(i,j _ 2m(s—Max(i,j
_exp< L (1—a?™)(1 =2 20 Dm)(1 - 22 Minia)(1 - o2 <J>>>x|i_j|mzm)_

Z m (1= z2m)(1 — a25m)

m=1
Above proposition is one parameter “s” generalization of [9]. The proof is
given by the same manner.

Example For N = 2 the operators T1(z), T>(z) satisfy
fia(z2/21)T1(21)T1(22) — fu,1(21/22)T1(22)T1 (21)

= c(6(x?20/21)To(20) — 8(2% 21/ 20) Ta (2™ 22)), (2.19)
fr2(z2/21)T1(21)T2(22) = f2,1(21/22)T2(22)T1(21), (2.20)
fa,2(22/21)Ta(21)T2(22) = fo,2(21/22)T2(22)To(21)- (2.21)

Example For N = 3 the operators T} (z), T2(z), T5(%) satisfy
fra(z2/20)T1(21)T1(22) — fu,1(21/22)T1(22)T1 (21)

= c(6(2%22)21)To(x22) — (2221 ) 22) To (2™ 22)), (2.22)
J1,2(22/21)T1(21)T2(22) — fo,1(21/22)T2(22)T1(21)

= c(8(x320/21)T3(x22) — 6(2%21 ) 22) T3 (2™ 22)), (2.23)
fa,2(22/21)Ta(21)T2(22) — f2,2(21/22)T2(22)T2(21) (2.24)

=cf1,3(1)(6 (2220 ) 21)T1 (222) T3 (222) — (2221 ) 20) Ty (2 20) T3 (2 L 23)),
f1,3(22/21)T1(21)T3(22) = f3,1(21/22)T5(22)T1(21), (2.25)
f2.3(22/21)Ta(21)T3(22) = f32(21/22)T3(22)T2(21), (2.26)
f3.3(22/21)T3(21)T3(22) = f3,3(21/22)T3(22)T3(21). (2.27)
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Definition 3. The deformed W -algebra is defined by the generators ﬁS{), 1=
j < N, m € Z) with the defining relations (2.16). Here we should understand T

as the Fourier coefficients of the operators IA’](z) =) T2 —mo(1£5 <
N).

mEZ

2.3. Screening Currents. In this section we introduce the screening currents
E;(z) and Fj(z).

Definition 4.  We set the screening currents Fj(z),(1 < j < N) by

Fi(z) = V7 Qs (3 =03 ) VI Poy 5

J

1 .
xiexp [ Y —Bj,2" | (1SjSN-1) (2.28)
m#0

Fy(z) = €'V %Q"N(arzs_Nz) I Pey + 55t = 5 Pey + 15

1
X : exp Z EBﬁz_m Y (2.29)
m#0

We set the screening currents E;(z),(1<j < N) by

Bj(z) = e V@0 (p(F D) VT Pyt
. 1 [rm] J —m . < 5 <
X : exp T;)m[(r—nm]Bmz , (1< <N—1) (2.30)

EN(Z>=€_iV ﬁQaN(xQS—NZ)_ oy Pey tapery T o =Ptz

x:exp | — Z %%Bﬁz_m ;. (2.31)
m#0

Here we have set

Bl = (Bl — gz ®Im (1<j<N-1), (2.32)
BY = (@B} ~ Bl)- (2:33)

The screening currents F;(z), E;(z) (1 = j < N—1) have already been studied
n [11], [12], [13]. We introduce new screening current Fy(z), En(z), which can
be regarded as “affinization” of screening currents F;(z), E;(z) (1< j < N-—1).
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The following commutation relations are convenient for calculations.

(67, B3] = mmtn,0 [{ m]’]:c<—1+3v—sj>m, (1<j<N) (2.34)
rm

(631, B] = —mbm s ]]f”(H Imo(1SjESN-1)  (2.35)

[
[r*m]
[r

[Brs B ] = =M yn0— il (2.36)
(B B] =m0 < ) (2.37)
(B, B =~ o 1M (1< < W), (2.38)

[rm]

Here we read BYt! = B! . We summarize the commutation relations of the
screening currents for N = 3.

Proposition 3. The screening currents F;(z), (1 £ j < N;N 2 3) satisfy
the following commutation relations for Re(r) > 0

uy —ug — % er(Zl)Fj+1(22) = |u2 —uy + % — 1:|er+1(22)}7]‘(2’1), (]. éj g N),
(2.39)

[ur = wo]p[ur — uz + 15 F;(21) Fj(22) = [uz — ua]p[uz — us + 1, Fj(22) Fj(21), (1=j = N),
(2.40)
Fi(21)Fj(22) = Fj(22)Fi(z1), (i —3j|=2). (2.41)

We read Fni1(z) = F1(2). The screening currents F;(z), (1< j < N;N 2 3)
satisfy the following commutation relations for Re(r) < 0.

S S .
|:U1 — U + 1—— Fj(zl)Fj+1(22) = |:U2 — U + i| Fj+1(22)Fj(21), (1 § J § N),

N, NI
(2.42)
[ur = uo]—r[ur — g — 1] Fj(21) Fj (22) = [uz — wa]—r[uz — wy — 1]+ Fj(22)Fj(21), (1=j S N),
(2.43)

Fi(21)Fj(22) = Fj(22)Fi(z1), (li—j|22). (2.44)

We read Fni11(2) = Fi(z).
The screening currents E;(z), (1 £ j < N;N 2 3) satisfy the following commu-
tation relations for Re(r*) > 0

Ej1(22)Ej(z1), (1=j=N),
(2.45)

[ur — uofp=[u1r — up — 1y Ej(21) Ej (22) = [ug — wn]re[uz — uy — 1= Ej(22) Ej(21), (1=j = N),

(2.46)

S S
up —up +1-— N]r* Ej(z21)Ejt1(22) = [Uz —uy + NL
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Ei(21)Ej(22) = Ej(22)Ei(21), (i —j|=2). (2.47)

We read Ent1(z) = Eq1(2).
The screening currents E;(z), (1 £ j < N; N 2 3) satisfy the following commu-
tation relations for Re(r*) < 0.

S S
UL — Uy — — Ej(zl)EjJr](ZZ) =lus—u1+—-1
- N

N . Ejt1(2)Ej(z), (1=j=N),
(2.48)
Uy — U] _p 1 —ug + 1]+ Ej(21)Ej(22) = [ug — u1]—p=[ua —us + 1]« Ej(22)Ej(21), (1=j < N),
(2.49)
Ei(21)E;(22) = Ej(22)Ei(z1), (li—j| 2 2). (2.50)
Proposition 4.  The screening currents E;(z),Fj(z), (1 £ j < N;N 2 3)

satisfy the following commutation relation Re(r) < 0.

[B5(21), Fj(22)] = — _136,1 (6(zz2/21)Hj(x" 22) — 6(z21/22) Hj (27" 22)), (L = j = N),
(2.51)
E;i(21)Fj(22) = Fj(22)Ei(21), (L=i#j = N). (2.52)
Here we have set
H;(z) = 2= 32 o= 7= Qe (o (F-1i )~ o Pyt m
<iexp |-y 1 [T] Bizm|: (1<j<N-1), (2.53)
—ym [r*m)
Hy(2) = x2(N—2s)e—ﬁQaN($25—NZ)—¢%P§N+#Z—\/%P;1+#
x :exp [ — Z 1 [m] Bn]\{z_m i, (2.54)

m=#£0
Proposition 5.  The actions of n on the screenings Fj(z), (1< j S N; N 2 3)

are given by

n(Fj(2) = Fja(2)@¥ ) ViPon=% 1<<N-2), (255)

2s

N(Fy-1(2) = Fx(2)(@ F)VF Pt (o1 %) VEPats | (2.56)
N(FN(2) = Fy(2) (@ -V D)6V E 18-V P (2.5)
Especially we have

N(F1(z1)Fa(z2) - Fn(2n)) = Fn(z1)Fi1(22) - - F1(zn)- (2.58)

The actions of n on the screenings E;(z), (1< j < N; N 2 3) are given by
N(Ej(2)) = B (2)(@¥ " H)VFPmn=F  (1<j<N-2), (259
N(En-1(2)) = En(2)(z' %) Vilantam (=% )V fatas o (2,60)
1B (2) = Bi(a) (WD) E Pt (1R (2.61)
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Especially we have

7’](E1(21)E2(22) tee EN(ZN)) = Eg(zl) e EN(ZNfl)El(ZN)- (262)

Proposition 6. The screening currents Fj(z), (1 < j £ N;N 2 3) and the
fundamental operators A;(z), (1< j < N;N 2 3) commute up to delta-function
6(2) = znGZ Zm.

43(e0) By = (-7 407708 (%9702 ) @R r), (155 SN - 1),
(2.63)

Ay, B lea)] = @ )3 (970 2) 4 @R07), (125 SN - 1),
(2.64)
[An(z1), Fx(22)] = (=™ +27"")8 <xr+2sz—j) An (27" 22), (2.65)
[Ar(21), Fy(22)] = (2" —2~"")8 <mz—j> An (2" 2). (2.66)

Here we have set

Aj (Z) = ei\/ %Quj x_V’f'T*(PEj +P€j+1)(2$7j) V4 %P‘lj""%

X :exp (Z %(mrmﬂfn - a:_rmﬂﬁ;jl)z_m) 5 (1S5S N —1§2.67)

m##0
AN(Z) — 'V Tv_anNxf‘/W(PEN+P€1)(zx257N)\/ 7"7_-*1'—’51\7+;_r,:»2v7\/ TP the

X 1 exp (Z %(aj(’"72s)mﬂﬁ - meﬁ,ln)zm) :. (2.68)

m#Q0

[4;(z1), Ej(22)]

(—2"+27")8 (x%w*é) Bi(z®/ " 2), 1<j<N-1),

21
(2.69)
Aysi(21), By ()] = (2" —27")3 <$‘—) Bi@¥ "), (1ZjSN-1),
21
(2.70)
[An(z1), En(22)] = (2" +27")d (xr*+282—j> Bn (2" z1), (2.71)

[A1(21), En(z)] = (2" —27")8 <x-r —> Bn (27" 2). (2.72)
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Here we have set

B;(z) = e~V Qa; x_W(PEj+P€j+1)(zm_j)_\/rI*Paj+TL*

1 x . . ,
x :exp | — Z — [rm] (77 mpd — " mpI T (1S5S N —1),

m [r*m]
m##0
(2.73)
BN(Z) — eV %QaNxf \ TT*(P€N+P€1)(ZI257N)_V rL*P?N+21%ZV 7w Pey +5w
1 [’I"m] (—r*—2s)m N r*m gl \,—m
X 1 exp Z m ] (x G — " "B )z :. (2.74)

m#0

2.4. Comparsion with another definition. At first glance, our definition of the
deformed W-algebra is different from those in [7], [8], [9]. In this section we
show they are essentially the same thing. Let us set the element C,, by

N
Cp = aN=2mps (2.75)
j=1

This element C,, is n-invariant, 7(Cy,) = Cp,. Let us divide A4;(z) into A]DWA (2)
and Z(z).

Aj(z) = APV A(2)Z(2), 1£j<N), (2.76)

where we set

APWA( ) _ o= 2/r(— 1P | ' —am e —m | .
PN ) =2 exp Z - Cm | 2 ,

= m " [Nml,
(2.77)
Z(z) =:exp n%;() i ;nx—rm [][an]”jm Crmz™™ (2.78)
Let us set
TJ'DWA(Z) _ Z : ASDIWA(x—j—&-lZ)AgWA(I—j—‘r?)Z) » .AQWA(l,j—lz) .

1Ss1<82<<s; SN

(2.79)
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Proposition 7. The bosonic operators TjDWA(z), (1< 75 £ N —1) satisfy the
following relations.

TPV A (2221 ) TPV A (21) TPV A 22) — fEV A (21/22) TPV A (22) TPV A (21)

i k-1 o
x]—z+2kz2 iy B
= CZ H A(z?H1) x ((S <2—1> ifi‘l/c‘ff+k(x JHYTPWA (g kzl)TJa)_I;[c/A(mkzz)
k=11=1
I\ spwa (jmiypDWA( K \DWA( —k o
T DY@ I A ) ), 1SS N -1,
(2.80)
whczre §(2) = X,ez2". We should understand TEVA(z) = 1,TjDWA(z) =
0, ( > N).

Here we set the constant ¢ and the auziliary function A(z) in (2.17). Here we
set the structure functions,

PWA(2) = fij(2)ls=n

e 2rm —2(r—1)m 2mMin(i,j _ 2m(N—Maz(i,j
B e ) ) WA Y
(1 _ me)(l _ m2Nm)

m=1

(2.81)
Proposition 8.  The operators TPV 4 (z) and Z(z) commutes with each other.
TPV A(21)Z(22) = Z(22) TPV A(21), (1Zj<N-1). (2.82)

Therefore three parameter deformed W-algebra Tj(z) is realized as an exten-
sion of two parameter deformed W-algebra T WA(2) in [7], [8], [9]. Note that
upon the specialization s = N we have

[BY, B =0, [Bj,, By/] =0 for j # N. (2.83)

Hence we can regard Bjy =0 and Tj(z) = TPWA(z), TRV A(z) = 1.

3. Local Integrals of Motion

In this section we construct the local integrals of motion Z,,. We study the generic
case : 0 <z <1, r € C and Re(s) > 0.

