Quadratic relations of
the deformed W-algebra

Takeo Kojima

Abstract The deformed W-algebra is a quantum deformation of the W-
algebra Wg(g) in conformal field theory. Using the free field construction, we
obtain a closed set of quadratic relations of the W-currents of the deformed
W-algebra. This allows us to define the deformed W-algebra by generators
and relations. In this review, we study two types of deformed W-algebra.
One is the deformed W-algebra W, (Ag\),), and the other is the ¢-deformed
corner vertex algebra ¢-Yr, 1, r, that is a generalization of the deformed
W-algebra W, . (A(M Y )(1)) via the quantum toroidal algebra.

1 Introduction

The deformed W-algebra W, ,.(g) is both a two-parameter deformation of the
classical W-algebra WW(g) in soliton theory and a one-parameter deformation
of the W-algebra Wg(g) in conformal field theory. The deformation theory of
the W-algebra Ws(g) has been studied in papers [1, 2, 3,4, 5,6, 7, 8, 9, 10, 11,
12, 13]. In comparison with the conformal case, the deformation theory of the
W -algebra is still not fully understood. Except in low-rank cases such as the
Virasoro algebra and the Ws-algebra, it isn’t easy to handle the W-algebras
Ws(g) in a computational way [15]. In the case of the deformed W-algebra,
it is sometimes possible to perform concrete calculations relatively easily.
For instance, quadratic relations of the deformed W-algebra W, .(g) have

already been known in the cases of g = Ag\l,) and AgQ) [1, 2, 3, 4, 7]. In the

case of Wy (Agl)), the basic W-current T (z) satisfy the following quadratic
relation [1]
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g (2) T (21)T1(22) — ¢ (2) T, (22) Ty (21) = (5 (””:z?) —5 (”if?))

with an appropriate constant ¢ and a function g(z). In the case of W, , (Ag)),
the basic W-current T4 (z) satisfy the following quadratic relation [4]

f <Z) T1(21)T1(22) = f (2) Ty (22)T1(21)

(2 m o (2 oo (22) +(22)

with an appropriate constant ¢ and a function f(z). In this review, the author
would like to report the quadratic relations in the cases of the twisted algebra

Wa r (AS\),) [12] and the g-deformed corner vertex algebra ¢-Y7, 1, 1, that is a
generalization of the deformed W-algebra W, (A(M, N)V)) via the quantum
toroidal algebra [8, 10, 11, 13]. These relations allow us to define the deformed
W -algebras by generators and relations.

The text is organized as follows. In Section 2, we review the quantum
toroidal algebra £ associated to gl; and the quantum algebra K. In Section 3,
we review the free field constructions of the basic W-currents T4 (z) both for
Wy r (Ag\),) and ¢-Yr, 1,,1,. We introduce the higher W-currents T;(2), i =
2,3,4,..., by fusion procedure. We present a closed set of quadratic relations.
Using these relations, we define the deformed W-algebras by generators and
relations.

2 Quantum toroidal algebra £ associated to gl,

2.1 Notation

Throughout the text we fix three complex parameters ¢i,q2,q3 € C* such

that ¢1gaqs = 1. We assume ¢! ¢5'q5 = 1 (I,m,n € Z) implies [ = m =n = 0.
1

We use the notation s, = ¢2 (¢ = 1,2,3), &k, = H§:1(1 —q%) (r € Z). For

any integer n, define g-integer

q"—q"
[n)g = —7
T g—qt

for complex number ¢ # 0. We use symbols or infinite products

N

(1_apk)a (0/1,0/2,...7(”\/';]9)00 :H(aup)oo
0 i=1

(a;p)oc =

2

k
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for |p| < 1 and a,aq,...,an € C. Define d(z) by the formal series

0(z) = Z 2™,

meZ

2.2 Quantum toroidal algebra £ associated to gl,

In this section, we review the quantum toroidal algebra & associated to gly
in Refs. [8, 18, 19]. We set

3 3
gzw) = [[ =g gw) = [~ q )

The quantum toroidal algebra & associated to gl; is an associative algebra
with parameters ¢i,¢2, g3 generated by e,, f, (n € Z), h, (r € Z,») and
invertible central element C. We set the currents

6(2’) = Z enz ", f(Z) = Z fnzinv ¢i(z) = exp (Z Hrhi7-2¥r> .

neZz neZz r>0

The defining relations are given as follows.

