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Reshetikhin, Commun. Math. Phys. 197, 1-31 (1998), where the basic W-current has been
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1 Introduction

The deformed W-algebra W, ,(g) is a two-parameter deformation of the classical W-algebra
W(g). The deformation theory of the W-algebra has been studied in papers [0, B, @, B, B, 8, 0D,
[0, [, I3, [, 0H]. For instance, free field constructions of the basic W-current T1(z) of W, »(g)
were suggested in the case when the underlying Lie algebra is of classical type. However, in
comparison with the conformal case, the deformation theory of W-algebras is still not fully
developed and understood. Moreover, finding quadratic relations of the deformed W-algebra
Wi »(g) is still an unresolved problem.

In this paper, we generalize the study for W, , (Ag)) O by Brazhnikov and Lukyanov [B]. They
obtained a quadratic relation for the W-current 71(z) of the deformed W-algebra W, , (Ag))

F(2) Bt -1 (2) Tienea)

_ <m;122> Ty(e'29) — 6 (ff“) T (x22) + ¢ (5 (x,:@) -0 (?))

with an appropriate constant ¢ and a function f(z). This study aims to generalize the result
for the cases AgQ) to AS\), We introduce higher W-currents T;(z), 1 < i < 2N, by fusion of the

free field construction of the basic W-current T7(z) of W, (Ag\),) [B] (see formula (B32)). We

obtain a closed set of quadratic relations for the W-currents 7;(z), which is completely different

from those in the case of deformed W-algebras associated with affine Lie algebras of types Ag\l,)

and A(M,N)M) (see formula (8F)). We refer the reader to references [@, B] for the affine Lie

D We use two types of symbols, W, »(g) and )/\/1-,,n()(§f))7 for the deformed W-algebra associated with the
affine Lie algebra g of type X\.
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superalgebra notation. We obtain the duality Ton+1-i(2) = ¢;Ti(z) with 1 < ¢ < N, which
is a new phenomenon that does not occur in the case of deformed W-algebras associated with
affine Lie algebras of types Ag), AE\I,), and A(M,N)M)  (see formula (82)). This allows us to

define W, ,» (Ag\),) using generators and relations. We believe that this paper presents a key step
toward extending our construction for general affine Lie algebras g, because the structures of
the free field construction of the basic W-current Tj(z) for the affine algebras other than that

of type Ag\l,) are quite similar to those of type Ag\)[, not Ag\lf). We have checked that there are

similar quadratic relations as those for type Ag\), in the case of type BJ(\}) with small rank N.
The remainder of this paper is organized as follows. In Section B, we review the free field
construction of the basic W-current T7(z) of the deformed W-algebra W, , (AS\)[) [G). In Section
B, we introduce higher W-currents T;(z) and present a closed set of quadratic relations and
duality. We also obtain the g-Poisson algebra in the classical limit. In Section B, we establish
proofs of Proposition Bl and Theorem B3. Section B is devoted to discussion. In Appendices

@A and B, we summarize normal ordering rules.

2 Free field construction

In this section, we define notation and review the free field construction of the basic W-current
Ti(z) of Wy, (Ag\),) Throughout this paper, we fix a natural number N = 1,2,3,..., a real
number 7 > 1, and a complex number z with 0 < |z| < 1.

2.1 Notation

In this section, we use complex numbers a,w, ¢, and p with w # 0, ¢ # 0,£1, and |p| < 1. For
any integer n, we define g-integers

n

" —q

[nlg = q—q 1

We use symbols for infinite products,

) N
(@;p)oo = [ (1 = ap®), (a1, a2,...,a5;p)e = [ [ (a5 P)oo
k=0 i=1
for complex numbers a1, as,...,an. The following standard formulae are used,
o o0
1, 1 am
exp (—Zma ) =1—a, exp (— ml—pm> = (a;P)oo-
m=1 m=1
We use the elliptic theta function ©,(w) and the compact notation ©,(wi, ws, ..., wy),
N
@p(w) = (pa w,pw‘l;p)oo, @p(wla w2, ... ,U)N) = H @p(wl)
i=1
for complex numbers wi,ws, ..., wy # 0. Define §(2) by the formal series

i(z) = Z 2™,

meZ
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2.2 Twisted affine Lie algebra of type Ag\),

In this section we recall the definition of the twisted affine Lie algebra of type Ag\)] SJN=1,2,3,...,

in Ref.[I@]. The Dynkin diagram of type Ag\), is given by

Qg a1 aAN-—2 aN-1 an
A with Nz2 Q=0 O—0O=—=—=0
(674} a1

AP O=0

The corresponding Cartan matrix A = (Ai,j)gj:o of type Ag%\), is given by

2 —2 0 -t e e D
-1 2 -1
0o -1 2
A=
2 -1 0
: .o-1 2 =2
0 ¢ cev oo 0 =1 2

with IV > 2, and

2 —4
=(4)
with V = 1. We set the labels a; =2, 0 <i < N —1, ay = 1, and the co-labels af =1, ¢/ = 2,
1<i< N. Weset D= diag(aoag_l,ala\l/_l, .. ,aNaX,_l). We obtain A = DB, where B is a
symmetric matrix. Thus, the Cartan matrix A is symmetrizable. Let h be an N + 2-dimensional

vector space over C. Let {ho, h1,...,hn,d} be a basis of b, and {ap, a1,...,an, Ao} a basis of
h* = Homc(h, C) such that we have with respect to pairing (-,-) : h x h* — C

<hi>aj> = Ai,j70 S Za] S N7 <d7 al> = 50,i7 <h’LaA0> = 5i,070 S 1 S Na <d7A0> = 0.

Let g(A) be the affine Lie algebra associated with the Cartan matrix A. Since A is symmetriz-
able, it is defined as the Lie algebra generated by e;, f;;, 0 < i < N, and h with the following
relations:

[ei,fj] = 5¢,jhi,0 < i,j < N, [h, hl] = 0, h, 4 S h,
[h¢ 62'] = <h7 Qi>ei> [hafl] = _<h7ai>fiah €h0<i<N,
(ad e;)~4i%e; =0, (ad f;) =T f; = 0,0 <i,j < N,i # j.

Here we used the adjoint action (ad z)y = [z, y].
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2.3 Free field construction

In this section, we recall the free field construction of the basic W-current T (z) and of the screen-
ing operators S; of the deformed W-algebra W, (Ag\),) introduced by Frenkel and Reshetikhin
a].

First, we define the N x N symmetric matrix B(m) = (B; j(m))
Ag\),, N =1,2,3,..., as follows.

N

ij=1 M € Z, associated with

( [2m], . .
L SRIsN-Li=g 2, 1<ij<N-1li=j
[Q’m]x - [m]a: . . 1 i=j=N
s g —_— = frng N .. — ’ ’
Biglom) Cor e Bal@= -1 gicl=1,
1, i— 3l =1, 0, i -l = 2.
0, li—jl 22,

We introduce the Heisenberg algebra #,, with generators a;(m), @Q;, m € Z,1 < i < N,
satisfying

[rmla[(r = DmleBij(m)(@ — 271 0mino, mon#0,1<4i,5 <N,
[ai(o)an] = Bi,j(o)a 1<4,j <N.
The remaining commutators vanish. The generators a;(m), Q; are “root” type generators of Hy ;..