3.1. Local Integrals of Motion for qut(g;). Let us set the function h(u) and
h*(u) by

[u]s[u +7]s
[u+ 1]s[u+ r*]s

[u]s[u — r*]5
[u+ 1)s[u—r|s

h(u) = , h*(u) = , (3.84)

where we have set z = z2%.
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Definition 5.
o We define T, for regime Re(s) > 2 and Re(r*) < 0 by

. dz;
7, :// [[——— h(up, —u)Ti(21) - Ti(za) (R =1,2,---).
¢y 2V -1z 1<j<k<n

(3.85)

Here, the contour C encircles z; = 0 in such a way that z; = x =272z, x=27 T2l (1 =

0,1,2,---) is inside and z; = x>~ 25z, 2% =2y (1=0,1,2,---) is outside for
1 £ 5 <k £n. We cadl Z, the local integrals of motion for the deformed
W -algebra. The definitions of I,, for generic Re(s) > 0 and r € C should be
understood as analytic continuation.

o We define I for regime Re(s) > 2 and Re(r) > 0 by

- dz;
1= [ [ 15255 W (g~ )T () - Tie) (0 =1,2,--).
c oy 2mvV =1z 1<j<k<n

(3.86)

Here, the contour C encircles z; = 0 in such a way that z; = x =272l 22425ty (1 =
0,1,2,---) is inside and z; = w2728l 722l (1=0,1,2,---) is outside for

1 <4<k S n We cadlI: the local integrals of motion for the deformed

W -algebra. The definitions of I for generic Re(s) > 0 and r € C should be
understood as analytic continuation.

The following is one of Main Results of this paper.

Theorem 1.  The local integrals of motion I, commute with each other
Z,,Zn])=0 (m,n=1,2,---). (3.87)
The local integrals of motion I commute with each other
Z:,Z:]=0 (m,n=1,2---). (3.88)

3.2. Laurent-Series Formulae. In this subsection we prepare another formulae
of the local integrals of motion Z,,. Because the integral contour of the definition
of the local integrals of motion Z,, is not annulus. i.e. |7 Pz| < |2;| < |2Pz],
the defining relations of the deformed W-algebra (2.16) should be used carefully.
Hence, in order to show the commutation relations [Z,,,Z,] = 0, it is better for
us to deform the integral representations of the local integrals of motion Z, to
another formulae, in which the defining relations of the deformed W-algebra
(2.16) can be used safely.

Let us set the auxiliary function s(z),s*(z) by h(u) = s(2)f11(2), h*(u) =
s*(2) f11(2), (z = 2**) where h(u),h*(u) and f11(z) are given in the previous
section. We have explicitly

S(Z) . m_2r* (z, J;QS)Oo(m2s—2'fZ; 128)00 (1/2, m2s)oo(x23—2r/z; xZS)oo
= (125—22; x2s)m(m72r*z; 125)00 (.'172572/2; 125)00(1,,27,* /Z, xZS)oo 5
(3.89)
s*(2) = _orr (% $28)oo($2s+2r*z; 72%) 0 (1/z xQS)Oo($2S+2r* /2 02%) oo 5.90)

(2972222 ) oo (2272582 ) oo (22072 /250%) 0o (77 / 2 3%%) oo
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Let us set the auxiliary functions g; ; () by fusion procedure

9i1(2) = gra(a=12) g (@ 32) - gra (@i L2),

9i,i(2) = gin(a 7 2)gi 1 (7 32) - gia (2771 2). (3.91)

where g11(2) = f11(2) is the structure function of the deformed W-algebra de-
fined in (2.16).

1 xQS—QZ;xQS o $2rz;x2s o J}_QT*Z;JIZ‘; o

= 1_2 (.’1722; x2s)oo(m2r*+252; ZEZS)OO(.'Z?2872TZ; st)oo

The structure functions f; ;(z) and g1 ;(z) have the following relations

g1.j(2) = A(@TP22) A(z™2) - A(2722) f14(2). (3.93)
Here A(z) is given by A(z) = (1_:??_;;))((11__;6:1:; 2)
Let us set the formal power series A(z1, 22, , 2zn) by
A(z1, 22,y 2n) = Z by e oy 21287 - g (3.94)
kly"' 7k;nez

We define the symbol [---]1 ;,...5,, by
[A(Zl, 22y, z”)]l,zlwzn = aop,0,---,0- (395)

Let us set D = {(21,--+,22) € C*"[ 30, . ko ez |y o o 21 257+ 2| < 400}

When we assume closed curve J is contained in D, we have
- de
[A(Zlyz27"' 7zn>]1,z1~~z" = H rA(ZLZZy'“ 7271)' (396>
j=

Let us set the auxiliary functions, s11(2) = s(2), h11(2) = h(u),(z = ?*) and

sia(2) = s1a(a™ 1 2)s1 1 (@7 P2) s (2 ),

si,j(2) = sip (@7 2) s 1 (77 132) sy 1 (a7 2), (3.97)
hi(2) = hia(z = 2)hy g (37 32) - by g (2771 2),

hij(2) = hit (@79 )k (279F32) -y (2971 2), (3.98)

and

52‘71(2) = 511(33_“12)311(43_”32) "ST,1($i_1Z),

st(2) = sii(@ T 2) st (@I 82) - sp (277 12), (3.99)
hia(z) = hil(miiﬂz)hil(miprgz)' hT,l(l‘“lz),

h;j (z) = h;l(x_j-i-lz)h;l(x—j-‘r?rz) . h;l(ﬁcj_lz). (3.100)

In what follows we use the notation of the ordered product

[[71(z) = ()T (z,) - Ta(z,), (L= {ln,- - lnlly <l <+ <In}).
leL

(3.101)
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Theorem 2. For Re(s) > N and Re(r*) < 0, the local integrals of motion I,
are written as

I, = H s(2r/2;)On(21, 22, -, Zn) . (3.102)

<4 <
125 <kzn 12102

For Re(s) > N and Re(r) > 0, the local integrals of motion I} are written as

I:L = H S*(Zk/zj)on(zhz?v'” 7Zn> . (3103)
1Sj<k<n .
Here we set the operator Oy, (21,22, ,2n) by
On(Z].;Z?y"' 7ZTL>: Z Z
ay,ag,a3,,aN 20 {A(S)} - 1

aj+2as+3agt-+Nay=n e

() , (S)_ N o (s)_ ,
Az, ny, 45 |=s, uilu 2,457 ={1,2, n

J
Min(a{)<Min(al®)<...<min(ald))

}

H Ti(z;) H T2($— . H Ty(z~ 1+ 2[4] H T (z~ 1N 2§, )

i
JEA% sea, seal,, A
t—1 at N at t
22z
Jo(u
XH( tlHA 2u+1tu1 H H }: H T o(utl)
t=1 u=1 =1 oes; 1 2o (u)
1+

“_;u) o1 (k41

Je= A(t)

N
T o) I T ()

t=1 <k T/ 1<t<usN jea®
j realt) = = ANin
i eall

Here we have set the constant ¢ and the function A(z) in (2.17). When the
indez set A = {j1,ja, ,jt|j1 << <), QStSNIZ)< o), we
set Agt,)c = jk, and AS\?m = {A1 I,Agl, e ,A(atil}. Here we should understand

; ; @z (t+1)
in the delta-function § | —Z== |.

Zjot+1) — Zio(1) %)

Example We summarize the operators O,, very explicitly.
01(z) = T1(2), (3.105)
Oq(21,22) = g1.1(22/21)T1(21)Ti(22) — cd(z® 20/ 21) To(z ™ 21), (3.106)
O3(21,22,23) = g11(22/21)91,1(23/21)91,1(23/22)T1 (21)T1 (22)T1(23)
— cgio(x 2e/21)T1(21)0 (2% 23/ 20) Ta(z ™ 22)
— chQ(m_lzl/zQ)Tl(zQ)&( 223/21)To(z ™ 21)
— cgro(x 21 /23) T (23)0 (2% 22/ 21) Ta(z ™ 21) (3.107)
+ A (6 (2% 22/ 21)0 (2% 21/ 23) + 0(x 21/ 20)0 (22 23/ 21)) T3 (21)-
We should understand above as Tj(z) = 0 for j > N.

x
T

(3.104)
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3.3. Weakly sense equality. In order to show thorem, we introduce a “weak
sense” equality

Definition 6.  We say the operators P(z1,z2, - ,2zn) and Q(z1,22, -+ ,2n)
are equal in the "weak sense” if

H s(zj/zi)P(z1, 22, , 2n) = H s(zj/2:)Q(z1, 22, -+ , Zn (3.108)

15i<js<n 15i<j<n
We write P(z1,22,+ ,2n) ~ Q(21, 22, , 2n), showing the weak equality.
For example §(z1/22) ~ 0 and ﬁ6(21/22) ~ 0.

Proposition 9.  The following relations hold in the weak sense for 1 < j < N

2= 1+i—2[5] S pl-i+2l5], o
<gl,j <—1 Ty (21) Ty (z 28 wy) — gjy | — ) Ty (™ 2801y (=)

21 w1
2w 41 2w t+1
% Z H < a(+)> CHA 2t+1 Z H ( o(t+1)
GES] o‘ES w (t)
o(1)=1 t¢[¢]+1 o(1)= 1 t;é[l]+1

2j-2[4] o —2-2(3] ; ]
« (5 (m‘ - 2 w1> Tj+1(xjf2[%]w1) iy (Q? - 2 w1> Tj+1(x]22[%]w1)> . (3.109)
1 1

We should understand Tyy1(2) = 0 and wy(j4+1) = We(1) in the delta-function
) (w2wo<j+1>>
Wo(j) )
Proof. We explain the mechanism by the simplest case for N = 3.
(91,2($_122/21)T1(Zl)Tz(iC_lZz) - 92,1($21/22)T2($_122)T1(21)) §(x223/22)

= g12(xz 7 22/21)c(6(20)21) — 6(x222/21))8 (22 23/ 22) T (21) To (2™ 22) (3.110)
+ A(x21/22)0(x2 23/ 22) (fro(x ™ 22/ 21)Th (21) Ta(x ™  22) — fa1(x21/22)To (2™ 22)Ti(21)).

Here we have used g1 2(2) = A(2) f1,.2(2) and

— g2l (1 — g2y
(1—z2)(1—2z12)
(3.111)

Al2) = A(Y) = e(8(22) — 8(z—12)),  Az) = &

Using §(21/22) ~ 0 and 6(z%21/22)8(2223/22) ~ 0, A(z3) = A(z~3), and the
defining relation of the deformed W-algebra (2.16), we get this proposition.
Q.E.D.

As the same manner as above, we have the following proposition.
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Proposition 10. The following relations hold in the weak sense for i,j = 2

j—i—2[L5%] . o
.y (l‘ 2 ’UJ1> Tz( —14i— 2[5]21)Tj(x—1+J—2[%]w1)

21
J
z? Ro( t+1)> <IZ? We( t+1)>
X 0
> s(e) x I e(
o(1)= ’ t#[ ]+1 o(1)= ’ t£[41+1
i—j—2[51] o L
~ i (T) Ty (w928 ) Ty (o204 )
1
z? Zo(t+1) T Wo(t4+1)
X . 3.112
Z;H< >§H<w<t><>
o(1)=1 t#[gl+1 o(1)=1 t#[§]+

We should understand Tj(z) = 0 for j > N.

Let us introduce S, -invariance in the “weak sense”.
Definition 7. We call the operator P(z1, 22, -+ ,2n) 18 Sp-tnvariant in the
"weak sense” if
P(z1, 22, 1 2n) ~ Pl2o(1)s 20(2)s " > Z0(n))s (0 € Sp). (3.113)

Example The operator Oq(z1, 22) = g11(22/21)T1(21)T1(22)—cd (2220 /21 ) T (x 71 21)
is So-invariant.

Theorem 3.  The operator O,, defined in Theorem 2 is Sy -invariant in the
weak sense.

On(zlv 22yt vzn) ~ On(za(l)a Ro(2)y" " 7ZU(n)) (0' € Sn) (3114)

This theorem plays an important role in proof of the main theorem 1. We will
show above theorem in the next section.

3.4. Proof of Sy-Invariance for On(z1, -+ ,2,). In this section we give proof of

theorem 3. Proof for special case sly is summarized in [3]. By straightforward
but tedious calculations we have the following proposition.
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Proposition 11. The following relation holds in weakly sense.

H 91,1(2k/ %) H Ti(zj) — (21 ¢ 22)

1Sj<ksM 1< 21\4
M t
~ } : } : (_1)tct+1 H A(x2u+1)t+17u
t=0 3543 <ja<--<jet2SM u=1
%k —1+t—2[] A1
X H 91,1 <Z—> H 91,t+2 (x [2]; H T1(z5)
3<j<k<M J 3<i<M J s<iom
k#3350 s dt42 J#33, dt42 j#j3:,?*‘:,jt+2
t+2 222
J
X Tt+2( —14+t=2 ]Zl E H ) & — (Zl <~ 22). (3115)
0ESyn 2o (u)
o(1)=1 u#[ ]
11:14'2:2

We should understand Tj(z) =0 (j > N).