[hr, hs] = §r+s,0 L& _TC_T7
9(z,w)p (C™ 2)e(w) = gz, w)e(w)y ™ (C'2),
9(z,w)P~ (z)e(w) = g(z, w)e(w)p™(2),
9z, W)™ (2) f(w) = g(z,w) f(w)™ (2),

9(z, )™ (C712) f(w) = g(z,w) f(w)y™ (C7'2),

Z2

—le(z1), [e(22), e(z23)]] = 0, Symzl,ZQ,z;g%[f(zl)? [f(22), f(23)]] = 0,

where we used Sym_, . . F(21,22,23) = % Y ves, Fzo(1)s 20(2)5 20(3))- The
quantum toroidal algebra &£ is endowed with a topological Hopf algebra struc-
ture (£, A4,¢,S5). We define the topological coproduct A : & — ERE, the
counit € : £ — C, and the antipode S : £ — £ as follows.

Ae(z) = 6(02_12) ® 1/)+(CQ_12) +1®e(z2),

Af(z) = f(z) @ 1+ 9 (C7'2) ® f(Cr '2),
APt (z) =T (2) @ T (C12),
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AP~ (2) =9~ (C22) @Y7 (2), A(C)=C®C,

where C1 =C®1,Co =1 C.

é(2) = S(e(2)) = —e(C2)p ()7,
F(2) = 8(f(2)) = =¥~ (2) 7 f(C2),
S (2)) =4*(C7 '), S(C)=C""

The quantum toroidal algebra £ has three families of Fock representations
Fe(u), where ¢ = 1,2,3 and u € C*. We call ¢ the color. The Fock module
Fe(u) has level s.. The Fock modules F.(u) are irreducible with respect to
the Heisenberg algebra of £ generated by {h,},cz_, with relations [h,, hs] =

57,4_8,0’{%% Let v. # 0 be the Fock vacuum of F.(u), we have the

S .

identification of vector spaces
Fe(u) = Clh_r]r>0ve, hyve =0 (r > 0), Cv. = s.v,.

The generators e(z) and f(z) are realized by vertex operators

e(2) = be: Vo(zu) 5, f(2) = be:Vi(zu)™t s, C = se,
where b, = —(s. — s; 1) /k1 and
Ve(z;u) = uex ZKT —
e(zu) = uexp =

h h, =
zr> exp (Z 1’% Tr qé Z_T> .
>0 q o e

2.3 Quantum algebra K

The quantum algebra K introduced in Ref.[8] is an associative algebra with
parameters qi, g2, g3 generated by E, (n € Z) and H, (r € Zy), and an
invertible central element C. We set the currents E(z), K*(2), and K(2) as
follows.

E(z) =) Enz ", K*(z) =exp ( > Hz> , K(2) = K~ (2)KT(C?2).
neZ +r>0

The defining relations are as follows.

1 C2r
[HTvHS] = *5r+s,0’1r * 5
r

9(z,w)E(2)E(w) 4+ g(w, 2) E(w) E(2)
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= Hil (g(z,w)5 (CQ%) K(z)+ g(w, z)0 (Cg—) K(w)) ,
9(z,w)K* (2) B(w) = §(z,w) E(w)K* (=),

Symzl,@,zsj—j[E(zl), [E(22), E(23))]

_ z _
= Symzhzz,ng(zlaZQv Z3)"'€1 15 (sz;> K (Zl)E(ZQ)K+(Z3)7
where
2 2 _

X(Zl, 29, 23) — (Zl + 22)(’23 2122)G(22/2'3) + (22 + 23)(21 2223) G(Zl/ZQ)

212223 212223

n (23 + 21) (22 — z321)
Z1%2223

and G(w/z) stands for the power series expansion of g(z,w)/g(z,w) in w/z.
The algebra K is a comodule over the quantum toroidal algebra £. We define
the map A : K — ERQK as follows.