There is a unique set of “fundamental weight” type generators y;(m),QY, m € Z,1 <1i < N,
which satisfy the following relations

[yi(m),a;(n)] = %[rm]x[(r — )ym]y(z — $_1)26i,j5m+n70, m,n#0,1<4i,j <N,

[yl(o)aQ?] = 5i,ja [al(o)aQ;y] = 5i,j7 [yz(o)va’j(m)] =0, meZ,1<j5<N.

The explicit formulae for y;(m) and Q? are given in (A71). We use the normal ordering : : on
H. that satisfies

a;(m)a;(n), m <0,

ciien
aj(mai(m), m>0, TNELISLISN

alm)as(n) = {

Let |0) # 0 be the Fock vacuum of the Fock space of H, such that a;(m)|0) =0, m > 0,1 <
i < N. Let my be the Fock space of H,, generated by |\) = e*|0), A = Z;\le )\jQ?j. We obtain

ai(0)A) = MJA), ai(m)|\) =0, m>0,1<i<N. (2.1)

We work in the Fock space 7y of the Heisenberg algebra H, ,. Let the vertex operators A;(z),
Yi(2), and S;(z), 1 <i < N, be

Ai(2) = "% ; exp Z ai(m)z=™ | 1, (2.2)
m#0

Yi() = 2O exp [ 3 gu(m)z= | - (2.3)
m7#0

r— _fr=1~ _ Jr=1_ .
Si(z) = 25 Bii0) gV T Qi my S al0) exp Z %z_m D (2.4)
T
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The main parts of (E32), (E3), and (E4) are the same as those of Ref.[B]. We corrected the

misprints in the formulas for A;(z), Yi(z), and S;(z) in Ref.[d] by multiplying (E22) and (233) by

constants and multiplying (24) by 2% Bii0)  With our fine-tuning, both (82) and (B®E) hold.
Let Jy = {1,2,--- ,N,0,N,---,2,1}. Here, the indices are ordered as

1<2<---<N=<0<N<---=<2<1.
Letk=Fk k=1,2---,N,and 0= 0. The indices i, j € Jy satisfy i < j if and only if 7 < i. We

define T = {i1,1z,...,ix} for a subset I C Jy, I = {i1,i2,...,ir}. Let Ti(z) be the generating
series with operator valued coefficients acting on the Fock space 7y,

Ti(z) = ) Ai(2), (2.5)
i€Jn

where

_1
Ao(2) = [r[lf]x An(2)An(z™N2) "t
RE
1
Ay (2) = [T[E]ﬁ] Ao(2)An (=N 1)t
2lx
Ap(z) =: Am(z)Ak(anNJrk*lz)*l 5 1<E<N-1L (2.6)

We call T’ (z) the basic W-current of the deformed W-algebra W, , (Ag\),)
Let 7, be the Fock space of H,, generated by |u) = e/|0) with u = Zf\il wiQY, where we

choose p; € %\/%Bm(O) + /g Z,1 <i < N. From (1) and (Z4) the power of w in
r—1

Si(w), w'z Bii )y ™V Tai(o), takes values in integers on m,. Hence, S; is well-defined on m,.
We define the screening operators S;, 1 < < N, acting on the Fock space 7, as

dw
Sz' = % m&(w) (2.7)

The integral in formula (272) means the residue at zero.

3 Quadratic relations

In this section, we introduce the higher W-currents T;(z) and present a set of quadratic relations
between T;(z) for the deformed W-algebra W, (AS\),)

3.1 Quadratic relations
We define the formal series A(z)e C[[z]] and the constant c(x,r) as

(1 _ 5627"712)(1 _ x72r+1z)
(1—z2)(1—2"12)

Az) =

, c(zyr) =[r]elr — 1z(z — 33_1).

The formal series A(z) satisfies
Alz) = A(z7Y) = c(z,7) (0(x2) = §(x2)) ,
A(Z)A(z2) — Az HA(z 5271
=c(z,r){A(@* ) (5(z72) — 6(z°T12)) + A(x® ) (6(2°12) — 0(x2))}, s #£0,£2.



6 T. Kojima

We define the structure functions f; j(2), 4,7 =0,1,2,..., as

fij(z) =exp <— Z %[(r — Dmlg[rm](z — 2712 x
m=1
[Min(z, j)mls ([(N + 1 — Max(i, j))m]s — [(N — Max(4, j))m]s) m
" e (N + Lyl — [Nml,) >‘ @1

The ratio of the structure functions fi () is

2N 4N+2727"Z7 x4N+2TZ’ x2N+1+27’Z7 1.2N727"+3z)

fiaz™h) O ant2 (2?2, 22N 2 0

fl,l(z) - _Z®$4N+2 (332/2’, I‘QN_I/Z, x4N—i—2—27"/z7 :L.4N+2r/z, x2N+1+2r/z’ xZN—2r+3/Z) '

We introduce higher W-currents 7;(z) as follows

To(z) =1, Ti(z) = Y Ai(2),

i€Jn
_>
Ti(z) = > do,(z,1)Nq,(2), 2<i<2N +1. (3.2)
Q;CJIN
[ |=i
Here, for a subset ; = {s1,2,...,s;} C Jy with s1 < s9 <--- <'s;, we set

do,(z,r) = [[ AP ND) dy(a,r) =1,

1<p<qg<i
sq=S3sp
Ko, (2) = As, (=) Ay, (732) - Ay (7 12) , Np(z) = 1. (3.3)

Proposition 3.1. The W-currents T;(z) satisfy the duality

[r

Tont1-i(z) =

-1 N—i
[1]2 T[] A@™)Tiz), 0<i<N. (3.4)
21T p=1

Theorem 3.2. The W-currents T;(z) satisfy the set of quadratic relations

i (2) Tty ) — g (2) T T

i k-1

—j+i—2k o
g A 2l+1 5 u i . J—1i 7_%_ k T _k
C(x,r);l];[l (17 ) 2 f k,H_k(l’ ) k(fE Zl) ]+k($ Z2)
pi—i+2k e )

- <»212> Jiokgn (@) Tp( kzl)TjJrk(xk@))

il N+i—j
+e@ ) [[aE? [ AGY)

=1 I=N+1-j

—2N+j—i—1 4 ON— it |
X <(5 <$22> Tj—i(x*ZZQ) —_— <I2’2> Tj—z‘(x122)> L 1<i<j< N

Z1 2

(3.5)
Here, we use f; j(z) introduced in (E).

In view of Proposition Bl and Theorem B, we obtain the following definition.
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Definition 3.3. Let W be the free complex associative algebra generated by elements Ti[m],m €
Z,1 <i<2N, Ik the left ideal generated by elements T;[m|,m > K € N,;1 <i < 2N, and

W = lim W/Ix.
—

The deformed W-algebra W, , (Ag\),) is the quotient of 1% by the two-sided ideal generated by
the coefficients of the generating series which are the differences of the right hand sides and of
the left hand sides of the relations (B4) and (B3), where the generating series T;(z) are replaced
with T(z) = Y,,cz Tilm]z™,1 < i < 2N, and Ty(z) = 1.

The justification of this definition is presented later. We compare this definition of the
deformed W-algebra with other definitions in Section B.

Lemma 3.4. The W-currents T;(z) commute with the screening operators Sj,
[Ti(2),5]=0, 1<i<2N,1<j<N. (3.6)
We present the proofs of Proposition B, Theorem B3, and Lemma B3 in Section @.