Proof of Theorem 3. In order to show S,-invariance, it is enough to show

the case of the permutations ¢ = (i,i+ 1) for 1 £ ¢ £ n — 1. Because of

the cancellations, the differnce O, (-, 2, zit1, ) — On(- -+, Zi41, 24, - - ) has

simplification. We don’t have to c0n51der every summation z { e )} in
s=1, N

j=1,-

the definition of O,,. We consider the following N-cases for o = (7,7 + 1)

(1) {2 i+1} cug, AW,
(2) A J = {i,i+ 1} for some J,
(3) A = {i,i+1,jsli+1 < js} for some J,

(s) Af]s):{i,i—‘rl,jg,"' Jisli+1<js<---<js} for some J,

(N) AEIN) ={i,i+1,75,4a, - ,JNnli+1<j3s <js<---<jn} forsome J.
We have

On(zla"' y Ziy Rit1y " 7Zn) - On(zlv"' y Zit1y Ziy "t azn)

= On(Zl,"' y Ry Ri41y """ ,Zn) - On(Z]_,"' 3 Zi4+15 %5y " ,Zn), (3116)
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Here we have set

t—2

N
671(2,1,_._ %y Zigls ,Zn) _ Z H (_C)t—l H A(x2u+1)t—u—1

aj,ag, - ,an20 t=1 u=1
aj+2agt-+Nay=n

X Z +Z Z H H T, (z~1+o+(8]2))

— — -
{af° )} =1 N t=2 {4} o1, LSSV jea(9)
. as j=1,- ‘,Ots Min
{1,1+1}cu;.1;1,4§1) AWY = (it 1,5, Gglit1<iz<---<j} for some J

2
Tz
Jo(u+1
) ( )

éz
—
0]
i

t=1 J=1  o€Sy

1 e (u)
1=all) s=1 4]

+1

ol ||

Jt*A(t)

al z Z
k u—t—2[¥t] “k
LI o (2) T o (s02).
t=1 1Zj<hsn 77 1St<uSN jealt) 7
jkealt) §"

Min kEAEC;?L’Vl
Let us consider the formulae relating to the first term in O, (- , 25, Zi41, ) —
On(--+, %it1, 2, -+ ). Let us start from
N t—2 i
§ : H (_C)t—l H A(m2u+1)t—u—1 § :
@122 and ag,---,apny20 t=1 u=1 {A( )}
aj+2ag+-+Nay=n

,"',Gte

{i, L-¢-1}cu‘xe A(l)

X H T1(z;) - Th(2:)Th (zi41) H Ti(zj) H H T, 1+s+[§]zj)

pery
e, ea, I e,
j<i i+1<j
DI
j=1 o€S; u=1 Zjo(u)
j1=A (t) 0‘(1)—1 u[F]+1

“_Am

N
<11 II o (%) I Il o (x“_t_2[u7_t]z—j) — (2 © zig1).

=1 15i<kgn ISE<uSN jeall)
J,keEA

Min kEA(MuZn
(3.118)
By using the weakly sense relations in Proposition 9 we change the ordering
of T1 (Zi)Tl(Z'i+1) and H *(1) Tl(Zj). ‘We have
M'Ln

1+1<J

(3.117)
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Yy Y Y ¥

apt+2ag+-+Nay=n t=2 {A(S)} i+1<jg<---<jt
> > J .
@122 and ag,:,an 20 {z‘,i+l}JcA§\}I)- i3, JteASw)m
N s—2 s t—2 o+l
s—1 2u+1ys—u—1 t—1 2u+1\t—u—1
< [T (= ] A (o T A
s=1 u=1 u=1
s#£t
—1+t—2[%] z~L 2
X H Ty (2)Ty(z™ 7202l H H T, (x5l ;)
—
JEA‘(,\}I)”L*{LH'U 2SsEN jeAS\j{.n
t 2. N Qs
<3S I ¢ 2 Zoin) 11 H Z H T2y
cESy u=1 Zo(u) s=2 =1 €Ss u=1 Zo(u)
o= ut[L]+1 G1=al®) _A<s> o<1> 1 u#[§]41
J1=1,j2=2 A

X H 91,1(2k/25) H H 9s.s(2k/25) H H gt,u( vt Zk/%)

i<k i<k 25t<usSN jcalt)
NG R (s) = = Min
JREA N0 {i,i+1} ]’keAMin kEAS\Q/ILgn
N z z
] [ ] l —14s—2[£] 7k ] l —1+t—2[£] ~
X gl,s €T [2]_ gl,t x [2]_
=2 ;4 (D) Zj (1) . Zj
- AMzni{i i+1} ]EAM‘LH_{’L7Z+1}
ReALT
N z
s—t—2[55t] %4
X | | | I 9t s (m (% ]z_> —(z; © Zit1)- (3.119)
(s) v
AM‘L’!L

We change the summation variables {A§s)} in

> > > > (3.120)

0St<N-2 «1t2ast+Nay=n {A( ) i+1<jg < <jp 2
=l= @122 and ag, -+ ,an 20 s=1,--- ,N : 1

j=1, ("1),019 3> It+2€A N in
{i,i+1}CAY L,

to the following {BJ(S)},

> > > (3.121)

0SESN—2 14282+ Noy=n ()
81,82, BN 20 25 };::11’.:'.‘_’;1;\2

B‘(])={,LJ+1,J3,M ’Jt+2"+1<33<‘”<7t+2} for some J

Similtaneously let us use the weakly sense relations in Proposition 10 on
the commutation relations between T;(z) and T;(w) for 4,5 = 2 and make the

ordering
[I I me ),

N p()
1SsEN s
="=" JEBLin
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where BJ(\fI)m = {Min(Bgs)), ceey Mm(BéS))} We have exactly the same summa-
tion of the second to N-th terms of Oy, (-, 2z, Zigx1, -+ ) — On(c -+, Zig1, 20, +)
up to signature. Now we have shown theorem for siy case. Q.E.D.

3.5. Derivation of Laurent-Series Formulae. In this section we give proof of
Theorem 2.

Proof of Theorem 2 At first we give proof for s/l; case. We start from the
integral representation Z,, in (3.85). Let us pay attention to the poles z;, =
27221, (2 £ J; < n). We have

. dz;
c@) 31;[1 2mv =1z 1<j<k<n H

—

1=j=n
. - dz; / dz,
- — —r h(ug — uy) Ty (2;).
‘;2/ /a(Jl) H 2mv =1z Co-2zy 2my =Lz, lfj‘];l[cfn lgn

i#J1
Here we have set

C1): |z %2 < || < |22z, <Lk < n)
|z 22k| < |2j] < 222k, (255 <k <), (3.123)
C(h) : a2z < [a| <[a ], @Sk S -1)

le™22| < 21| < |22z, (J1 +1Z Kk < n),

|z 22| < |zj] < |2%21], QS 7 <k<n;jk#J1).  (3.124)
Here C,-2,, is a small circle which encircle 722 anticlockwise. The region
{(21, 21) € C?||lz722k| < |21| < |2272%24|} for 2 £ k < Jy, are annulus. Hence
the defining relations of the deformed W-algebra can be used. Let us change
the ordering of T7(z1) and Tj(2x) for 2 £ k £ J; — 1, and take the residue of
Ty (21)T1(2z,) at 25, = x~22;. We have

v/ - h(uk — uj) T (%)
/ /é(Jl) H 2m/—1z; Cpas, 2my/ =1z, 1<i<h%n J H j

j];Jll 15j5n
. dz; -1

=c /.- Ty(z;) - Ta(x™ " 21) - T1(2;)

/ /C(Jl) H 21/ —1z; H ! H !

i#J1 25jSJp-1 J1+1SjSn
Ji—1 1 n 1
X H hll(uk — u]‘) H hi2 <u1 —Uuj — 5) | H ha1 <Uj — U] + 5) (3125)
25j<kSEn j=2 j=J1+1
J.k#J1

Here we have set

C(J1) : |x_22j\ <zl < |$4Zj\, 225 n;5#0),
2722 < |25] < |22z), QS <k<nijk#Jy).  (3.126)
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Let us pay attention to the poles at 27, = 2221, (2 £ Jo < n;Jo # J1). We
deform the RHS of (3.125) to the following.

n

de 1
el 5 Ti(zj) - To(z ™ 21) - Ti(z5)
/ /C<J1>(J1) 1:[1 2mV -1z H ! H ’
i#J1 25jSJ1-1 J1+1Sjsn
ot 1 1
X H hll uk—u] H h12 (ul—u]——> H h21 <U]—U1+2>
2<Jk<¢k_7<n j=J1+1
J 1
- L de / dZJ2
— C ... —_— —_—
; / /G(Jl)(h) Jljl 2w/ —1z; Cpo., 2my/—1zy,
Jo#Jq J#J1,J2
X H Ty(z5) - To(z™ " 21) - H Ty (z)
2<; ;7171 J1+;§j§n
J1 1 n 1
< ] haa(us —uy) Hh12(u1 )H h2l<uj_ul+§>~
25j<k<n j=Ji1+1
Jk#Jy

(3.127)
Here we have set
C()(Nr) : a2z < |z] < |a'z], 2= Sm5j# D),
le 22k | < |2j] < |2%2%], (2S5 <k <n;j,k#J1). (3.128)
For 2 £ J, < J; £ n we set

BH)(T) : [172¥25 2] < || < %], (2 << T —1),
2722 < |z1| < |2*z], L i< Je—1or Jy+1<5<n),

2722k < |2j] < 2%z, (257 <k Sn;4,k# Jh). (3.129)
For 2 £ J; < J» < n we set
CI)( o) + |72 z] < |z| < |a'z], (225 S Josj # D),

2722 < || <la'z], (h+155 =),
|z 22| < |zj] < |2?21], 227 <k<n;j,k#J1). (3.130)

The above formulae for this integrand C(J7)(J2) holds for Re(s) > N = 3. For
N = 2 another treatment should be done. Let us study the first term

/ / dz]
C(J1)(J1) # 27/ —

See the integral contour C(J;)(J1). The region {(z1,2;) € C?||a=2+252;| < |21 <
|z%2;|} for j # J; are annulus. Hence the defining relations of the deformed W-
algebra can be used. By using the weakly sense relation in Proposition 9, we
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deform the first term to the following.

n

dz; -1
cf --- T1(Z‘)'T2(l‘ 21)
/ /C(J1)(J1) ;l:[1 2my/ =1z H !

1
< ] haa(uw —uy) thz (u1 2) (3.131)
2<j<k<n
g k#Jq #11

Let us study the second term

e Z / / de / dZJ2
C(J1)(J2) 73] T 2w/ — ZJ 02 2/ — ij

J2#2,J1

See the integral contour C(.J;)(J2). The region {(z1,z;) € C2||z7 225 2| < |z| <
|z%2;]} for 2 < j < Ji, are annulus for Re(s) > N = 3. Hence the defining re-
lations of the deformed W-algebra can be used. Let us change the ordering of
T1(zy,) and T1(z) and make the product of the operators Ty (zg,)Ts(x _121) or
To(z7121)T1(24,). Let us take the residue of Ty (2,,)To (2 121) and To (271 21) T (2,,)
at z, = 2221 by regarding the weakly sense equation in Proposition 9. We have

’I'L

de

1 [ pewvas vl | BRECICAREEICNN | QRICH)
Jg=2 C(J1)(J2) = 1 2mv —1z; < =
Jo#J1 Ji#JI1,J2 2:;;271 Jl;;f];:"
Ji—1 n
X H h11 uk — ’U,J H h13 u1 — Uj H h31(u]‘ — ul). (3.132)
2<5j<kZn j=J1+1
Gik#J1,Jg J#Jz i#J2

Here we have set

C(N)(J2) : |27 22| < |za| < |2*7 %2, 2S5 Smj# I, o),
|27 22,| < |zj| < |2%2k), (225 <k Sn;j# Ji,J). (3.133)

This integral contur C(J7)(J2) holds only for N = 3 case. For N > 4 case another
treatment should be done. The region {(21,2;) € C?||z™T252;| < |21] < |2*z;[}
are annulus. We move T3(z;) to the right, and get

n de
o 1. T1(z;) - Ts(z1
;2/ /C(Jl)(Jz) L 2ny/ 1z H (25) - Ts(21)

j=
<;<
Jo#J1 J#J1,Jo ]i: J11=}l2

X H hn(uk — Uj) H h13 (’Uq — U,j) . (3134)

28j<kSn L J=
GokAI1, o 3712
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Summing up every terms, we have

I, = E —c E +2!c2 A(z?) E
A =11y A =115} ABG)={1,5,k}
A =aB)=¢ A =aB) =y AW =a(2)=¢
/ / de
x 11 Py o
C{AM) A) ABG) A, } D" A® (4@ 2my/—1z;
EAUA . UAYY VAL
X H Tl(Z' H Tg z~ ! Zj H T3 Zj H hu(uk —U,j)
—_ —2 i<k
ST hm(k—u]——) O I e o
keA®, jeall ua, keAld, jeall) ua,
(3.135)

Here we have set A. = {1,2,--- ,n}—ADUAP UAB), We have set AMm ={j1}
for A®) = {j; < ja < --- < ji}. Here we have set C{AM) AR AG) A} by

2722k < |21] < [2® Pz, (k € A, for AW 3£ ¢),

27225 2| < |z1| < |2tzi], (k€ A, for AP £ @),

272 < 2| < 222, (k€ A for AB) £ @),

|27 22| < |z5| < |22k], (G < k;j,k € Ap). (3.136)

Next we deform the part H = T1(z;). Let us take the residue at z; = 27229,

and continue similar calculatlons as above. We use the weakly sense equations in
Proposition 10 and change the ordering of T»(z~'w) and T3(w), without taking

residues. Now we have shown theorem for sl3. Proof for sl is similar. Q.E.D.

3.6. Proof of [I;n,Z,] = 0. In this section we show the commutation relation
[Zm,Z,] = 0.

Proposition 12.  The folloing theta identity holds.

n  n+m m nt+m
g€§+“r[1k 111 h(to (k) = Uo(j)) L,%;ﬂ jHlk 1;[+1 h(tio (k) = Ua(s))
(3.137)
n  n+m m n+m

=2 II'1I 5

0ESm4n j=1k= m+1

> I 1T 57

(u —u ’
0ESmin j=1 k=n+1 o (k) U(]))

(3.138)

(Uo k) = Uo(s))

Here h(u) and h*(u) are given in (3.84).
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This theta identity was written in [10] without proof. We have shown this
theta identity by induction, in [3]. Hence we omit details here.

Proposition 13. The following weakly sense equation holds.