AE(z) = e(Cy'2) @ KT (2) + 1@ E(2) + f(Caz) @ K™ (2),
AR (z) =97 (Cr1C 1 2) @ K (2),
AK™(2) =9 (Caz) '@ K~ (2), AC=C®C,

where C1 =C®1,C, =1 C.

We introduce three families of the Fock modules FZ of the quantum al-
gebra KC, which we call the boundary Fock modules. We call ¢ the color.
For a complex number s, € C*, let Hsi s2 be the Heisenberg generated by

H,} ez, with relations [H,, Hy| = —0,44 0k Y Tor ¢ =1,2,3, we de-
#0 +s,

ks
note FZ the corresponding Fock modules of the Heisenberg algebra M/

For ¢ = 1,2, 3, the generating function E(z) is realized by vertex operators

E(z) = kB : K7 (2)K}(sc2):, C — sY/2,

c c

where k2 = (1 + s.)(sq — sp)/r1 with (c,d,b) = cycl(1,2,3), and

i 1 .
Kci(z)_exp<z 1+5_THTZ )

+7r>0

3 Quadratic relations of Wm,r(Aéﬁir)

In this section, we fix a real number r > 1 and 0 < |z| < 1. We fix the rank
N =1,2,3,.... Throughout this section we set
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g =3, =12 g¢=221"").

3.1 Basic W -current

Consider a K module defined as a tensor product of N Fock modules Fa(u;)
of €& with a boundary Fock module FZ:

]:g(ul) ®]:2(U2) (ST fz(UN) ® ]:QB

The total level is C = z=N~2. The current E(z) acts as a sum of vertex
operators in N 4 1 bosons of the form

N N
AME(z) =by Y Ap(2) + k5 Ao(2) + b2 Y Az (2).
k=1 k=1

Here, for K =1,2,..., N we set

Ap(2) =1@ - @ Valarz;up) @ YT (s5  apy12) @ - @ 9T (55 anz) © K (2),
Ag(2) =190 - @11 Ky(z),
A(z)=1®---® V{l(alzlz; ug) ® 1/7(@,?}_12)_1 R - QY (a&lz)_l ® K™ (z),

where ay, are given by aj = zV —k+3 Define the dressed current Ai(z) de-
pending on p = —z~2N~1 by

Ai(z) = Ai(2) ANKF (2) 7!, Kf(2) = [[ Kt (w %), i=1,...,N,0,N,...,1.
s=0
Fori,j =1,2,3,... we set

oo

fij(z) = exp <— Z %[(7’ — Dymlgrm]a (@ — z71)2x

m=1

X

[Min(i, j)m]s ([(V + 1 — Max(é, j))m]s — [(N — Max(é, j))m. ) Zm)
[mlo ([(N + 1)m]e — [Nm]o) ’

1—a2?27712)(1 — 272 Hy)

(1—22)(1—2"tz) 7

d(z) = (

c(x,r) = [rlaolr — 1p(z —271).

We define the basic W-current T4 (z) for W, , (Ag\),) by
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Here indices are ordered as
1<2<---<N<0<N<---<2<1.

Lemma 1. [8] ! In the case of W, (Ag\),), the dressed currents A;(z) satisfy

21

fr (2) Aen e = d (2) s Meoms ) <0 4

M) = d (22 ) Ay (e) s i £

Ao(z1)Ao(22) = d (ZQ) s Ao(21)Ao(22) 5,

21

21

=1 p—2N-2+2k
2) d ( o 2) s Ap(21)Ag(22) o,

(2)
(2)
A (2) Ae0Aiten) = AiGastea) i 20,
(2)
(2)

(
Ap(z1)Ap(z2) = d (“2> d (M) : Ap(21)AR(22) 5, 1 <k < N.