3.2 Classical limit

The deformed W-algebra W, , (g) yields a g-Poisson W-algebra [B, [, I3, ] in the classical
limit. As an application of the quadratic relations (B3), we obtain a ¢-Poisson W-algebra of

type A( ). We set parameters ¢ = 22" and 8 = (r — 1) /r. We define the g-Poisson bracket {-,-}
by takmg the classical limit 8 — 0 with ¢ fixed as

TFB(m], T B[n]} = lim T;[m], T;[n]).
{TFPm], TP (o]} = lozmogq[ ] T3 n])
Here, we introduce T B[m] by T;(z Z T;[m — TPB(2) = Z TFBIm)z™™, 8 — 0, ¢ fixed.
meZ meZ

The (-expansions of the structure functions are given as

fij(z) =1 —2Blogq(q—q~*) > _ [Min(i, j)m], x
m=1

(N +1 = Max(i, j))m], — [(V — Max(i, j))m], _ N
" [(N + 1)m], — [Nm], OB, g =1,
cl.) =2810g.4 + O(5?).

As corollaries of Proposition B and Theorem B2 we obtain the following.

Corollary 3.5. For the q-Poisson W -algebra associated with affine Lie algebra of type Ag\),, the

currents TEB(2) satisfy

(PP T} = (0 - a1 (2) 2P P (e

j+i—2k >
+Z< <q> TR )T ) =6 () ﬂ€%<q—kZ1>T£€’;<qkz2>)

—2N+4j—i—1 2N —j+i+1
+5<qz2) TPB (g7 29) — 5<qz2> T/ (q'z), 1<i<j<N. (3.7)

Z1 z1
Here, the structure functions C; j(z) are given by

[Min(i, j)m],, ([(V + 1 = Max(i, j))m], — [(N — Max(i, j))m],) .
CM(Z) - Z (N + 1)m]q - [Nm]q o

1<4,j<N.
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Corollary 3.6. The currents TFP(2) satisfy the duality relations

Tyni1-i(2) = T/ P(2), 0<i<N. (3.8)
4 Proof of Theorem
In this section, we prove Proposition B, Theorem B3, and Lemma B43.

4.1 Proof of Proposition B
Lemma 4.1. The A;(z), i € Jn, satisfy

-1

fia <Z> Ai(z1)Aj(z2) = A (x 21Z2> P Ai(2) A (22) 5 0,5 € TNy <G, 5 # 4
z Tz9 .. . .. =
A (2) aseomita) = 8 (2] ehiCea) s 0 € Jsi < £
fl,l <22> Ao(zl)AQ(ZQ) = A <22> A[)(Z1)A0(22)
21 <1
At (2) Aeitea) = Ae)Azz) i€ Jw\ (0) (a.1)
-1 —2N—242k
A (2) Mutenneten) = 8 (2 ) o (T2 ) (e 5 1SRN,
21 21 21
2N+2—2k
fi1 <Z> Aj(z1)Ak(22) = A ($752> A <$Z2> tAj(21)Ag(22) 5, 1<k<N.
21 21 21
Proof. Using (A™) and (A=), we obtain the normal ordering rules (EI). [

Lemma 4.2. The Ai(z), i € Jn, satisfy

:Ao(2)Ao(zz) == A1) : An(2)Ax(z2) 5, (4.2)
A (2) A7 (2N L) =1, (4.3)
D AR(2) AR (2N T ) = A (2) A (2N TR ) s 2 < k< N, (4.4)

E\T
Proof. From (E@), we obtain (E2) and (E4). From (E2), (E3) and (Z0), we obtain (E3).

Lemma 4.3. The A(z) and fij(z) satisfy the following fusion relations.

fii(2) = fi(z Hfl,] TRy, 1<i <, (4.5)

fra( (H INC )) H fra(@™ 1) i > 2, (4.6)
k=1

fiansi(z HA —lRy), P>, (4.7)

fij(z) = fi 2N+1—j( ) = font1-ji(2) = fji(2), i>21,1<j <N, (4.8)

fri(2) fri(@® ) = Al 2) AN 2), > 1, (4.9)
(@) A(rEiz), 1<i< )

fli(Z)f]Z( o ) { fj+1};f1,ii)iji:§.a Z) 1 2;?1 (410)

fri(2) f1,( £@+i)y) = f1,i+j(ffijz)A(fUilz) 1,7 >1 (4.11)

Fri(2) (@972 ) = 1 g (2T 2) 1,4k (% IRy g — K j k> 1L (4.12)
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Proof. We show (E@) here. From the definitions, we have

i—1 -1
(H Al(xiJerz)) H fl’l(xfi71+2kz)

1 2[(r —1)m]y
( mz::m N+1 ymle — [N,

1

% i—1
x {([Nm]x — (N = 1)m]y) Y &=HFR=0m — ([(N + DYm], — [Nm],) Zw(_”%)m} 2m> :
k=1

(x —z71)?x

Using the relation

7 i—1
(@ = Dm]y y_ oI — [am], 3 2T = [(a = iymly, a=N,N+1,
k=1 k=1

we obtain fi;(z) in the right hand side of the previous formula. We obtain (E3), (£22), (E3),
and (E9) by straightforward calculation from the definitions. Using (E23) and (E-3), we obtain
the relations (E10), (E1), and (E132). [

Lemma 4.4. The following relation holds for A C Jy,

[ . ole ¢ A
[3)e ’

Ki(2) = Ka(2)x j (4.13)
; [E]z]z, 0€ A

Proof. First, we consider the case A = () and Jy \ A = Jy. In this case, (I3) can be rewritten
as

CA (2T 2) AN (222 Ao (2) A (2P2) - Ap(a 2) o= 2T (4.14)

Using (E3), (23), and (E8), the left side of (EId) can be written as

N .
ks : exp (Z ([(QN[;]? Z e _}Zj]x] . bm]m%’(m)) zm> i

m#0 j=1

N[

-

(3]

[(@N+1—j)m]a+[jm]s _ [(N+1=j)m]s—[(N—j)
[CN+1)m]s [(N+1)m]z—[Nm]s

rewritten as y1(m) = Ejvzl [(QNJ[E;NJJ):S]mTUm]Z a;j(m). Hence, we obtain (E14).

Next, we show (E13) for A C Jy. Cases (i), 0 € A and (ii), 0 ¢ A are proved separately.
First, we study case (i), 0 € A. Let

M the generators yp (m) in (BZ0) are

Using the relation

A={ki,.. . kx,0,lp, ..., i |k1 <  <kg <0<Ip <<, 1<K,L<N}
Multiplying (ET4) by A_A>(33L_K+1z) on the left, and using (1) and (E72) yields

_1
R ()R Al Ky = 2]$XA(9;L*K+1Z). (4.15)
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Using (E2), (E3) and (E3) yields

— —
DA gy (2)Ao(72) == AL A (03 (72),
— —
DN oy (A, (222) = X gy 0 (22),

- 5 -
PR S\ (et 0} (A, (@P02) = Ny a0 (e2), 1<s<L—1,

— _r_ — _
K (et 0y (D) (275 722) = X g g (812,
e —L—-2— .
’ AJN\{llw-ylL707EK7-~-7EK—3+1}(Z)AkK*S (x Sz) :
Y -1
= AJN\{ZI7--'71L107EK7~~~:EK—5}(x z), 1<s< K -1

Using the above five relations yields

N () K (P EHL) = A1)

From (EIH) we obtain (E13) for 0 € A.
Next, we study case (ii), 0 ¢ A. The proof for this case is similar to that of case (i). Let

A={ky,.. kg, lp, ..., |ky <  <kg <l <--- <1, 1<K L<N}.