1
Onzy"'aznomzn )ty 2ndm) —Om n{Z1,° "y Zn4+m)-
( 1 ) ( +1 + ) 1S1:£n 911(Zk/2j) + ( + )
n+1§k§n+m
(3.139)

Proof. This is direct consequence of the following explicit folrmulae

On+m(217"' 7zn+m) ~ H 911(Zk/zj)0n(217"' 7Zn)om(zn+17"' 7zn+m>

1Sj=n

n+1<kSn+m
N t—1 i
+ Z H ((_C)t—l H A(x2u+1)t—u—l>
a,ag, e N 20 t=1 u=1

aj+2ag++Nan=n
252ag9+-+NaySn

x Y I X I (%)

2
(s) (s) t=1 cESy u=1 Jo(u)
{L:%y ARy . wt[L
J ?:1... af‘sf 5:1“.,211: ]1,A(t> o(1)=1 u#[3]+1
SN LR 121

RG)
=450

LT ee(2) T

- <mut2[%]+2[g]z_k> , (3.140)
1St<usN jeal), “

(t) Min
A .
Here the summation ) )y o Ry is taken over the conditions
A ey
S, 2R 21

that
UM uee, LW = {12, m}, L LY = 6, (i # j),

Min(L)) < Min(LY)) < --- < Min(LY)),
ULU?;R§-S):{m+1,m+2,~~ m+n}, RO R = ¢, (i # ),
Min(R{") < Min(R$") < --- < Min(R$)). (3.141)

Here we have set A(s) = L(s) U R(S) We have set A'%) = Ji for A = <
Jik J

Ja < -+ <Js}, and AMm = {A(S 2 ), ,A(s 1} We want to point out that ev-

ery term of the summation Z{L(s)} ~ {R(s)}s has the delta-function

§(x%2/25), 1S <m,m+1=k < m+n) D1V1d1né]_[ 1<i<n g11(2k/2j) to

n+1SkSn+m

both sides and using 1/g11(x~2) = 0, we have shown this proposition . Q.E.D.
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Proof of Theorem 1. At first we restrict ourself to the regime, Re(s) > N and
Re(r) < 0, in order to use the power series formulae of the local integrals of
motion, Z,,. In Proposition 3 we have shown for ¢ € S,

IT sG/2)0n(1, ) = [1 5Got)/20)On(Zor)s - s 20 (m)-

1Sj<k<n 1Sj<k<n
(3.142)

Hence we have

Tn - In

= H S(Zk/zj)on(zl)“' ) Zn) H S(Zk/zj)om(zn+la“' y Zntm)

_1§j<k§n n+1<j<kSn+m

[ n n+m

= 11 H [T  sta/z)
i n+m €St j=1 k= n+1 o’ _UU(J)) 1<j<k<ntm

X On+m(zla"' ’Zn+m)]1721~--zn+m .

Hence the commutation relation Z, -Z,, = Z,,-Z, is reduced to the theta identity
in Proposition 12.

n n+m m n+m

S et—- X I

h(ugm) — u '
Uesm+7l] 1k=n+1 Uesm+nj 1 k=m+1 J(k) J(J)

(3.144)

*

Proof of the commutation relation [Z,,Z}] = 0 is given as similar way. Here we
omit details for Z).  Q.E.D.

4. Nonlocal Integrals of Motion

In this section we give explicit formulae of the nonlocal integrals of motion. We
study generic case : 0 < z < 1,Re(r) #0 and s € C (resp. 0 < z < 1, Re(r*) # 0
and s € C).

4.1. Nonlocal Integrals of Motion. We explicitly construct the nonlocal integrals
of motion and state the main results for N = 3. The results for N = 2 is
summarized in [3].

1,21

U Zn4m

(3.143)
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Definition 8.
e For the regime Re(r) > 0 and 0 < Re(s) < N, we define a family of operators
gnn Onzzlvzf")by

(t)

tl_[l]l_[l]{ 27r\/_z(t

x Fi(zV) - D)V Fa (D) - B (2) - Fy (2N - Fy (2(0)

[l I -] -,
t=11<i<j<m

1<
QRS (t_) (t+1) il (1) _ 8
i Yy S —
t=1 121 [U “ } 1;[ [ Y NL
U Em:“g'l) Em:“f) i“ﬁ'm : (4.145)
Jj=1 j=1 j=1

Here we have set the theta function 9(uM{u®|- - [uN)) by

19(u(1)| . |u(t) |- |U(N)) = 19(“(1)| e |u(t)| . |u(N))’ (1 <t < N)(4.146)

W] Ju® 4 7| - - ™)) (4.147)
2T+ (w1 —2ustur /T D Pa) g (D] [y O ) (1< ¢S N),
A 4 k|- [u™ 4 k) = 9D ™), (ke 0), (4.148)
77(19(“(1)| .. |U(N))) - ﬁ(u(N)|u(1)| e |U(N—1))‘ (4.149)

Here the integral contour C is given by

%ZJ(;H)

B | < |27 < 22+ %Y 1SN -1,1<4,5 Sm),
(4.150)
22 %20 < |2V < 2%V 1<i5<m). (4.151)

For generic s € C, the definition of G,, should be understood as analytic continu-
ation. We call thg\opemtor G, the nonlocal integrals of motion for the deformed
W -algebra Wy (sln).

o For the regime Re(r) < 0 and 0 < Re(s) < N, we define a family of operators
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gm7 (m:172a> by

tl_[“l_[l]{ 27r\/_z(t

x Fi(z") - R (D) Fa (V) - B2 @) - Fn (V) - P (2(V)

N
H H {ugt) — ug.t)} {uy) — u§t) + 1]

t=11<i<j<m

N—-1 m m
(t) _ G+ 5 L _ () 5
e 1 1 S
x 9 i“ﬁl) i“ﬁg) > (4.152)
j=1 j=1 j=1

Here we have set the theta function 9(uM|u®|- - |Ju™)) by

IO fu® o] ™) = 9D u] ), (1S ¢ N)(4.153)
I u® — |- uN) (4.154)
= 2T 2 (e 2wt /D Pa) g (D] D] [u ™)), (1<t < N),
Iu® + k|- W™ 4 k) =W ]u™)), (k€ C), (4.155)
(@D u™)) = 9™ [uD|. .- [N, (4.156)

Here the integral contour C is given by

o 2R (D Y AStSN-1,1Z4,5 Sm),
| j !

(4.157)
‘x,%z](})‘ < |2£N)‘ < |x27— (1)|’ (1<4,5 <m). (4.158)

\<\z \<\a:Nz

For generic s € C, the definition of G,, should be understood as analytic continu-
ation. We call thg\opemtor G, the nonlocal integrals of motion for the deformed
W -algebra Wy (sln).

e For Re(r*) > 0 and 0 < Re(s) < N, we define a family of operators
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tl_lljl_[l]{ 27r\/_z(t)

x Bi(2(") - Bz Ba (oY) -+ B () - En(2(V) - En ()

ﬁ [u) 0] 0 = ol 1] .
+1

r*

N—-1 m m
Et (t+1 (1) (N) 1+i
I IT [+ } L ¥)..
x ¥ iugl) f: @ ) (4.159)
j=1 j=1

Here we have set the theta function 9*(uM|u®)|- - |Ju™)) by

9 @] ul o] ) = 0% (@]l ™)), (1St < NJ4.160)

O (D] u® 4] u N (4.161)

— g 2miT+3E (Ut—1—2ut+m+1+m%t)ﬁ*(u(l)| c @]l (1S EEN),
9 (u® + k[ ™)+ B) =9* (@] ™), (ke ), (4.162)
n(9* (D] [u™)) = 9* (@™ |[uD] .. [u D), (4.163)

Here the integral contour C* is given by

o 2R (D Y AStSN-1,1Z4,5 Sm),
| j !

(4.164)
‘x,%z](l)‘ < |2£N)‘ < |x27— (1)|’ (1<4,5 <m). (4.165)

\<\z \<\a:Nz

For generic s € C, the definition of G,, should be understood as analytic continu-
ation. We call thg\opemtor G, the nonlocal integrals of motion for the deformed
W -algebra Wy (sln).

e For Re(r*) < 0 and 0 < Re(s) < N, we define a family of operators
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Gr, (m=1,2,--) by

1:1_[131_[1?{ 27r\/_z(t)

x Bi(2V) Bi (2D Ba (oY) -+ By (2P) - En (2 ““) - Ex (M)

m

I TT [0 o] [ - 1]

t=11<i<j<m

(t)

X

N—1 m m
<t+1 5 ®_ (N, S
IT [ SR U e
t=1 4,j=1 i,j=1
W=, @ (V)
Souf Y W D | (4.166)

Here we have set the theta function 9* (v |u® |- .- [uN)) by

9 (uM] - |u(t) + 7| s u™)y = 19*(“(1)‘ ...|u(t)| .. |U(N)), (1<t<N)

(4.167)
9* (D] JuBrrr] ) (4.168)
= e 2miT= 3 (e 2wt /T =D Pa) g (D[ O] . | @)) (1 S8 S N),
9 (u® + k[ ™ + k) = 9" (@] [uN), (keQ), (4.169)
n(* (W] [u™)) = 9* (WM D] .- [u VD), (4.170)
Here the integral contour C* is given by
e ¥ 2V < 2] < 2RV 1SS N-1,1 25,5 S m),
(4.171)
@2~ %20 < |2V < =%, 1 <i5<m). (4.172)

For generic s € C, the definition of G,, should be understood as analytic continu-
ation. We call the operator G, the nonlocal integrals of motion for the deformed
W -algebra Wy (sln).

We summarize explicit formulae for the integrand function 9(u™ [u(?| - - - Ju™)).

Proposition 14. For aj,as, -+ ,ay € C and Re(r) > 0, we set

Do (U@ ] Ju™)y = [u® — 4@ — /¥ P., + a1 Pz, + P, “+anP:]r
x [u® —u® — PP, + 01 Pz, + apPe, + - 4+ anPeyr
X e
x [u™) —u® — Ve P 4 a1 Py + agPey 4 - + an Pey ]y

(4.173)
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This theta function O (u™ |u®| - - |uN)) satisfies the conditions (4.146), (4.147),
(4.148) and (4.149).

The followings are some of Main Results.

Theorem 4. The nonlocal integrals of motion G, commute with each other.
[Gm:Gn] =0, (m,n=1,2,---). (4.174)
The nonlocal integrals of motion G commute with each other.

Theorem 5. The nonlocal integrals of motion G, and G commute with each
other for regime 0 < Re(r) and Re(r*) < 0.

[Gm. Gl =0, (m,n=1,2,---). (4.176)

Theorem 6. The local integrals of motion I, I and nonlocal integrals of
motion G, G, commute with each other.

[Inv gm] =0, [Inv g:n]
[I:;, gm] =0, [Ir*w g:n]

0, (4.177)
0, (myn=1,2--). (4.178)

Comment (CFT-limit)

We would like to give some comments on relations between the elliptic integrals
of motion and those of CFT. Our integrals of motion can be regarded as elliptic
deformation of those for the Virasoro algebra and the W3 algebra. At the first,
we would like to comment the nonlocal integrals of motion G,,. We demand that
together with x — 1, the parameter u tends to a limiting value in such a way
that z = 22* is fixed. We call this limit CFT-limit. The elliptic screening currents
Fj;(z), Ej(z) of this paper becomes those of the CFT [1], [2], in the CFT-limit.
The theta function in the integrand of the nonlocal integrals of motion G,,, G},
degenerates trivial scalars. Hence the nonlocal integrals of motion G,, of this
paper becomes those of CFT in the CFT limit. We have checked this relation
for N = 2,3 cases. However there does not exist any paper on integrals of
motion of CFT for N = 4 case, we have already obtained conjecturous formulae
of T-Q-operators for general Wy-algebra. We checked that this degeneration
holds for general Wi-algebra, in the CFT-limit. In the future we would like to
report this T-Q-operators of CFT at another place. For the second we would
like to comment for the local integrals of motion Z,,. The limit of this case is
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more complicated. See details in [3]. However we have already known the general
formulae for elliptic version of the local integrals of motion Z,,, unfortunately,
only few leading temrs of the local integrals of motion for the Virasoro algebra
and the Wj-algebra are written in [1], [2]. We have checked that few leading
terms of our local integrals of motion Z; and Z, for W, ,(sl2) degenerates to the
known results for the Virasoro algebra in the special limit [3].

4.2. Proof of [Gm,Gn] = 0. In this section we study the commutation relations
[Gims Grn] = 0 for Re(r) > 0. We omit details for other cases, because they are
similar.

Proposition 15.  For Re(r) > 0 we have

Z Z Z Z o1(4) Z az(y)“' “gv)(j)

01€Sm+n 02€Smtn ONESmin j=1 j=1
m—+n m+n @) m—+n
0 2
x 95| > “alm > Yos(i)|” 1> “aNm
j=m+1 j=m+1 j=m+1
m man (t) (t"rl) _ s (t+1) (t) _ s
N i { oui) ~ Ut+1(J N} {“am ()~ Yau() T1 }
AT i e
t=1i=1j=m+1 [ ot(z) O't(j):|,r|: Ut(]) uat(z) }r
= > > X s X ung Z“azm D )
01€Smin 02€Smin ONESm+n Jj=1 = j=1
. m—+n (1) m—+n (2 m—+n
Do | D2 g )| D Uewn| | Do “aNm
Jj=n-+1 j=n+1 j=n+1
N n m+n |: (t) U(H_l)- _ i:| |:U(t+1) (t) +1— _:|
U, () oer1(d) N, | Toesa(d) Yo, (4) N
<11 11 ®__.® © 0 - (4.179)

t=li=1j=n+l |: Yoy (4) uUt(j)L« |:u0t(j) Yo, (4) 1}7,
Here 9o (u®[u®] - [u™M) and 55(u(1)|u(2)| o uN)Y are given by

(u(l oo Ju® ] u™)) = G (@] @] ™)), 1<t N) (4.180)
( \ \u(t +r7|-- \u(N)) (4.181)
_ e—27r7,7'+ 2:l(U«t—l_2ut+ut+1+\/r(r_l)Pat)J"Va,t/;é\a(u(l)| o ‘u(t)| . |u(N))7 (1 g ¢ é N),

e
e,

gD Ju® + 7| [u™) = I5(uD] - [u®] - ]uN), (1SS N)  (4.182)
D(u®] - |u® 4 p7| - ) (4.183)
_ p2miT4 2 (ut_l—2ut+ut+1+\/r(r—1)Pat)+wa,t1§ﬁ(u(1)| o u®) ™) 1< ESN).