3.2 Quadratic relations

In this section, we introduce the higher W-currents T;(z) and obtain quadratic
relations of them. We define the higher W-currents T;(z) (¢ € N) for

We.r (Ag\),) by fusion relation

) xi(iﬂ')z2 29
lim (1 — > fi,j () Tz‘(Zl)Tj(ZZ)

21—t () 2 z1 21
Min(z,5)—1 .
= $c(m,r) H d(l’2l+1) TiJrj(miZZz), i,j > 1,
1=1
and Ty(z) = 1. We obtain T;(z) =0 for ¢ > 2N + 2.

Proposition 1. [12] In the case of Wy, (Ag\),), the W-currents T;(z) satisfy
the duality

N[—=

N—i
Toni1-i(2) = [T[ ] la H d(z*)T;(z), 0<i<N. (1)
T k=1

[N

! Frenkel-Reshetikhin [5] constructed the bosonic operators AFF(z) in kernel of
screening operators, that satisfy the same normal ordering relations as those of Lemma
1 in Ref.[8].
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Theorem 1. [12] In the case of Wy, (Ag\),), the W -currents T;(z) satisfy
the set of quadratic relations

z z
fid <2> Ti(21)T;(22) = fii (1> T(22)Ti(21)
z1 72
i k-1
= c(z,r) Z H d(z?+1) x
k=11=1
:L'fj+i*2kz o
) <5 («212) fick e (@ Ty (2%20) Ty (a7 22)
- <Zl2> fik7j+k(m_]+z)Tik(x_kzl)TjJrk(xkzz))
il N+i—j
+c(x,7) H d(z2+1) H d(z*V)
=1 = N1—j
e ; 2N —j+it+1 .
(5 (2 ) e - (2 ) T )
Al o
1<i<j<N. o

Definition 1. Let W be the free complex associative algebra generated by
elements E‘i[m],m € Z,0 < i < 2N + 1, Ix the left ideal generated by
elements T;[m],m > K € N;,0<i<2N + 1, and

—

W = lim W/Ig.
+—

The deformed W-algebra W, . (Ag\),) is the quotient of W by the two-sided
ideal generated by the coefficients of the generating series which are the
differences of the right hand sides and of the left hand sides of the re-
lations (1) and (2), where the generating series T;(z) are replaced with
Ti(2) =Y ez Tilm]z™™,0 < i < 2N 4+ 1.

4 Quadratic relations of ¢-Yr, 1,1,

We fix natural numbers Ly, Ly, L3 such that L1+ Lo+Lg > 1, Ly, Lo, L3y € N.
We fix real numbers A1, Aa, A3 such that A\ + A2+ A3 = 0. We fix 0 < |z| < 1.
Throughout this section we set

q =2, @@ =02 g3 =2 L=1L,+ Lo+ Ls.
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4.1 Basic W -current

Consider a tensor product of L Fock modules of &:
Fer(u1) @ - @ Fep (ur).
Here we choose colors c1,¢a,...,cr, € {1,2,3} such that
Le=n(I(c)), I(c)={1<i<Lleg=c} (c=1,2,3).

The total level of L Fock modules is C' = Hle 5¢;- The current e(z) acts as
a sum of vertex operators in L bosons of the form

Here, for i =1,2,..., L we set
Ai(2) =10 - @1V, (aiz;u;) ® ¢+(s;ilai+1z) ®--@YT(s; arz),

where a; are given by a;, = H]L:l 41 s;jl. Define the dressed currents A;(z)

depending on free parameter p by
Ai(2) = M) AEDEH () K () = [ K (2), = 2
s=0
Fori,j =1,2,3,..., we set

m [Aam).[am],

giJ’(Z) = exp (Z 1 P‘lm]ﬂc[)‘3m]:c[Min(i»j))\2m]x[(a — MaX(i,j))\Q)m}x (x _ x1)22m> 7

m=1

_ (=gt eI —atemhy) _ Pala[Asle 1
da(z) = (1 —ar2z)(1 —x—>2z) 7 CA_W(‘%_‘T )

(1= aPe2)(1 — a7 2ez) _
e(2) = (1—22%22) (1 — 2 2z)’ c=123.