Multiplying (E14) by A—X(xL*K z) on the left, and using (E) and (BZ2) yields

—_

JXJN@yXAu%—K@;:[EfJ”XA@%—sz (4.16)
5lz

Using (£4), (E3), and (E3) yields

- —
: AJN(Z)AZL (x2) == A j\qi,y (22),

- 5 -
PN (et} (DN, (@02) = Ky (32), 1<s<L—1,

PN g\t () Dk (275 12) =

_>

: AJN\{ll7---7ZL7EK»--~7EK—5+1}(Z)AkK*S(x
%

= A x_lz), 1<s<K-1.

1

e 1
AJN\{ll, :lL,kK}( 2),
L—1— SZ) :

JN\{ZI7~-'71L9EK7~--aEK—s}(

Using the above five relations yields

— — -
c N gy (2) Na(a B2 = AJN\A(JJL*KZ).
From (E18) we obtain (E13) for 0 ¢ A. [

Lemma 4.5. The following relation holds for A C Jn with |A] < N:
N—|A|

dJN\A L, 7' Qk A(l)a 0e A,
da(z,r) H Al { 1, 0¢ A (4.17)

Proof. We define the map o : Jy — Jy+1 by

0, =0,
k+1, j=kl1<k<N

o(j) =

{k+L j=k1<k<N,



Quadratic relations of the deformed W-algebra W, , (Ag\)f) 11

For T'C Jy with |T| < N, relation (ET2) is rewritten as

N—|T|
do(JN\T)(xa T) 2% { A(].) 0eT
—_— = A(x)x ’ ’
dU(T)(.%', 7") ]];[1 ( ) 1, 0 §é T.
Hence, the relation
N—|Bno(Jy)|
d(ry\Byno (7y) (:7) _ I " A(x2k)><{ A1), 0€B, (4.18)
dBﬂU(JN)(x7T) k1 L, 0 ¢ B,

for B C Jn41 with |[BNo(Jn)| < N holds if relation (B212) for A C Jy with |A] < N is assumed.
Here, we used |BNo(Jy)| = ‘0‘1(3 N J(JN))|.

We prove (BI7) by induction on N. First, we establish the base N = 1 using case-by-case
analysis. For A = (), we obtain da(z,7) = 1 and dj .\ a(z,r) = A(z?). For A = {1}, we obtain
da(z,r) =1 and dj\a(w,7) = 1. For A = {0}, we obtain d4(x,r) =1 and dj\ a(z,7) = A(1).
For A = {1}, we obtain da(x,r) = 1 and dj\ a(z,7) = 1. This implies that (E4) holds for
N=1.

Next, we assume that relation (EI2) holds for some N, and show (ET2) for N replaced by
N +1. Let A C Jy41. From the definition of d4(z,7), we obtain

1, le A, T1¢Aorl¢ A1eA,
dora@ 1) diwnotm)(@1) 1 aovaar) 1 LTeA (4.19)

da(z,r)  daney(@,r) A(g2N=1A+D) Y, 1,1¢ A

Cases (i), 1€ A, 1¢ A (or 1 ¢ A, 1€ A), (ii), 1,1 € A, and (iii), 1,1 ¢ A are proved separately.

First, we study case (i), 1 € A,1¢ A (or1 ¢ A, 1€ A). In this case, we obtain |[ANo(Jy)| =
|A] — 1 < N. Hence, (BI8) holds with B = A. Using (E03), (B19) and |[ANo(Jy)| = |A] — 1
yields (B2T3) with N replaced by N + 1.

Next, we study case (ii), 1,1 € A. In this case, we obtain |[ANo(Jy)| = |A|—2 < N—1. Hence,
(E1R) holds with B = A. Using (E1X) and (E9), |[ANo(Jn)| = |A|—2 and | Iy \A| = 2N+3—|A|
yields (ET2) with N replaced by N + 1.

Finally, we examine case (iii), 1,1 ¢ A. Case (iii) is further subdivided into (iii.1), |A] < N,
1,1¢ Aand (iii.2), |[A|=N+1,1,1¢ A.

For the condition (iii.1), we obtain |A No(Jn)| = |A| < N. Hence, (EI8) holds with B = A.
Using (B3), (E09), and |[ANo(Jy)| = |4| yields (BI4) with N replaced by N + 1.

For condition (iii.2), we obtain |(Jy \ A)No(Jn)| = N. Hence, (I3) holds with B = Jy \ A.
Using (EIX) and (B19), |[A] = N+ 1 and |(Jx \ A) No(Jn)| = N yields (BEI2) with N replaced

by N + 1. |
Proof. Here we will show Proposition B Using (E13), (E14), and dm(x, r) = dsn0,(T,T)
yields
dm(x,r)AJN\Qi(z) = [%]2 H A(x*")dq, (z,7) Ao, (2). (4.20)
r k=1

Adding relations (E=20) over all Q; C Jy for each fixed i, 0 < i < N, yields (B3). |
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4.2 Proof of Theorem

Lemma 4.6. The W-currents T;(z),1 < j < N, satisfy the set of quadratic relations

fi (2) BT - £ (2) eTi)
—c(z,7) (5 ("’C_]lez?) Tysi(z ' 2) — 6 (mj:@) Tj+1(:c22)> (4.21)

' —2N+4j—2 2N —j+2
+ ez, ) A (2N T2720) (5 (1;2122> Tj_1(z ' 20) =6 <$Z2> Tj_l(:c,22)>

21
1<j<N.
Here, we use f; j(z) introduced in (@3).
Proof. In this proof, we frequently use exchange relations (B2)—(B3) in Appendix B. We start
from

LHS1; =f1,j(22/21)T1(21)Tj(22) — fi1(21/22)Tj(22)T1(21),1 < j < N.

From the definition of T}(z) introduced in (B3), LHS; ; can be written as the sum of
_>
fri(ze/z1)As(21) Ao, (22) —

(4.22)

- ,
fj71(Zl/ZQ)AQj (ZQ)AS(Zl) over s € JN,Q]' C Jn, ‘Q| = j(,4.23)
summarized in Appendix B. Adding exchange relations (B2)—(B3) over s € Jn,Q; C Jn, Q] =
J yields

LHS; ; = ¢(x,r) <(5 <x_] 1+2m Z2> GJH om(22) — 6 <37j+1 e Z2> Gj+12m(22)>
m=0 A1 “a
N-[157]
p— Z —J - Z
n <5< 2N 45— 2+2mzj>H2N iro 2m(z2)—5<x2N 2 2mzj) Hon—jy2 2m(z2)>
m=0

(4.24)

Formulas for G]Jrl(z)aGjJrl(Z)aH2N*j+2(z)7H2N*j+2(Z>vGj+172m( ) Gj+1 Qm( ) Hon j+2 Zm( )
and Hon_ji2-2m(2) will be given below. In (BZ3) we define Hy(z) = 0 to avoid ambigu-
ity of Ho(z) and Hp(z). In the case when j is even, we have LHS,; = c(x,r) (Ho(z2)—
Ho(22))0(22/21) + Ho(22)0(x 222/21) —Ha(22)0(x*22/21) + -+ ).