Here vy ,v5: € C, (1St S N).
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Proof. 1In order to consider elliptic function, we divide the above theta identity
by ¢, with v, , € C, (1<t < N):

( DI u (t)+r\~--|u(N))*ﬂw(u(1)|---|u(t)\~--|u(N)), (1<t<N) (4.184)
S @] u® oz u) (4.185)
= e—2mf+2ff(uH—2ut+ut+1+\/r(r—1)Pat)+Vw,tq§w(u(1)| o u®) ™), (1< N).

0
d.

Let us set
LHS(m,n) = > e > (4.186)
Klqu:{1,2,-~-,n+7n} KNUKICV*{IZ con4m}
|Ky|=m,|K{|=n KN |=m,|K§ |=n
0 (1) (N) | 3 (1) (N)
o | D us” || Do ™ e | Do | D
o JjeK, jEKN JEKE JEKS,
m—+n m+n
S [
= j=1
s s
H H { u§t+1 } [ 1(t+1) _u§t) +N
’LEKf]EKt+1 1€EKi 1 JEKS T
X
® _ @ (t) (t) ’
t=1 HH[ J}[j_ui _1}
i€K, jEK "
RHS(m,n) = > ces > (4.187)
K{UK§={1,2,--- ,;n+m} KNUK ={1,2,--- ,nt+m}
|K1|=n,|K§|=m K N |=n, \KC |=m
9 (1) N | 3 (1) (N)
Us Z“j Z uj | Ya Z“j Z U;
JEK JEKN jEKf jEK]CV
m4+n (1) m-4n (N)
Z LA Z U;
B t+1) 1— ] [ (t+1) _ t)
I IT [« + II 1I + 3],
€Ky JGKH_l €K1 JEKY
X H ® _, ® ® _,® ’
. () _ ot 1) _1]
t=1 H H [uz u; L [uj U, .

i€K; jEK§

Candidates of poles of both LHS(m, n) and RHS(m, n) are uz(.t) = ug ) and u(t)
u§t) + 1 and ¥, = 0. Let us show that the points ugt) = u§t) are regular. Take
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the residue of the LHS(m,n) at ugl) = ugl). We have

1 1
Res 1y_ < 1 1 1 1 + 1 1 1 )
T\ (g — gy — ) 1 [ e - g - 1]

<y DD >

LiUL§={3,4,--- ,;n+m} KoUK§={1,2,-- ,n+m} KNUKS ={1,2,--- ,n+m}

|Lyl=m—1,|L§|=n—1 K |=m,|K{|=n KN |=m,|K§ |=n

9 (1) (N (1) (N)

Ja( E Uy [+ E Uy )Us( E Uy |- E u
jeL1U{1} JEKN JELSU{1} JEKY

m—+n

n+m
1 N
MORTHEHDILT D
j=1 j=1
(1) (2) s (2) a S
H [ul — U —I—l—ﬁ} H {uz — Uy +N}

T

« JEKS i€Ks
H {ugl) — ug.l)} {ugl) — ugl) — 1}
jeLs T r
N 1 S 1 N S
T[4, T [+ 3],
y JjEKN JEKY
H [ul(-l) — ugl)} {ugl) — uz(-l) — 1]
jel r r
1 _ (2) 2 _ M S
IT IT [w? — ol v 1= TT IT [w? " + 5]
« €Ly jEKS 1€Ky jELS
[T IT [ =]
i€Lly jeL§
wl1-g I I [ -+ 5]
1-
x 1N L (4.188)
H H {u(.l) S 1]
7 [
i€L1 jELS "
_ t+1) 1_ 5 } { (t+1) _ ) i}
GHKJGII:[ [ ! NTEII:[ JGHK° +NT
(2 t t K3 t4+1 +
. H - T ) =0
T TLFF o, 1]
€K JEKY
Because the first term : Res w(h = GO (1) mOmETE + paE (1)“[11(1)_ (21)_1]T> =

0, we have Res )_ (1>LHS(m, n) = 0. Because LHS(m, n) is symmetric with re-
1
spect to variables ugl),ugl), e 5,?%, we have Res a)_ ayLHS(m,n) = 0 for
i =Yy
1 £4# j < m+ n. As the same manner as above, we conclude that points
ugt) = ugt) of LHS(m,n) and RHS(m,n) for 1 St < N, 1Si#j<m+n
are regular. Let us show LHS(m,n) = RHS(m,n) by induction for m + n. Can-
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dldatesofpolesareonlyu(t) —u()+1 1fst<Nand1<i#j<m+n.

We assume 1 £ m < n without loosmg generality. (The case m = n is trivial.)
At first we show the starting point 1 = m < n : LHS(1,n) = RHS(1,n) . By
straightfoeward calculations, we have

Resuél):“§1)+l cee Resugw):u(lN)+1LHS(1, n)
t t+1 s 41 . s

ﬂR {up_u; )H_NLM )_u;)+NL
= eSu(t):u(t)

t=1 2 =i+ [ugt) _ U(Zt)L {ugt) —ul - 1L

() (H—l) (t+1) ) 8

N n+1 +1— } { O _}

X H H [U1 Ny “ u] N,
. { () Q)
t=1 j=3 uy

—u; } {ug-t) — ugt) — 1]

n+1 n+1
1 N 1 N
Do fet™) 05 | Do) D0
Jj=2 j=2
x ; (4.189)
=0 )
o DSt B i
Jj=1 j=1
Resugl):ug1)+1 cee ResugN):ugN)—HRHS(l’ n)
O bt | ALt i
=]]Res,o_,®» r r
P o =up +1 [u(lt) _ uét)] |:u(2t) _ u(lt) _ 1}
N ni1 [u(t) w41 - } [u(t+1) O i}
<TTTI NI, L 2 "N,
t=1i=3 {uz(-t) - ugt)} {uét) - uz(.t) - 1}

n+1
T g Zu(l) IS ™

pos; J#2

X : (4.190)
n+1 n+1
Q 1 N
3 [ ST a3
Jj=1 J=1

() _, (t+1) o1 1 (tHD (0 s
ializati (&) _ o, [ug —uy " R lefug Ty AR

Upon specialization us uy’+1, (1 £t < N), we have FOEmCIEmORmONT

g Al r

[u(_t) (t+1)+1 ] [u(t+1) (t)"ri]r
: QI ORmORT ~-" . Hence we have Resugm
i Us s

. ResuéN):u(lN)-‘rl

RHS(1,n), using periodic condition @a(u(ll) +

—u(V1

Res (1) -Res (N)
Ug Ugy

=u{V1"’ =u{M 41
k|- \u(lN) +k) = ﬁa(ugl)\ |u(N)) Both LHS(1,n) and RHS(1,n) are sym-

—_ ) (¢ t
metric with respect to u;”, ué ), e ,ug_)‘_l, we have

LHS(l,n) = Resu('l) --Res W) =
i1

Res L _
u, Uiy

-Res (N)
i1 uiN

RHS(1, n),
(4.191)

utH o — () —., (1) wN)
i1 +1 _ujN +1 _ujl +1 iN +1

LHS(1,n) =
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for 1 i # 5t Sn+land 1 <t £ N. After taking the residues finitely
many times, every residue relation which comes from LHS(1,n) = RHS(1,n),
is redued to the above (4.191). Hence we have shown the starting relations
n > m = 1. For the second, we show the general n > m 2> 1. We assume

the relation LHS(m — 1,n — 1) = RHS(m — 1,n — 1). Let us take the residue at
u(lt) = uét) +1, (1<t < N). We have

ReSu(miu(l)_‘_l s Resu(w)iu(N)_i_l(LHS(m, TL) - RHS(m, TL))
2 Uy 2 TU
ﬂ {ugt) _ uétJrl) 1 %} [u(ltﬂ) _ u(2t) %}
= Res (t) . (¥) z L
T T T ]

man [ugt) _ u;t+1) 11— %L {ugtﬂ) u® + iL

N
J N
<11
(t) (t) (t) (t)
t=1 j=3 {ul - U u; —uy —1
T T
<) 2. )
LiUL§={3,4,--- ,n+m} LoUL§={3,4,- ,ntm} LyULG ={3,4, ,n+m}
|Lyl=m—1,|L§|=n—1 |Lg|=m—1,|L§|=n—1 |Ln|=m— I\LN\ n—1
9 (€3] Mg ) (V)
U E u; E u; Jg E u; E u;
JEL1U{1} JELNU{1} JELSU{1} JELGU{1}
X
m+n m—+n

o (Sl [
j=1 j=1
IT [ - sr= 2] T I0 [0 -+ 2]

H 1€l jELt+1 1€L¢41 ]ELC

t=1 H H [ugt) — ugt L [ugt) — ugt) — 1]T

i€ L, jeLf+1

L R s 1 | I I AT I

GLLJGLt+1 ZeLt+1 JEL: 0

t=1 H H {ugt) — u§-t)L {uy) — ugt) — IL

1€LY jELt11

(4.192)
We have already used the hypothesis for (m — 1,n — 1). Both LHS(m,n) and

RHS(m, n) are symmetric with respect to u(1 ),ug), e SI)HL, we have
Resuﬁ)=u§?+1 -Res gz) (x)+1LHS(m’ n) = Resuﬁ)=u§?+1 -Res gz) (x)_HRHS(m,n),
(4.193)

for 1 <4 # 5 Sm+nand 1 £t < N. After taking the residues finitely
many times, every residue relation which comes from LHS(m,n) = RHS(m, n),
is redued to the above (4.193). Hence we have shown LHS(m,n) = RHS(m,n)
forn>m=1. Q.E.D.
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Now let us show the commutation relation [G,,, G,] = 0.

Proof of Theorem 4. We show [G,,Gn] = 0 for Re(r) > 0 and 0 < Re(s) < N.
Others are shown by similar way. We use the integral representation of the
nonlocal integrals of motion. The following operators in the integrand of the
nonlocal integrals of motion satisfies the S,-invariance. For oq,02, -+ ,0n €
Sm+n, we have

Fu(z00) i P 2E00)  Fael ) Fn (2 F (2 )

1(m+n) o2(1) oz (m+n) aN(l) on(m+n)
N
(t) (t) (t) (t)
<1 | {“am‘) _“otu)} { Uoo(j) ~ Uou(s) — 1]7»

=AM R RED) - BR ) Fn ) (20,

m-+n m-+n m+n

x ﬁ [ ] ) [0 —uf? 1] ~ (4.194)

Hence we have

N m+n

G Gn = tHl]Hly{zx/_”

I ] o]

Fi(z) R0 R(?) - B, - P (™) - P (200),)

m+n m-+n m+n

11<i<jSm+n
x N—1m+n ) ) s
(t (t+1
ITIT [ - e 1 -5,
t=1 4,j=1
1
X m  m+n () m+n m (
N 1)
(N) _ 5 1}
[T I [« +), I T ¥,
1=1j=m+1 i=m+17=1
1
x m N s m—+n N s
N
i,j=1 i,j=m+1

1
i SRS

01€ESmin ONESmin

() Ll ~
N 1
Z”mm Z“m(j))ﬁﬂ( Z Ugy ()] Z %N(])
J=1 j=m+1 j=m+1
min [g® D ST [,0+0 o, ®
il a { Uoi(i) ~ Yorpa () T 1 NL [“atﬂ(z) Uo(j) + NL 105
<111 11 ®__,© ' (4.195)

11 _ ® _ 0 _
=ty {“atm “at<j>]r{“vt(j> Yo (i) 'qr
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Therefore we have the following theta function identity as a sufficient condition
of the commutation relations G,, - G, = G, - G-

o> > e Doulhy Z mw-Z;é?m
ot -

01€Smin 02€Smin ONESmin Jj=1
m—+n ) m—+n @) m+n )
1 2 N
O | D upyp| D Yo (G)| " D Uonls)
j=m+1 j=m+1 j=m+1
N m min {(t) 4D _i} {(t+1) oD 4 }
(1) Ut+1(J N, [Tot+1 (7) Ut(J) r
I T &
t=li=1j=m+l |: Yoy (i) — Ut(J)Lﬂ |: Yor(j) — O't(z) },«
_ . (1)
= > > 95| 2ot Zuazm ' Z%Nm
o1 ES,,,H," o2 ES,,,H,,,L ON ES,,H,,L Jj=1 =
m—+n (1) m—+n (2 m—+n
Do | D2 gy D0 || 22wt
Jj=n-+1 j=n+1 j=n+1
N n min [u) D _i} [u(m)_ o) +1—i}
Jt(z) ot41(7) N ot4+1(J) Ut(l) N,
<1II 11 O 0 ] [ _a® 1 - (4.196)
t=li=1j=n+1 Yoty ~ Yoi], |You) T Yeus) T,

This is a special case Vo = vg; = 0, (1 £ ¢t £ N) of the theta identity in
Proposition 15. Now we have shown Theorem. Q.E.D.

4.8. Proof of [Im,Gn] = 0. In this section we give proof of the commutation
relation [Z,,,G,] = 0. The fundamental operators A,(z) and F;(z) commute
almost everywhere.

(45(e0) Fye)] = (o 273 (%972 ) (o),

Z1

[Aj41(21), Fj(2)] = (2 —27"")3 (”6”‘) Ay (@R z).

21

Hence, in order to show the commutation relations, remaining task for us is to
check whether delta-function factors cancell out or not. The Dynkin-automorphism
invariance 0(Zp,) = Zim, 71(Gm) = Gm, which we will show later, plays an impor-
tant role in proof of this commutation relation [Z,,,G,] = 0.