We define the basic W-current T4 (z) for ¢-Yz, 1, 1, by

Lemma 2. [8] In the case of ¢-YL, 1,1, the dressed currents A;(z) satisfy

A2 29

911 (Z2> Ai(21)A;(22) = da (

Z1

> ) : Al(zl)AJ(ZQ) 1< < j < L,
1



10 Takeo Kojima

29 ‘Ti)\ZZQ
g\ 7 Aj(21)Aq(22) = dy o Aj(z1)A(22) 5, 1<i<j<L,
z z
g171 <22> Ai(zl)Ai(Z2) = ’ycl (ZQ) AZ(Zl)Az(ZQ) 5 1 <1< L
1 1

4.2 Quadratic relations

In this section, we introduce the higher W-currents T;(z) and obtain quadratic
relations of them. We define the higher W-currents T;(z), (i € N) for ¢-
Y7, .L.,15 Dy fusion relation

. pEEFDA2 2
lim (1 — 2) 9i,5 (;) Ti(Zl)Tj(Z2)

21— EE+)A2 2, 21
Min(i,j)—1
21+1)A +iX -
= Fea H dy(zPHDr2y (@t A2 G5 > 1,
=1

and Ty(z) = 1.
Proposition 2. In the case of ¢-Y1, 1,.1,, the W-currents T;(z) don’t van-
ish.

T;(z) #0, i€ N.

Upon the specialization (Li, Lg, L3) = (0, N +1,0), the W-currents T;(z)
of ¢-Yr, 1,1, coincide with those of W, , (Ag\})) in Refs.[1, 2]. Upon the
specialization (L1, L2, Ls) = (0, N + 1, M + 1), the W-currents T;(z) of ¢-
Y11,Ls,Ls coincide with those of W, (A(M, N)) in Refs.[10, 11].

Ti(2)=0 (i>N+1) for Wy, (A%)) : non-super,
Ti(z) #0 (i € N) for W,,(A(M, N)(l)) : super.

Theorem 2. ? In the case of ¢-Y1, 1, L,, the W-currents T;(z) satisfy the
set of quadratic relations

g1 (2) T Ty — 030 (2) Ty TiGe)
1 k—1

=y Z H d)\($(2l+1))\2) %

k=11=1

2 Harada, Matsuo, Noshita and Watanabe conjectured similar quadratic relations
in Ref.[13]. The quadratic relations (3) of ¢-Yz, r,,z, in Theorem 2 can be proved

similarly to those of WZ,T(A(M, N)(l)) in Refs.[10, 11].
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(J—i+2k) A2
T 2 i _
X (5 (2:2) gifk,j+k;($(l ])/\2)’1‘7;7]@(1} k)\QZl)Tj+k(.%'k/\222)
1
(=j+i=2k)A2
X z i _
-0 (zz) Gi—k gk (@U TP Ty (22 20) T i (2 k’\222)> )
1

1<i<j. (3)

Upon the specialization (L1, Lo, L3) = (0, N+1, M +1) and (A1, A3, A3) =
(r,—1,1 —r), the set of quadratic relations (3) of ¢-Y7, 1,1, coincides with
those of W, ,-(A(M, N)®)) in Refs.[10, 11].

Definition 2. Let W be the free complex associative algebra generated by
elements T;[m],m € Z,i € N, Ik the left ideal generated by elements
T;[m|,m > K € N,i € N, and

o~

W =lim W/Ig.
—

The ¢-Yr, 1,,1, is the quotient of W by the two-sided ideal generated by
the coefficients of the generating series which are the differences of the right
hand sides and of the left hand sides of the relations (3), where the generating

series T;(z) are replaced with T;(z) =Y, o7 Ti[m]z~™,i € N.
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