First, we define Gj11(2),1 < j < N, as the coefficient of §(z777125/21) in (E228). In what
follows, for a subset §; C Jy with [©;] = j, we write its elements as s1, s2,

<584, 81 <X 82 <
< sj. Adding the first term in (B2) and the first term in (BZ2) yields

Gji(z Z Z da, (w, 1) (m*jflz)XQj(z):

s<sl E%Q
J
il N
+ > Z Z 2NH=) o (@) s Ap(2 T 2) K, (2) - (4.25)
Q i CJIN ”_<1 =1
n 91 &l:

Using : An(x*jflz)ﬁgj (2) := X)qu{n}(xflz) and

L, n §é i
= ) <n<
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yields

Gipa(2)= > > dougs(z.r) ) Kg, ugsy (@ 12).

Q iCJN s€IN
s<s1

Hence, we obtain Gj41(2) = Tj+1(x712),1 < j < N.
Next, we define Gj11(2),1 < j < N, as the coefficient of §(297125/21) in (B224). Adding the
second term in (B3) and the third term in (B3) yields

— .
Gipi(z)= > D daj(z,1): Ko(2)As(a?t'2) :
2 CIN .1?{.1;9.

J

+ Y Z S A@ NI (2,r) - Ko, (2)Aa(eitz) ¢ (4.26)

chan k=1
<nekn

Using : XQj(z)Aﬁ(:cj“z) = XQJU{H}(%’Z) and

1, n ¢ Q;,
deu{ﬁ}(a:,T) = de(x,T)X { A(xQ(NJrk_j_n)), n= s with s; <7m,1 <n <N,

yields

%
Gini(z) = > D dougs (@) Kougs (22).

Q CJn SGJN
<s

Hence, we obtain Gj41(z) = Tj4+1(2),1 < j < N.

We define Hay—j42(2),1 < j < N, as the coefficient of 6(x=2N*77225/2) in (E24). Adding
the first term in (B4), the second term in (B4), the second term in (B7), and the fourth term
in (BM) yields

j—1j—n
— B PR
Hon_jia(z) = S o () s An(a V22 Ng (2)
n=1k=1 2;CIN
sl:ﬁflk:_ri'nﬂ»l
j—2j—n—1
d A (p2N4i-2 X
=22 X da(an)iag ) K0, (2)
n=1 k=1 Q;CJIN
Sk:’n
sj=m,l=j—n
J Jj—n+1 -
+33 YT AN dg (,r) s A (2722 Ko (2) -
n=1 k=1 Q;CIN
Sk—1=n=sg

sl:ﬁ,l:jﬁ»lfn

- > AE@NTITR) dg (1) Ap(a P22 N (2) ¢
n=1k=1 ©;CJN
Sk—1 <n<sk
sp=m,l=j—n

(4.27)

The second term in (E=2Z7) vanishes, because there doesn’t exist s; € Jy, if Q; C Jy,sp =n,1 <
k<j+l—-n,s;=mn,l=j—n,and 1 <n < j—2 aresatisfied. The fourth term in (E=2Z2) vanishes,
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because there doesn’t exist s; € Jy, if Q; C In, 85601 <n <53, 1<k <j—n,s=n,l=j—n,
and 1 <n < j — 1 are satisfied. Rewriting the sum of the first and the third terms yields

j—1 Min(j—n,n)

; —
Hon—jia(2) = Z > do, (z,7) : A (272N T722) K, (2) -
n=1

(SJ nt1s- J,l,Sj):(ﬁ ,,,,, 2,1)
j Min(j+1—n,n)
—

+ Z Z Z A(z2N=7Hk) da;(w,7) : Ay (72N HI72) Ao, (2):.
n=1 QjCJN
sk_1<n<sk
(s]-_,L+1,.“,s‘j_l,sj):(ﬁ,.“,fj)
The relation dg,(z,7) = A(:BQ(N“*J'))de\{ﬁ}(x,T) holds, if s =n,s; =m,1 <n<j—1, and
1 <k <l=j+1-naresatisfied. The relation dg;(z, r)A(z2N=I+k)) = A(:UQ(NJrl_j))de\{ﬁ} (x,7)
holds, if sp_1 <n <sg, s =7m,1 <n<j,and 1 <k <[ =j+1—n are satisfied. Using the
above two relations and

_ i - _ _ = = .
: An(m N 22)AQJ' (z) = AQJ\{ﬁ}(x 12)) (3j+1—n7 .- '73j—175j) = (n7~ c 2, 1)7 1<n<y,

obtained from (B33) and (E34), yields

j—1 Max(j—n,n)
_ » — _
HQN_j+2(z) :A(mQ(N ]+1)) E Z de\{Sl}(x, T) AQj\{sl}(x 12)

n=1 k=1 Q;CIN

Sp=n

sp=m,l=j+1-n

j Max(j+1—n,n)

+2 Z > dojey @) Kop o @7'2)
n=1

Qj CJn
5k—1<"<5k
sl:H,l:j+17'n

Hence, we obtain Hoy_j12(2) = AN+ Ty (2712),1 < j < N.

We define Hay_j12(2),1 < j < N, as the coefficient of §(z*¥ 77225 /21) in (E=24). Adding
the first term in (Bd), the second term in (B3E), the second term in (BR), and the fourth term
in (BR) yields

i=2
% .
Hon—jia2(z Z Z Z doy,(,7) : Noj(2)Ag(2*N772) :

Qj CJIn
sk:n,k:n+1
s|=n

j—1 j
+z:1 Z Z do,(z,r) : AQ (2)Am (22N 7422

=1ll=n+1 9;CJIN
sp=n,k=n
s|=n

*ii S A@NDY dg (2,r) s Ko, (2)Aa(@®N 7122)

n=1[l=n Q;CJyN
sp=n,k=n

sl<ﬁ<sl+1
j=1 J
2(N+1-1 2N—j+2
=30 Y AN dg () Ko, (2)An(@?V 9722
n=1l=n+1 Q;CIN
sp=n,k=n+1
sl—<ﬁ—<sl+1

(4.28)
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The first term in (EZ28) vanishes, because there doesn’t exist s; € Jy, if Q; C Jn, s, =n, k =
n+1l,s;=n,n+2<1<j,and 1 <n < j— 2 are satisfied. The fourth term in (E228) vanishes,
because there doesn’t exist s1 € Jy, if ; C Iy, sp =n,k=n+1,5 <1 <s41,n+1<1<7,
and 1 <n < j — 1 are satisfied. Rewriting the sum of the second and the third terms yields

J
_> o
Hon_jyo(2) = > > do, (2,7) + Ko, (2)Ag(x®N 77722) :
n=1[=Max(n+1,j+1—n) Q;CIN

(51+52,0-+5 sn)=(1,2,..., n)
s|=n

J J
> D > AN dg () - Ko, (2)As(2?V722)
n=1]=Max(n,j+1—n) &CIN

(515525445 sn)=(1,2,..., n)
sy <W<S[l+1

The relation do,(z,7) = A(xQ(NH_j))de\{n}(:c,r) holds, if s, =n,s; =n,1<n<j—1, and

k =n,and n+1 < | < j aressatisfied. The relation do, (z, r)A(z?V+170) = A(m2(N+1_j))de\{n}(:c, T)
holds, if sy, =n,s1 <M < 5141, 1 <Kn < j,k=n,and n+1 <[ < j are satisfied. Using the above

two relations and

: K}Qj (Z)Aﬁ(x2N_j+22) = XQJ\{n}(‘rZ% (517 82, .- 7371) - (17 27 s 7n)7 1<n< j?

obtained from (E33) and (E3A), yields

%
HQN,J'JFQ(Z) :A 2AN= j+1 Z Z Z de\{sk}(‘rvr)AQj\{sk}($Z)

n=1|=Max(n+1,j+1-n) CIN
sp=n,k=n
sl:ﬁ

J J
+> > > dﬂj\{sk}(ﬂfvT>K>Qj\{sk}(m)

n=1[=Max(n,j+1-n) CIN
sp=n,k=n
sl<ﬁ<sl+1

Hence, we obtain Hon_j12(2) = A(mQ<N—j+1))1}_1(xz), 1<j<N.