Proof of Theorem 6. For a while we consider upon the regime: 0 < Re(s) < N,
0 < Re(r) < 1. At first we show the simple case, [Z1,G,] = 0, for reader’s
convenience. Using Leibnitz-rule of adjoint action [4, BC] = [4, B]C + B[A, C]
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and the invariance 1n(Z;) = Z;, we have

n N n Z(u) L
[Il7gn] — (LL'_T* _xr*) Z H H /v d k F1(Z§ ))

=1 j=1u—1k=17/C(td) 2TV _1Z1(cu)

) o Fy()) - B (A ) A RN R (D) - R (D) P (V)
N
H [ugt) — ugt)} [ugt) — ug ) _ 1}
t=11<i<j<n " "
QR ® (4 ST 77 L) _ (N, 8
t t+1 1
H [uz u; +1 NLH [uz — U, +ﬁL
t=1 4,5=1 1,j=1
~ =@ (N
1 2 N
x 0 Zua Zuj Zua
Jj=1 Jj=1 Jj=1

n N n (u)
* e dZ (1)
+ (2" _1:"’) E II II/ 716}7’1(2 )
( : C'(t,5) 27r\/—lz(u) !

t=1 j=lu=1k=1"C k
x - Fy(a) o () A R R - R) - FnY)
N
H [ugt) - ug-t)} [ug-t) — ugt) - 1}
t=11<i<j<n " "
X
T Lo e ST 1T Ly _ (N, 8
IT IT [ ™ 1= ] TT [l =™+ 5
t=1 4,7=1 i,j=1
~ 2 (N)
o (3o 3o 3o
j=1 j=1 j=1

N ()

dz N_ B

0 ST, 2 Rl Bl B )
j=1u=1k=1 TV — 1z

x B (M) BT BCIRGESD) - R

J J n
N
[ I1 (o) o,
t=11<i<j<n
X
B = O P s1 77 L) _ (N, 8
10— -2 JL -+,
t=1 4,5=1 i,j=1

x 0 Zuf“ f:ugl) f:uy\’—”) . (4.197)
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Here we have set

O(t,g) + [ =20 %00 | ot =20 0] < |9] < o242 R0

|x2r+2*%z,(:_1)| < |z](»t)| < |CL‘2T7F7‘V_SZ;(;_1)|’ (1=k=m),

¥ 2] < |20] < o2 R 0| (1S k< m),

5’(t,j) e 2r—2+25¢ (t)1|’,._ 7

2R 2V < |20] < 2= ¥V (1S k< m),

|x_2T+2Wszl(€t+1)| p |Z](»t)| < |m—2r—2+2wsz]it+1)|’ (1< k< m).

|w2r—2+2§tz7(£)| < |zj(-t)| < |x—4r+2—2ﬁt2§t)‘

)

s Ty

|z

39

Let us change the variable zj(-t) — ZL‘2TZJ() in the first term of (4.197). Using
the periodicity of the integrand, we deform the first term to the second term of

(4.197).

ﬂ ﬁ/ dz’(“u) — il Wy R G RGD)
z .. z zs’
wel k1 Y 1(t,5) 2T/ — z 1 t1 -1

< Ai(@ ")) - Fy(20) - P ()

[T IT [ -], [~ 1],

t=11<i<j<n

oo £ - s .
t+ =
T TT [ == ], IO = ],
= H 11 — e F(") - F(Y) - R

1he1 I'(t,5) 2w/ — z(u)
A SO o) o (o)

[T I [ ] o -],

5 :| - |:'LL(1) U(N) 5 :|

_ I I o e —
T J

N e N

T

)

Jj=

—

ud

<2)

@1..

n
>
=1

|z —2r42-28¢ (t A,

(4.198)

—4r42—22¢ (t) |

j—l

(4.199)

Jj=1

S
oo~

N)

[SSu

(4.200)
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Hence we have

1([Z1,Gnl)

n N n (u)
o o dz - -
=@ e )ZHH/CW Py A z(u)F<z§”>---F2<z,9>>---FN<z§N D)o (2N 70)
1 k=1 ,J) 2T

x Fy(z™) - M)A RO R ERD) - R

j=1lu

_ 741
N
H [ugt) - ug-t)] [ug-t) — ugt) - 1}
t=11<i<j<n " "
R ® @+ s1 T s
t t+1
I [ = +1-5) 1T | ),
t=1 4,5=1 =
(1) (2) (N
x 0 Zuy Zuj Z

n N (u)
o * dZ () 1 (N 1) N
— @ =)y || ||/ —— () Fa(2D) - P (e V) Py (2N Y)
=1 um k1 Y C'(N,) 2T/ — Z( )

x Fy (M) FL M) A @ RN R D) - R

[T T[] o -

T

B e P A T s
IT 1T |« [RINE )
t=1 i,j=1 Tij=1 r
n n n
N 1 N—-1
<9 [ S u™MIS W] WY (4.201)
j=1 j=1 j=1
Here we have set
CW, ) : a7 248 ), et 2R 0] < 2] < a2 42 F o) a2 bR ),

2?2 RNV < Y < 1P RNV 1Sk Em),

2% 2] < |2V)] < |27 ¥ 2], 1S k< m), (4.202)
C/(N, ) ¢ a2 R Y] a2 R0

<l < am RN o R,

o2 F MY < |V < o RNV 1S kS m),

22+ % 2] < 2V] < 2722 D) (1< k < m). (4.203)

Using the priodicity of the integtrand, we have [Z;,G,] = 0. For the second, we
consider the commutation relation [Z,,,G,] = 0. By using the invariance of the
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local integrals of motion, n(Z,,) = Z,,, we have
Zr, Gn]

ﬁ / dz” (N~ 0 zn:u@) iuw

=1 JC(t,9) 27r\/—_1z,(€u) ! =1 ’ i=1 !

j=1 =

wq

il dwk
% H e SN0 2/ — 1w —r+%7-t (t)
Ind | ———|<1 k < _ >

+11 / =
—rt25¢ (¢
L g, }%m< )

X h(vg — v)Ti(wy) - - - Ty (wi—1 ) Fi (2 (2 t_)l
1<k<ISm
x @ TR R, - P (GO T (wigh) - T (wi)

(T g _dn W § @] (N)
(z z" ) Z ‘ H H /C/(m) e KO leu ; ;“J

T

o

m
/ dwy, 1
X H +25¢ (1) 2
TTN LY yam r+28¢ (t)
=1 m{ I <1} 2my/—lwy, <1 — &)

M dwk 27
TS J
kl;[l m{ SN >1} /Ty ( m)
X h(vg —v)T1(wy) - -Tl(w¢—1)F1(z§t)) . "Ft(zj(_l)
X Ay (z" %z(,t))Ft(z(.Ql) - Fn(z (t)) V(wigr) -+ T (W)

N n
(N) W (N-1)
+n ;j_lul:llkli[l/;%m/—z(u) ;u] E ZUJ
ﬁ [uz(-t) — ui.t)] [ugt) — ugt) — 1}
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- dw
% kl;[l/lm H h('Uk _Ul)Tl(w1>"'T1(wi_1)

1Sk<ISm
x Fy(zY) - Fa(z) - Fn (N 70) - P N ) Ry (oY) - A (1))

x [Ta(w:), (R - B GO T (wiga) -+ Ta(w)). (4.204)

Here é(t,j), 6’(t,j) are given as the same manner in proof of [Z1,G,] = 0.
Because the integral contour [ is not annulus, we have used

ﬁ/ dwy, 1 +ﬁ/ % w;i/z
i1 IN{|z/wil<1} Wk 1—z/w; i1 Y In{|z/wi|>1} Wk 1 —w;/z

instead of 0(z/w;) = >, cz(2/w;i)™. Let us change the variable z]( ) :c2rz](t)

upon the conditions 0 < Re(s) < N, 0 < Re(r) < 1. Using periodicity of the
integrands, we have [Z,,,G,] = 0 as the same manner as [Z1,G,] = 0. Other
commutation relations : [Z,,,G}] = [Z},,Gn] = [}, G] = 0 are shown by similar
way. Q.E.D.

4.4. Proof of [Gm,G}] = 0. In this section we give proof of the commutation
relation [Z,,,G,] = 0. The fundamental operators E;(z) and Fj;(z) commute
almost everywhere.

[Ej(21), Fj(22)] = ! — (6(w22/21)Hj (2" 22) — (w21 /22) Hj (27" 22)).

R

Hence, in order to show the commutation relations, remaining task for us is to
check whether delta-function factors cancell out or not.

Proof of Theorem 5  We consider the regime Re(r) > 0 and Re(r*) < 0.
Using Leibnitz-rule of adjoint action and the commutation relations of screening
currents E;(z), F;(z), we have

n m N n N

S N m dz( Dk dw®
[ mo n] - ;;;q:lg ];[ E %cft) 27'r\/_2:(q) 27T\/__1wl(q)

£t
X Bl(? (:c_’“zi(t);{z§q)}1<q<w,{w(q)} 129SN )
? 1<k<n 1<51#<m
N n

m N n N m dZ(q)’“ dw(p)l
B t=1i=1 ;gg 1;[ 111 fC(” 2my/—12\? 27/ —Tw?

I#£t

x B" (m’“z {2 }1< v {w DY cpen ) (4.205)

1SkEn 1S1#55m
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Here we have set

Bf?( {Z(q)}1< <N,{U) } 1<q<N )

1Sk<n 1S1#j<m

1
= —— R R Ew])) - Bl
x - Fy(z) - B () B (w) - By(wl?))
x Hy(2)E(w!)) - Ee(w) () - F(z0) -

X - By(w <N>> B (w) R () B ()

H H [uiq) _ ul(q)L [ul(q) B uéq) B 1}

q=11<k<iI<n

X
N—-1 n n
(g+1 1 N) S
H[uq q I NLH[u,(C)—ul( +NL
q=1 k,l=1 k=1
N
H { (9) ,Ul(‘I)} {v(q) U}(Cq) 1}
a=11<k<i<m - o
len()() T W (N) S
q q+1 1 N
IT [ SRR | S A
q=1 k=1 k=1
ST I SEIFID S hor it o)
k=1 k=1 = k=1 k=1 k=1 vy=u—5
(4.206)
Here the contours Cl(tj) and Cz(tj) are characterized by
CO ¢ g2 F 20V o ¥ 20V < 0] < o2 R 0| 22t R 00| (1 <k <)
o2 5= F Y] a2 R Y| < 20] < o7 R T Y] o RV (12 1S m),
&% 2| < 1210] < 27 R (1S g S N3 (g k) # (4,), (g,1) # (E— 1,4)),
2% w | < [wl?] < ¢ 2 R W) (1€ ¢ S N (g, k) # (4,4), (a,]) # (E—1,5)),
(4.207)
5(:&) ‘ 2r+2_ﬁ (t 1)| |x2r+2ﬁsz,(€t+l)| < |Zi(t)| < |x_Wz,(€t 1‘ \x_2+%z,(:+1)\,(1 <k‘§n),
‘13—%10!(75 1)|’|m1+21\?wl(t+1)| < |Zz(t)| < |.'172T 1—%wl(t—1)|’|x2r—3+%wl(t+1)|’(l é l § m)’
&% 2| < 1210) < 27 R (1S g S N3 (g k) # (4,1), (g,1) # (E—1,4)),
2% w | < [wl?] < ¢ 2 RV (1€ ¢ S Ny (g, k) # (4,5), (a,]) # (E—1,5)).
(4.208)

Let us change the variable 2" — 2272{") of the integrand B(®) (z~"2("; {z,(cq)}1< <N,{w,C }oicesn )
<

1<Sk<n 1Sk#jSm

and the contour Cftj) Using periodic condition of theta function [u+r], = —[u],
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we have B(t)(xrzgt); {z,iq)}lgquv , {w,iq)} 1<q<n ) and the contour C~'l(t]) Hence we
1ZkEn 1Sk <m '

=
—

=
s

0 2my/ 12 21/~ Tw(?

1Zk<n

Q
Il
—
=~
Il
-
]
Il
-
i

Wl

—.
=
=
s

i 27r\/—_lz,(€q) 27r\/—_1wl(q) b

Q
I
-
£
Il
-
iS]
I
—
it

Wl

Therefore we have shown the commutation relation [G,, G,] = 0. Generalization
to generic parameter 0 < Re(r) < 1 and s € C should be understood as analytic
continuation. Q.E.D.

5. Dynkin-Automorphism Invariance

In this section we consider the Dynkin-automorphism invariance of the integrals

of motion.

5.1. Dynkin-Automorphism Invariance. The integrals of motion are invariant
under the action of the Dynkin-automorphism.

Theorem 7. The local integrals of motion I, I are invariant under the
action of Dynkin-automorphism n

n(Zn) =In, n(Z;) =1, (neN). (5.210)

Theorem 8.  The nonlocal integrals of motion G,,, G are invariant ynder the
action of Dynkin-automorphism n

1(Gn) = G, 1(G,) =Gy, (n€N). (5.211)

This theorem plays an important role in proof of the commutation relation
[Ima gn] =0.

5.2. Proof of Dynkin-Automorphism Invariance n(Z,) = Z,. In this section we
show Dynkin-Automorphism Invariance n(Z,) = Z,, by using Laurent series

dz(Dk dw®
f 2 w B®) (x_rzz(t); {z§q)}1§q§N7{w(q)} 1<q<N )
- 1Si#jSm

dz( Dk dw®)
j{ z w B® (ZL‘TZZ-(t); {zj(-q)}lgqgw,{w(Q)} 1<qEN ) )
c

1SkSn 1Si#jSm

(4.209)
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formulae Z,, = [[T;_j s(2x/2)On(21, - , zn)]. We have n = id. Let us set the
functionshf};?q(z) for0OSJSKSN,0SpsJ-1,05¢<SK-1,

J—p K—q
h’}f’?‘J(z) = H H hay (@~ KHI+2k=D+ % (0-p) )
=1 k=1
X H hu(l.fK+J+2(k7j)+%(q,p)Z)
—p+1k=K—q+1
J—p K
25
x [I b 720 s an -2
j=1k=K—q+1
J K—q
X H i1 (z —K+J+2(k—5)+32 (g—p)+2s 2). (5.212)

Here we have set hi1(z) = h(u) for z = 2?“. We use notation h77 (z) =
Wi (2) = hyk (2).

Proof of Theorem 7 Let us study from the invariance of Zy = [s(22/21)O2(21, 22)]1,21 20 -

The action of 7 is given by
1 ([h1,1(22/21)T1(21)T1(22)]1,21,22)

N
= [ (22/20)T1(21) T1(22))1,21 2 + [P (22/20) (Aa (270 21) — An(2°20)) D Aj(@°22)1, 2, 2

j=2
N
hl 1 22/21 ZAJ fL‘ 2’1 22) _Al(xsz2))]l,z1,zQ'
j=2
By using the relation
hi1(2) — hi1(2*2) = c11(0(222) — §(z~21252)), (5.214)
. o (1.2; x2S)OO(:E2T_2; x2s)oo($2s—2; $2s)oo(x2s—2r+2; CL.2s>oo
11 = ($2r—4; l-2s)oo(l.25; 3325)00(1‘25; x2s)oo($25—2r+4; 1.25)00 ?
we have
N N
11(2z2/21) A1 (72 (% 22)]1,21 20 = [P1,1(22/21) A1 (21 i(22)]1,21 24
[h1,1(22/21) Ax ( ) D Aji(a°22)] [h11(22/21)A1(21) ) A;(22)]
j=2 j=2
N
tes (7 )[6(a22)21) : A (222 ZAJ Ji.21zes (5.215)

N N
h1 1 22/2’1 E /1] x® 2’1 /11 Z2)]1,z1z2 hl 1 22/2’1 E /13 21 /11 2’2 lzlzg
Jj=2 Jj=2

N
—cs11 (272 [6(2> %20/ 21) : 21) > Aj(21) s (5.216)

Jj=2

(5.213)
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Here we have used
5(1‘2T_2+2522/Z1)A1 (x7%21)Aj(2° %) = 5($2r_222/21>/1j(l’sz:[)/l]_(m_SZQ) =0.
(5.217)

Summing up every terms, we have

n ([h1,1(22/21)T1(21)T1(22)]1,21,20) = [h1,1(22/21)T1(21) T (22)]1,21, 2
+ es(x7?)[6(2 22/ 21)n(Ta(z ™" 21))]1,21 20 — €5(272)[6(2 22/ 210) To (2 21)]1,2, 25
(5.218)

Summing up every termes of n([s(z2/21)O2(21, 22)]1,2,2,), We conclude n(Zz) =
5. Next we study n(Zs3) = Zsz. We use weakly sense equation for the basic
operator A;(z)

91,1 <z—j> Aj(z1)Ai(z2) — 911 (%) Ai(22)A;(21)

~ 6 (x%) c Ai(z) A5 (21) 1, (i < ). (5.219)

21
We have

TI([ 11 hl,l(zk/zj)Tl(21)T1(22)T1(Z3)] )
15j<k=3 1,z12223

= [ H hl,l(zk/zj)Tl(Z1)T1(Z2)T1(23)
1S5<k<3
Ti(z1)T 2)8(2%23/29)
Tl(zg)
(23)

(27 2)d(
(x7121)6(2%23/21)
(27 21)d(

- )h12 :c_lz2/z1 xr

(
a(x” 1z1/22
2(z”

|
o
VA
H

l\D
>
=
o

~— ~— ~—

7 21)0(z zz/zl)
) (7 (20)n(Ta(x ™ 22))8 (2% 23/ 22)
z hlffzn(x Y21/ 22) T (22)n(To (™ 21))0(2% 23/ 21)
( (z3)n(To(z ™" 21))8(x% 22/ 21)
2?21/22)0(x% 23/ 21)0* (Ts(21))
2?21/ 23)6(2 22/ 21 )n* (Ts(21))
2225/ 21)0(x% 23/ 20)0* (T3(22)) (5.220)
(6(2%21/22)6(2%23/21) + (2% 21/ 23)6 (22 29/ 21)) T3(21)
(0(221/22)8(2% 23/ 21) + 6(22 21/ 23)0(2” 22/ 21) )1(Ts(21)))1,21 2225 -

n([es(z™?)hy o (w7 20/ 21) Ta (21) Ta (37 22)0(2% 23/ 22)]1, 21 2025
= [es(z™ 2)h"“’( Yoo/ 20) T (20)n(To (™ 22))6 (2% 23/ 22)
+Ps(x7%)?s(0 ) A(x®)6 (2% 23/ 22) 0 (2% 22/ 21 )% (T5(22)) 1,21 2025 (5.221)

)
n([0(2%21/22)0(2% 23/ 21) T3(21)|1,212025) = [6(2°21/22)8 (22 23/ 21 )(T5(21)) 1,21 2025 -
(5.222)

—~ —~

n
n
)
)
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Summing up every term of 7([s(z2/21)s(23/71)s(23/22)O3(21, 22, 23)|1,21 2025 ) s WE
have 1(Z3) = Z3. We consider the case of general Z,,. The action of 7 is given by

n I 7r/2)Ti(a)Ti(22) Ta(28) - - Ta(20) = >

155<kS a0,y 20
=J<k=n 1,212, a1+§a22+~-.+NZ\LN:n
x > >
(1) _ (t.q)
aj i=aq {A; +
D P30 o) 0l o, 7 igeseEN, 1gigal? "
ait alP 20, afV valP =a a
agl),agz),aés)gﬂq agl)+a:(32)+a:(33):a3 AgtYQ)C{lﬂw“s”}s ‘A;tyq)|=t’ UivzlLJZ:lujil A;'tYQ)
) ) : i
«®,a@ 020, aWta@itaMaoay  MIRALTTHMin(A7 I < <Mina ) (0)
x >
i .
A§4,3)CA§_4,3)’ A§.4’4)CA§.4’4), |A§_4,3)‘:3’ \A§4’4)I:2
Am)cA(N*3), AmkA(.NAX...,AmkA(N»N), \Am)|:N—2, \Am)\:zv—:s, ---,\Am)\:2
J J J J J J J J J
14 afZe D) (2u) N —2 t-1 “
2 t u— t u
% (_1)Et§1 u=1% +Zt Eu 1 %41 H ctl H A(m2u+1)t_“_1 H S(x—2u)t—
t=2
N t ) )
n?" " niT
<(IIIT 1D wle ™ Ga/z)
t=1qg=1 i<k
J keA(t’iq)
t u . .
n? P —t—2[%]+2[%]
< I ITID IT 11 el ™ @itz
1SecuEN =17 Al keal)
—1 —1
X H Ti(7;) II m@'z) [ a(Taz'2))
— —
sealld jealli jealii)
—14+N-2[&]_. N-1 —14+N-2[%]
X { Tn(x 2lzj) - "t (In(x zj))
—
JEA(N 1) jEA%[V{T]LV)
2 os x°z N2 «” i x22;
Jo(u
<1111 ( ”)HH I > Il o(——
q=1j=1 t=3 ¢=1 j=1 ocES; u=1 2o (u)
=altn o()=1 u[£]4+1
A( Q)
N ot (Q) t—q+2 2
T Zjd(u+1)
<111 H 11 > H ol =) X
t=3¢=3 (t.a) (o) “€5t—q+2 zj"(’” TES —2
A(t ) kioka, o kgop€A Y ARy 2y u#[ ] +2 K
ky<ko<--<kg_o
) ta)
Jt*‘I‘FZ:A;}tq—)q#»Z
2 2 _ [452]
oz Tz q—2 5
(42 o((£541+3) T2k T2k
X H 5 P] 6 H 5 T(u) 5 T(u—1)
t—q€2Z ZJa([t—;‘le) k1) u=[42) Phru-1) ) uZ2 K (uy
2 _4*1]
2 Tz 2 2 q—2 2
T2k, (1 Jo((t54]+3) T2k, (, L
> H 5 (€3] 5 Pl H 5 (u) H 5 ( )
Z5 zZ z zZ
t—q+1€2Z To(t521+2) ke qagty u=2 Fru-n u=[2E3] Fr (u) .
sZ1°Zn
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Here we have set AV = {Min(AD), Min(AS?), .. Min(A%9,)} for ¢ =

(q t)

/-\/

0,1, and have set A} ’qZL = {Min(A(t’q)) Min(AL?), ... Mm(A(t(’ft))} for ¢ =
2, ,t. Here we have set A A(“ ... Agz ) such that A wt) {A%’t) <

—_—~—

A(u’t) < e < Ag?’t)}, and have set A%’t),--- , ALY , such that A;u’t) =

3, N+2—
{A(“ it) < A;jgt) < .- §“]\;+2 t}

We give the action of 1 for more general case. We prepare notations. Let us set
0B1, 082, -, 0N 2 0 such that By + 28 + 3063 + - - -+ NGBn = n. Let us set subset
BY c {1,2,---,n}, 1 £t < N,1<j<B)such that [BYY| = ¢, UN,
ve, B = {1,2,-- ,n} and Min(B{") < Min(B") < --- < Min(BS)).
Let us set the index B(t) = j for B(t) = {j1,d2, -, Jtljn < Jo < -+ < gi}

1<t<N,1<5< o), andBt) — (B¢ , (t),--- ,B(t) . The action of 7 is
Min — 1, 1 2 1 a,l
given by followmgs

n [T ©z) [I @ 'z)- JI Twe V2051

— — —
€Bhn JEB T By,
N t—1 Bt N B¢ t (E2Z'
_ —u— J 1
% H (_C)t 1 H A(.’Z?2u+1)t u—1 H H § : H S o(ut1)
t=1 u=1 t=2 = oESt u=1 Zjo(u)

B(t) o()=1 u#[$]+1

t

N
<11 1T o <Z_f> II II o <m“t2[%]+2[%]z_’;>

t=1 i<k 1<t<usN ]EB(t)
s kEB(t)n N (u)
€BMuL 1721"'271,
ap,ag, 0N 20 oMoy Aty
aj+2ag++Nan=n 1 (2)>; (1)+ @ 1<q<tEN, 1§j§a£q>
ay /a3 20, ay’+ay=ay (@
agl),aéwqag‘w’)im a§1)+ag2)+ag3):a3 Aétrq)c{l,z,m n}, \A;t’Q)\=t, N ub_upty Agt"n
; (tia) ; (t,q) ; ,
a%),aﬁ)w- vaSVN)Eov QS\})JFQE\?)%HJFQSVN):@N Min(Aj )<Min(Ay )<.,.<Mm(Aagt) (t,a))

x )
((3:3) L ,(3,3) | ((3:3)_
Aj CA; 1A |=2

AR 43 A () @) ),
J J J J J J

Am)cA(N*3), AmkA(.NA),...,Am>cA(N»N>, \Am)|:1v—2, \Am)\:zv—s, ---,\Am)\:2
J J J J J J J J J
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x 2 2

(N—1) (N,2)
B} . c{a; (2) (@)
{B; higigay o1 CF }1§j§ag\f) B h<i<p, cla;7Y 3<tEN1S 0 5)
(N (N,1)
8Ny <j<pn 14 } (3) (t,t—1)
/ 192N 15jSe 5\7) 1B hg<p, <145 }4<t<N 1<j§a%t71)
N-2) N,3
{B§- }1< <Bn_ QC{A( )}1<j§a(3)
Qi
(2u—1) (2u) N
X ( )thl u=1 X2t +Zt Ztu 1a2t+1+zj:2 Bj H t 1 H A 2“+1 t—u—1 H s(x 72“

t=2

N t 1 1 ¢ v 1 1
n A L | L N (Y
<\ITIT II we ™ /z) 11 IIID IT D1l ™ (et 2EeeBlsgz)
t=lq=1 i<k <teu< 1p=1jcz(t0) (u,p)
! jwealhd ISt<usNa=2P=2 e Al ke Ayh
’ in

X H Tl(Zj) H TQ(Iilzj H 77(T2($712j))

LA e e
1,1 2,1 2,2
J€A NN JE€ANin J€ANIn

x H TN<w-1+N—2[%]zj>--- H N (T (2205 )))

ey
(q)
N 2 t
XHH%“”)HH 11 [ oS
=1 j=1 J1 t=3 q=1 j=1 cES: u=1 Zo(u)
7A<_t,q) o(1)=1 u#[§]+1
Lt
Jt:Agffn
N ¢ a? t—q+2 222
Jo(u+1)
X § | e
P
t=3 q=3 j=1 1) T€St_g42 u71 Jo(u) reS,_
b kl,kz,---,kquEA,(-t’qLAgt’Q) a(l)=ql ut[iZ4]42 -2
11*_'_3',1 k1<ko<-<kg_3
jt*q+2:A§f€qf)q+2
2 2 a=1
T4z 225 q—2 2 [+] 2
« H 5 (L) 5 To (1521 +3) H 5 T2k, () H 5 I
t—ge2z  \ “oiza)4a) zk“l) u=[23) Phru-1) ) ula Zhor (w)
2 Ll
2 T2 3 q—2 2
T2k, o (14541 +3) x?z, T 2k 0y
« H 5 w |y 2 H 5| 2 H § | — (5.224)
2 z z
t—q+1€2Z Jo(1t521+2) kqagty hr(u-) u=[2£3] Fr (u)

1,z1:-2pn
We note that differnces between the equations (5.223) and (5.224) is only the
signature and the restriction condition

2 2

(N-1) (N,2) “(t.0)
P hgigey o ST o @ B g, Al 1<j<al®
(N) (N,1) T T
(B " hig <y C 145 }1§ B(N=2) L(N3)

{ J }1§j§5N72C{ J } 155 aly
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Hence, summing up every terms of n([[[,<; <, 8(2k/2;)On (21, 22, -+, 201,212, )
we have shown n(Z,) =Z,. Q.E.D.