We define Gji1-2m(2),1 < m < [%], 1 < j < N, as the coefficient of §(x=77172m 2, /21) in
(=24). Adding the first term in (B3), the second term in (B3), the first term in (B7), the
third term in (B7), the first term in (B3), and the third term in (BR) yields

i -
G]+1 2m g § de (ac,r) : As(x J 1+2mZ)AQJ‘ (Z) :
Q CJN seJy
Sm=8=<8m41

5¢Q;
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. —
Z Z da, (@, 7) : As($7]71+2m2)AQj (2) :
QjCJN s€Jn
Sm—1=8=Sm
5¢Q;
N j o
+ Y>> AN dg (1) Ag(a T2 Kg (2) |
QjCJN n=1 l=m+1
Sm<sjsm+1
S|=S,s=n
N J ) s
Y > AN dg (@) s A(a T T2 Ko, (2) -
Q;CIyn=l  l=m
s|=S,s=n
N m s
+ Z Z Z A(a:Q(m*kJr”*N*l))de (x,r): A5($7J71+2mZ)AQj(Z) :
Q;CJy n=1 s i;-zi:ﬁ
smk<5<ysm+1
N m—1 —
NN > AR (2r) s Az TR N, (2) 1 (4.29)
=l el
smk_1<75<sm
or a subset {); = 151,82,...,8;; C Jy and an element s i,s € Jy, we write elements
F b Q; i J d 1 ; J i 1
of ;U {s} as t1,t2,...,t541,81 < t2 < -+ < t;11. In what follows, we use the abbreviation
f Q; t1,t tiy1,t t t; I hat foll the abbreviati
Qi1 = {t1,t2,...,tj+1}. Rewriting the sum yields
éj—i—1—2m(z)
m  j+1
_ _N—
= Z d{tl,...,tm}(xJT) d{tm+2,...,tj+1}($7r H H A($2(q Pt 2))><
Q;411CIN p=1 g=m+2
tn+1€25 11\ {1} tg=tp
A —j—1+2m K’ )
Xt Mg, (7 2) N, \{tmi1}(2)
m—1 j+1
2(q— —N-2
- Y dpy @) Ay @r) [T T AGHePH ))x
Qj+1CJN P:1 q:mj»l
tm g1\ {tm} tq=tp
LA, (zim1H2m X) )
X (LE Z) Qj+1\{tm}(z) :
j+1 m  j+1
—N-2
+ Z Z Z d{tl7 tm} z T) d{tm+27 7J+l} T,r H H A 2a=ptty ))X
Qj+lCJN n=1 l=m+2 p= 1 g=m+2
b1 =N =t 1 tq=tp
2(l—m+ty, —j—142m \ N )
X A2 N2y A (T N\ () (2) ¢
j+1 m—1 j+1
+tp—N—2
- > Z Y ity @) Ay @) T T AGHPHNT2)
Q]+1CJN n=1 Il=m+1 p=1 g=m+1
tm=n t;=tm tq=tp
2(l—m—+tm—N—2)y . —j—142m AN .
x A (g2U—mt )t A, (@2 N oy (2)
m  j+1
—N-2
+ Z Z Z d{th 7tm} x T) d{tm+27 ,J+1} Z, T H H A Aa-ptty ))X
Q;1CJIy  n=1 p=1 q=m+2
b1 =70 tm+1 T tg=tp

. o mo\x
X A(@2mE Ny A, (@I Ry (2)
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m—1 j+1
_N—
Z Z Z Aity,t o} (T7) At 7J+1} x,r) H H Az 2(g—p+tp 2))><
QJ+1CJN n=1 k=1 p=1 ¢=m+1
tm=n tm=7% tq=tp
—k _N— . i — )
) A2 REENTDY A (TR K L (2) 5
Rewriting the sum yields
éjJrlme(Z)
m  j+1
Z d{tl,...,tm}(xar)d{tm+2,_,_,tj+1}(.%',7” H H A(xZ(q—ertp—N—Q))X
Qj1CJIN p=1 ¢=m+2
tq—tp
m Jj+1
X H A(g2(m—pHty=N-1)) H A(g2ammttni—N=2)y,
p=1_ q=m+2
tm+41=tp tq=tm+1
) —j—142m _\ N )
X At'm+1 (x Z)Aﬂj+1\{tm+1}(z) .
m—1 j+1
Z d{tl,---,tmfl}(iﬂaT)d{tmﬂ,...,tjﬂ}(w,r)H H A(gHaPHte=N=2)y5
Qj+1CIN p=1 a=m+1
tq=tp
m j+1 | R
H A(xz(m—P'i‘tp_N—l)) H A(l.Q(Q—m-‘rtm—N—?)) : Atm(x_]_1+2mz)AQj+l\{tm}(Z) .
Py
Using
d{tl,...,tm,} (fE, T)d{tm+2,...,tj+1}($’ 7") X
m  J+1 m j+1
% H H NG 2(q—p+tp— —2)) H A(x2(m—p+tp—N—1)) H A<m2(q—m+tm+1—N_2))
p=1 g=m+2 p:17 q=m+2
tq=tp m+1=tp tq=tm+1
=t et} (O )ty (85 7) X
m—1 j+1 m j+1
X H H A(z? (g=p+tp— H 2(m—P+tp—N—1)) H A(x2(q—m+tm—N—2))
p=1 g=m+1 p=1 q=m+1
tq=tp tm=tp tg=tm
and

Cil142m W Lo
:Atm,-l»l (./L' I 1+2 Z)AQj+1\{tm+1}(Z) = Atm(x J 1+2 Z)Aﬂj+1\{t7n}(z):

yields Gjt1-am(2) =0, 1 <m < [4],1 <j <N,

We define Gj11-2m(2),1 < m < [%],1 < j < N, as the coefficient of §(x/+172M2,/21) in
(E=23). Adding the first term in (B3), the second term in (B3), the first term in (B7), the
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third term in (B7), the first term in (B), and the third term in (BR) yields

Gjv1-2m(2)
— 1
= Z Z do, (@, 1) : AQj(Z)AS($]+1 my)
QjCJN s€Jn
Sj4+1-—m=S=<Sj42-_m
S¢0;
— 1
Z Z da,(w,71) : Ag, (2)Ag(z7T172m2)
Q;CJINn sEJN
Sj— m<s<sj ma1
séﬂj
N J N
+ >N > A(g2EHmAn=i=N=2ydq (z,r) 1 Kq,(2)As(aTH172m2)
Q;CJIn n=1 ijmi»:13j;52<7;;—m+2
$]=85,s=n
N J N
=Y > AT dg (2,r) N, (2)As(27T P2)
Q;CJy n=1 9]—ri:j;18_7fm+1
S|=S,s=
N j+1-m
+ Z Z A( 2(j—m—k+n N))dQ (l’ 7“) Ao ( )A ($J+1 2m )
Ycivn=l k=
3‘7+17m'<5’<3‘7+2—m
N j—m
o Z Z Z A($2(y m—k+n N))dQ (CE T‘) N (Z)A (x]Jrl 2m )
Q] CJny n=1 sk;%:é:ﬁ
Sjim<5<75'7m+1

(4.30)
Rewriting the sum, in the same way as the case of Gj1+1_2m(2), yields

Gj+1-2m(2)

= Z d{t1,~~,tj+1—m}(x7r) d{tj+3—m,~~,tj+1}(x’r)x
Q41CIN
tit2—m&2j+1\Mtj42-m}
Jj+l-m Jj+1 N
2(q— —N-2 +1—2
X H H Az (@=pttp )) : AQj+1\{tj+27m}(Z)Atj+27m(xj+ ")

p=1 g=m+j+3—m
tg=tp

- Z d{tl,...,tj,m}(‘r7r) d{tj+2,m,...,tj+1}(x7/r)x

) Qj11CIN
tit1—-m &1\ {tjr1-m?

j—m  j+1
—ptt,—N— - i1—2m
% H H A(xQ(q pttp—N 2)) : AQﬁl\{tﬁl,m}(Z)Atjﬂ_m(DSJH 2 2)

p=1 g=j+2—-m

tq=tp
j+1
+ 2 : § : 2 : {t17~-.¢j+1—m}(x’r) d{tj+3—m7--~’tj+1}($’7ﬂ)x
Q]+1CJN n=1 = j+2 m

t] m+42="n tl

« H H A<m2(q—p+tp—N—2))A(mQ(l+m+n—j—N—2)) %
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- +1—2m
a AQj+1\{tj+2_m}( )Aty+2 m(xjﬂ 2 z):

Z Z Z d{tl,u_,tjfm}(x,r) d{tﬂ%m.__’tjﬂ}(:r,r)><

QJ+1CJN l=j+1-m
tj+1 m="n t=n
j—m  j+1 -
2(q—p+tp—N—2) 2(+m+n—j—N—-2)\ . j+1-2m
II II 2@ v JA(z ) Mo\t (D) Ay (2 ) :
=1 gq=j+2—-m
tq=tp
j+l-m
+ E E § {tl, tit1— m}(x7r) d{thrg,m,...,thrl}(x?T)X
1ch n=1
J+ tj42—m="n tk =n

j+l-m  j+1 . N
(@O NN (204 RNy K (e} ()t (@7 TT7272)

Z Z Z {tlz - m}(x T) d{t] m+1,-- ]+1}(x 7’)

QJ+1CJN
tj+1 m—n tk =n

j—m  j+1
- —N— j+n—m—k— v m
<JT I A7 N=2)A@A =5 M) s Ko ) () (27 717272) 2
p=1 g=j+2—m

tg=1p

Rewriting the sum yields
Gii1-2m(2)
jH+l-m  j+1

- Z {t1, tj+1—m}(x’T)d{tj+3—m»-~-¢j+1}($’T) H H NG 2))

p=1 g=j+3—-m

Qj+1CJIN
tq=tp
jH+1-m Jj+1
« H A(x2(j+tp7mfp7N)) H A(x2(q+m+tj+2,mfij72))x
_ a=j+3-m
tj+2—m=tp tg=tj42—m
< X ()42, (2717272
SR\t P E) Ao (X Z) -
j—m  j+1

Q(Q*PJFtp*N*Q)) X

Z d{tl,...,tj,m}(w7 T)d{tj+2,m,...,tj+1}(x7 T) H H A(QT

p=1 g=j+2—-m

Qj+1CJN
tq=tp
j—m Jj+1
« A(xQ(j+tp—m—N—p)) H A(xQ(q+m+tj+1—m_j_N_3))x
p=1 ~ q:z+2—m
tg+1—m=fp tq=tjt1-m
. j+1-2m _y .
X AQj+1\{tj+1—m}(Z)Atj+1fm('r Z) D
Using
j+l—-m  j+1
2(q—p+tp—N—2
{tretiirom} )t sty 0} (257) H H 2 ! ))X
p=1 g=j+3—-m
tq=tp
j+1-m Jj+1
> H A(xQ(jthpfm*P*N)) H A(xQ(q+m+tj+2fm*j*N*3)) —
p=1 B q:z+37m
tg=tjto2—m

tj+2—m=tp
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j—m  j+1
:d{tl,..‘,t]‘_m}(‘r? T)d{tj_m+2,...,tj+1}(x7 T) H H A(IZ(qu‘i’tp*N*Q)) X

p=1 g¢=j+2-m

tq=tp
j—m Jj+1
% H A(Q;Q(Htp—m—p—N)) H A<x2(Q+m+tj+l—m—j_N_3))
p=1 q=j+2—m
tit1—m=tp tg=tjt1-m
and
W +1—2m W j+1—2m
: AQj+1\{tj+27m}(Z)Athrzfm(x]Jrl 2 z) o= AQj+1\{tj+1fm}(Z)Athrlfm(xj+1 ? z):
yields Gj+172m( ) =0,1<m< [%] 1<5<N.
We define Hon—jt2-2m(2),1 < j < N,1 < m < N—[151], as the coefficient of §(z 2N+ =242m 4, /1)
in (I24). We set
FQN—j+2—2m(Z) = Z € (Be(z) +7€(z) +g6(z)) ) (4'31)

e=+

where we give 3, (2), 8_(2), 74(2), 7-(2), 0+(2), and 0_(z) in (E32), (E33), (E23), (E33),
(E33), and (E=31), respectively. Adding the first term in (B4) and the fourth term in (IB7)
yields

Min(N,j+m—1) jt+m—n s
= > > do, (z,7) : A (22N T2 N g (2) -
Q;CJINn n=m+1 k=1

sp=n
sp=m,l=m+j+l-n

Min(N,j+m) jt+m+1-n

+ Z Z Z dg; (x,r)A(mQ(mﬂ*N%))x

. = k=1
QJCJN n=m-+1 Sp—1=n=<sg

s;=n,l=j+m+1-n

Xt Ap(a N2 0K 0 () (4.32)

Adding the second term in (B3) and the second term in (B7) yields

Min(N,j+m—2) J+m—mn—1 N
—2N+j+2m—2
Z Z Z do,(z, 1) : A (72N 722) N (2) -
Q;CJIN 5’21:1,1
sp=mn,l=j+m-—n
Min(N,j+m—1) j+m—n
D S S S
k=1
Q CJN Sk71<"<sk

s;=m,l=j+m—-n
X Ap(z 2V Ko () 1 (4.33)
Adding the first term in (B8) yields

T2 = S do(r): Agla N2 R g (2) 1 (4.34)
Q;CJiy
s =0,k=j+m—N
Adding the second term in (BT) yields
T = S doy(ar) Ag(a VM N (2) 1 (4.35)

Q;CIN
sp=0,k=j+m—N-1
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Adding the first term in (B3E) and the fourth term in (B3) yields
N J
=2, 2 > o) Koy (2)Anla VT2
WS N
sj=n
N J
x oy S s,
QjCJN n=2N+2—j—m l=m+j+n—2N—-1
sk:n,k:]+m+n721\171
s]=<m=<s;41
% .
X AQj(Z)Aﬁ(x_2N+]+2m_2Z) . (4.36)
Adding the second term in (BJ) and the second term in (B3J) yields
N J
_ Z Z Z dQ( ) AQ ( )A ( —2N+j+2m—2 )
QCINntNFBjom | g
sl:ﬁ
N J
+ Z Z Z de (x7 7,)A(:C2(N+l+lfmfj)) «
QjCJN n=2N+3—j—m l=j+m+n—2N—2
sk:n,k:j+m+n72N72
s]=M=sp 41
% .
X AQj(Z)Aﬁ(x_2N+]+2m_QZ) . (4.37)

We show FQN_J'J,_Q_Qm(Z) =0,1<j<N,1<m<N - []T] In this proof we frequently
use relation (E3). The proof is divided into three cases: (i), 1 <m < N —j, (ii)), m = N+1—j,
and (iii), N +2 —j <m < N — [131].