5.8. Proof of Dynkin-Automorphism Invariance 1(G,) = G,. In this section we
show Dynkin-automorphism invariance 1(G,) = G,.

Proof of Theorem 8 For reader’s convenience, we explain 7(G;) = G; at first.
We have the action of i as following.

H% dz® B (O Ey(z®) - Fy (N9 (WD [P - - [uN)
Cc 2 /—1z(t) N-1 s s
(t) _ o (t+D) 2 1) _ ) 4 =2

[“ w A N} [“ “ +N}

t—1 T T

H]{ dz(®) n((uDu®] . Ju))
2my/—12(t) N-1

w® — ) 4 %} {UUV) —a® - %}

2

=

[u@) a2

r r r

x Fy(zW)F3(2?) - Fn (VDY Fy (2). (5.225)

Here we have used n(Fl(z VF5(22) -+  Fn(2n)) = Fa(z1) - Fn(zn—1)F1(zn).
Let us change variables u() — o) 42 — 4@ 4@ — O .. 4@
uwN=1 and move F;(z(")) from the right to the left. We have
H% dz®  F(ZF(z?) - Fn V)@@ [u®] - u™|u M)
: :

2my/—12(t) N-
WD L1 } {(1)_ (N) i]
1 {u + N, U U + N,

(5.226)

We conclude 7(G;) = G; from theta property n(9(u®|[u®|. .. [uM)|uV)) =
HuDu@|- - [u™). Let us show 7(Gmn) = Gm. After changing the variables

ulV u;N), uf) — u(l) u§3) — u§2),-~- ug.N) — uEN_l), we have 1(G,,) as
following.
11 F R BEDRGER)  RE)  E ) By )
t=1j=1 27‘(’\/_
X Fl(zﬁN)) Py (2N (19 Zugl) Zu?) ZUE-N) (5.227)
Jj=1 j=1 j=1
N
I [ ] [~ <1
t=11<i<j<m " "
X No1
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Here we have used

N(Fr () FV) - Py (o) Py YD) e (oY) - Fn (200))

= Fy(e1") - B Fa(a1?) - B (a) - Fv(z D)o PG TR - LY.
(5.228)
Let us change the variables ugl) — u§-2) 52) — u(s) e u§N_1) — ug-N), ug-N) —

ug-l), and move Fj (z%N)) Y 31 (zy(nN)) from the right to the left. We have
Il Hf A FiE) ARG EET) - Bard) - En (™) - Fy )
t=1j=1 2m

1 W’ ~o?], [ -w? -1,

t=11<i<j<m

X
N—-1 m m
(t) (t+1) s (1) (~ny 8
IT [ =™ 1= ] T [ =™+ 5]
t=1 4,5=1 i,j=1
xn|v Zug»z) ZU?) Zug»N) Zugl) . (5.229)
Jj=1 Jj=1 j=1 j=1

We conclude 7(Gyn) = G from n(¥(u®]--- [u™)) = (uM juM)] - .- [uN-1),
Proof of n(GZ,) = G, is given as the same manner as above.  Q.E.D.

A. Normal Ordering

We summarize the normal orderings of the basic operators. For generic Re(s) >
0, r € C, we have

(‘%222/21; x2s)oo($2r+2s—2z2/zl; $2$)Oo(x2s—2rz2/zl; xQS)oo

($25_222/Zl; x2s)oo($2r22/zl; l.2s)oo(l.2—2'r'22/21; x2s)<x> ’

Al(Zl)AZ(ZQ> = (]. — 252/21)

(A.230)
(2222215 8% ) oo (27 22/ 215 8%%) oo (272 22/ 215 7% ) 00
Ai(21) A (23) = = , A.231
(21)4;(22) (x7229/21; %) 00 (27 22/ 21; 25 00 (22727 29/ 21; %% 0o (4.231)
(:(}.2-1—2322/2’,17 2s ) ( 25— 2r22/21 xQS) ( 23+2r—2z2/zl; 2s )
A; A; = A.232
j(21)Ai(z2) (22522 [ 21; 22%) oo (225127 25 [ 21 2% ) oo (2257227 25 [ 21 227 ) o - (A.232)
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Aj(21)Fj(22) =

Fj(21)4;(22) =

Aj1(21)Fj(22) =

Fj(z1)A4)41(22) =

A (z1)Fn(z2) =

Fy(21)A1(22) =

AN(zl)FN(ZQ) =

FN(Zl)AN(ZQ) =

Aj(z1)Ej(22) =

Ej(z1)4;(22) =

Aj11(21)Ej(22) =

Ej(z1)Aj11(22) =

/11(21)EN(22) =

En(z1)A1(22) =

AN(Zl)EN(ZQ) =

EN(Zl)AN(ZQ) =

Ej(21)Fj(22) =

Fj(21)Ej(22) =

Ej(z1)Fjt1(22)
Fji1(21)Ej(22)
Ejy1(21)Fj(22)

(22)

Ej(21)Fjp1(22

nx

s

nx

(1=t

S (l—aT R )]

nx

T

o

T.Kojima and J.Shiraishi

o (1= 33’”_2+%j22/21)

(1—a " Riz/z)’

(L —a? Rz /y)

(1—a"~Fiz)z)
o (L= 22795y /)
(1—a™+Fizg/z)

(1—a"2"Fiz/z)

' (1 — l,—r—%stQ/Zl) ’

o (1 — 22729/ 21)
(1—a2"29/21)
(1—2"22/21)

g (1—x""29/21)"

o (L= 2" 22 /2)
(1 —a=m+2525 /21) 7
(1-— x277‘72522/21)
(1—a72529/21)
ar (1= $7T71+%j22/21)

(1—amH¥iz/z)

%j22/21)

o (L=t Rz /2)
(1—a T4 Riz/z)’

(1- m_’"_l_%ssz/zl)

: (l_xr—l—%sz/Zl) )

—or (L= l2y/2)
(1 - l‘_H'lZQ/Zl) ’

(1—27""t2/2)

: (1—a7129/21)

or (L= 277 24205 /1)

(1—ar+2s25/21)

(1 — a2 +27255, /21)

: (1—a=m 2525 /21)

2(1-%)24
22(1 —w29/21)(1 — 27 129/21)’
(1-%)2i
22(1 —w29/21)(1 — 27 129/21)’
ca(F - 1)32'1(1 -z~ +N22/Zl)
2 (R DO 5 (1= 21 F 29 /21),
w (R DO 5 (1-=z 1+Nz2/21)
w (R Vig (1 —at™ ¥ z0/71).

(A.233)

(A.234)

(A.235)

(A.236)
(A.237)
(A.238)
(A.239)

(A.240)

(A.241)

(A.242)

(A.243)

(A.244)
(A.245)
(A.246)
(A.247)
(A.248)

(A.249)
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For Re(r*) > 0 we have

2z (x 229/ 21; 2%
Ej (21>E (2’2) (1 — 22/Z1) (Z’2T*+222/21; 1L'2T*O>Ooo’ (A255)
b ) ($2r—2+2—,§z_2;x2r*>oo
Ej(Zl)Ej+1(22) = (IL‘WijZl)T_* PrE 2 P 5 (A256)
(2N "222/21; 2% oo
2 1 . (xZ'r‘f%i_z;xzr*)oo
EjJrl(Zl)Ej(ZQ) = (.CIJW_]_ 21>T_* T p— 5 (A257)
(7N 29/21; 2% ) o
—r*—2422 . 27"
. PR S NI 23/215 2% )oo
Bj(z1)Ej(22) = (277 21) (@ 3T*+2+2W5j22/zl'3327“*)00 ) (A.258)
—r*—2-255 2r*
. , (B 1)) 2 - (7 ~ 22/21, )oo
By(e)By(e0) = (o ¥ 0 e o e (4.259)
) . 3r* 428 (j+1) .27
Bj(zl)Ej+l(z2) — . xr(lfﬁ)(mszl)fr_* (QC N 22/21,13 )oo 7 (A260)

(27 2RO 29 /215227 ) o

(j+1) 2r*
. . — o ((F-DEHY) , (z z2/21;8% oo i< N
Freae)Bizz) = (0 ) (@2 R0t 5 o g2 1272 N-2),

(A.261)
o 2s-N . y—=(1-4y (a7 T 22/21; 7% oo
En(21)By-1(22) = = (z z) 0N @25 o 27 ) o (A.262)
L (zT R G-D 2t
Bj(zl)Ej—l(z2) _ ::xir(li%)(mijzl)fr_* (it N 22/21,13 )oo7 (A263)

(2T TR0 D2y /20 227 ) oo
j B i s P P )

Ei 1(21)Bi(z0) = :: (z(F-DE-)—3% (z 2/21; 0

’ =) ]( ? ( ) (QUT* 2-2(j—-1) 22/21 22T )oo

(A.264)
3r*

—xa-4) ( 22/21; 2% oo
En(z1)Bi(z2) = 1 2 " (27 223215 2% )

(A.265)

For Re(r*) < 0, we have

(z%22/21; =" ) oo

2r
E;j(z1)Ej(z2) = 27 (1 — 22/21)( T2, [ ) (A.266)
o (@R
Ej(Zl)Ej+1(22) = (.’Z?Fijzl)’“_* s 1 o 5 (A267)
(N 22/21;27% )oo
2 . (.'17727« 7—22 m72r )oo
Ej+1(Zl)Ej(Z2) = ({E%V J 121)7“* s P (A268)
(W 2/2175'? )
. r*—2+4
Ej,1(21>Hj(Zg) = ("E(%_l)(j_l)zl) %( n Nz2/Z17 oy >OO(A269>
(x™" TR 2921527277
. ) r 42 /Z .$—2r*)
. H. —_ (2——1)3 % (Z’ 2/ %15 oo A.270
Ej(z1)H;(22) (z'¥ z1) (7 2222 2 ) ( )
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(27" 22y /21877 oo

(x—r*—2z2/zl; .CL‘_2T* )oo

Hj(21)Ej(z2) = = (¥ 70 z) 7 . (A271)

25 1y 4 x—r*—2+%z 2 ;I—ZT*
Hj(z1)Ej11(22) = = (z(F~Diz) ( —= 2/ — Joc .(A.272)
(x N 29/21; T )oo

For Re(r) > 0 we have

. (2222/21; 2% ) oo

Fi(2)Fi(2) = = 25 (1 — A2
J(Zl) ](22) T ( 22/21) ($2T_222/21§3U2T)oo’ ( 73)
se o xzr—z-s-%sz P ;1,27’
Fj(21>Fj+1(z2) = ($?V le) 3 ( P 2/ 12 )OO’ (A274>
(¥ 22/215 2% ) o
2r—22 2r
2s i = (x N 20/21;2% ) o
Fii1(21)Fj(z0) = 1 (¥ 77 12) = 2/21307) : (A.275)

(1'2_%22/21;502r)oo
o (p—TH2+3% .27
4 N e (i 2 NI 29/21;8%) 0
Ai(z1)Fj(z2) = = (77 21) (m3r—2+%j22/zl;l‘2T)m7 (A.276)
s v o (g2 3d .27
Fj(z1)Aj(2z2) = = (w(%_1)321)2r @ i TN )OO, (A.277)

(x3r—2—2—;j22/zl; 1-27’)00

(@ RO 007

_ , — TR (I )
A () =20 V@) P = (A2
. . 3r—2(j+1), /z .xzr)
F , — (B DUHDY , 5 (z 2/%1; oo <i<N-—
ir1(z1)Aj(z2) = = (2'F 21) ($r+2—%(j+1)22/21;x2r)w’(1 SjSN-2),
o 3r—2s . 2T
Fy(21)An—1(z) = = (22N zy) =7 (7% (@ /25T 7)o (A.279)

(CL’T+2_2522/21; $2T>oo )

. ] 3r+%(j—1)z /z .l,2r)
VFe () = o g (=) (i - & 2/213 2% oo .
AJ(ZI) ! 1(22) v " (33 Zl) (mr+2+%(j—l)z2/z1; x2r)oo ’ (A 280)

28 _1)(j— e (272 R0 gy /25 27)
Fi_1(z1)Aj(z2) = = (x(N DG 1)2:1) G (a:_r_%(j—l)z i >, (A.281)
2/21; 2% ) oo

— -4 (B P2 2587 ) oo
F == " N .
N(21)A1(z2) = 2 2 =P (A.282)
) 7“—2-1—2—S . 2T
Fi_1(z1)Hj(22) = = (a:(%_l)u_l)zl)% (@ 2SN 2/2% )007 (A.283)
("N 22/ 21527 0
r42 . e2r
F; H; = (2 FDiy) (@ 25/ 212 ) A.284
j(21)Hj(22) ('™ z1) (x" 22321, 7% ) og (A.284)
42 .27
H; F; = (2 F iy~ (@ 22/ 21; 2™ oo A9
j(21)Fj(22) ('™ z1) (27 225/ 21; 227 ) og (A.285)
. r—2+322 .27
H;(z1)Fjt1(2z2) = = (x(%s_l)]zl)% (= N za/21; % )007 (A.286)

(xr+%22/zl;x2r)oo
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For Re(r) < 0 we have

-2 —2r
2 (z7%22/21527 " )0
Fj(z1)Fj(z2) = x> (1_22/Z1)(x2_2rz2/z1;$—2r)00’ (A.287)
25 _r* ($_2T+2WSZ2/Z1;13_2T)00
Fi(z1)F;11(22) = = (a ¥ 72 3 , A.288
i(z1) Fia(z2) = = ( 1) =y ( )
—2r42-— 28

2s _ *(.II

r N Z
Fip1(z1)Fj(z2) = = (a7 71z) 7 2

/212 oo (A.289)
(x—%zg/zl;x*”)o@ T
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