First, we study the case (i), 7 +m < N. In the case (i), 7.(z) and 04 (z) vanish. Hence, we
have Hon_j12-2m(2) = B, (2) — B_(2). We start from 3, (z). Rewriting the sum yields

Min(N,j+m—1) j+m—n n—m—1

5+(Z> _ Z Z Z Z A(x2(m+j—N—k:))

n=m-+1 = Q;CJIN r=0
S‘k =n (Sl’5l+l ..... sl_,'_r):(n,nfl ..... n—r)
nf'r71<sl+r+1,l:m+j+17n

Min(N,j+m) j4+m—n—1

n—m-—1
+ Z Z Z Z A($2(m+ijfk)) %

n=m-+1 Q. CJN
Sp_ 1<n<sk (Sl [CTER R 5l+1"):(" n—1,..., n—r)
n—r— 1<5l+'r+ll m+j+l—n

XH H A 2(m+j—N—a) H f[ A 2(q— p+spr71))X

p=1 g=l+r+1

sanb

qugp
; —
x ]  AE@TEremNTUY A (2 2V N (2) - (4.38)
k+1§p<i1§lfl
sq=3Sp

Using

_ —ON+j+2m—2 \ ¥ .
’ A"(m Z)A{517527---75l—17ﬁan_17---7n_rasl+r+17Sl+r+27---75j}(Z) :

. —ON+j+2m—2 \ W :
- An_"'_l(x Z)A{Sl,SQ,...,SL 1,m—1,n—2,. nf’r‘f].,SH,.Jrl,Sl+,,«+2,...,5j}(z) )

0<r<n-m-1l=m+j+1—n, (4.39)
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obtained from (Ed), and replacing n by n + 1 yields B, (z) = B_(z). Hence, we obtain
Hon_jio—am(2) =B (2) = B_(2)=0for L <m < N — . -

Next, we examine the case (ii), m = N + 1 — j. In the case (ii), d+(z) and 7_(z) vanish.
Hence, we have Hon_j12-a2m(2) = B, (2) +7,(2) — B_(z). We start from 3, (z) + 7, (z). Using
(E32) yields

J

i

1)2 Z :AN+1—]€(33 JZ)A{N’N WNF1—F EySki1,8k 425 75]}( )
k=1 Q;CIN

N+1—k‘-<sk+1_<..._<sj
(4.40)

Using (E38), (B39), and (E20) yields 3, (2)+7,.(2) = B_(z). Hence, we obtain Hon_j 12 2m(2) =
Bi(z) +7,(2) —B_(2) =0form=N —j+1.
Next, we examine the case (iii), N+2—j<m < N — []T] Rewriting the sum yields

04+(2)

N J j+m4n—2N -2

S D Y > )

n=2N+2—j—m Il=j+m+n—2N Q;CJy
J J ‘leﬁ (Skfv"skf'r+17""sk) (n—rn—r4+1,..., n)
Sp—p_1=n—r—1 Jk=m4j+n—2N-—-1

N J jH+m4n—2N-2

n Z Z Z Z A(z20=i=mN+D) | o

n=2N+2—j—ml=m+j4+n—2N—-1 ©;CJN r=0
J J glzﬁ (sk_r,sk_r+1 ,,,,, sp)=(n—-rn—r+1,..., n)
.sk_r_l<n7r71,k:m+j+n72Nfl

n—r—1 J
XH H A(z 2(N+b—j— m)) H H Az (a—p+sp 1))
a=1 b=l+1 p=1 gq= +1
Sb n—a Sg= D
_> .
x ]  AEPreNIUY s Kg (2) Ag(z N2, (4.41)
k+1<p<q<i-1
sq=Ssp
and
k—1 g N
7+(Z) _ Z H A(x2(q—p+sp—N—1)) . QAj (Z)Ao(x—2N+j—2+2m) .
QJCJN p=1 q:ki»l
5, =0,k=j+m—N Sq=3p
N=<spi1
j—1 k-1 r
+ > [T IAG )
Q,;CJN r=0 a=1b=0
sp= Ok—]er N (5k+1 77N, PEEeN 5k+r+1) (N,N—1,..., N—r)
N<Sk+1 N—r—1 1<‘5k+r+2
_ j - ‘
< [T TI AG* Pt N0y Gy (2)Ag(a 2NV H22m) - (4.42)
p=1 g=k+r+2

5q:§p
Using (E2) and (E3) yields

—2N+g+2m 2 )

( 72N+j+2m72z) .

)

o A{'517527"'78]@77'717nir717n77'7"'7n7175k+1’8k+27"‘78j}( n—r—1

0<r<k—-1l,k=j+m+n—2N—1, (4.43)
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and

g o . Ao(x—2N+j+2m—2z) :

e —2N+j+2m—2_ .
:A(l) ’ A{31:327~-~a3k71:N7mr~:m)sk+r+2:3k+r+37-~~75j}(Z)AN_T_]'(:E e Z) ?

0<r<2N+4l+l-—j-—mk=j+m+n—2N-L (444)

Using (E38), (£239), (E21), (B22), (E23), and (I24) and replacing n by n + 1 yield B (z) +
T4 (2)+04(2) = B_(2)+7_(2)+0-(2). Hence, we obtain Han—jra—2m(2) = Y._1 € (B(2) +7.(2)
+S€(z)) =0for N+2—35<m< N — [3 1]. Finally, we obtain HQN_j+2_2m(Z) = 0 for
1<m<N-— [
We define Hon—j12-9m(2),1 <j < N,1<m < N— []T] as the coefficient of §(z=2NH7=2+2m 4, /21)
in (I=24). We set

25 Be(2) + v:(2) + d:(2)) otherwise,
Han—jt2-2m(2) = - (4.45)
i

0 if jis even, m = N — [15],
where we give 51(z), f-(2), v+(2), 7-(2), 04(2), and 0_(z) in (B20), (E23), (E28), (E29),
(E10), and (E3D), respectively. In (B23) we define Hy(z) = 0 to avoid ambiguity of Ho(z)
and Hoy(z). In the case when j is even, we have LHS; = c(z,r) (Ho(22) — Ho(22))d(22/21)
+H(22)0(x 229/ 21) — Ha(22)0(2%22/21) + - -+ ). Adding the first term in (BF) and the fourth
term in (B3R) yields

Min(N,j+m—2) j -
Z Z Z do,(z,7): Ag, (2)Agg(x®NF27372m )
2 CIN st
Sl:n
Min(N,j+m—1) j
T S S v N
Q;CIN z:r;ﬂ;nf
sp=n,k=n —m
Sp=M=<8141
% .
X Aglj(z)Aﬁ(xQN"‘Q_J_zmz) s (4.46)

Adding the second term in (B3) and the second term in (B3) yields

Min(N,j+m—1)

J
-y ¥ S doy(ar): Ko, (2)Ag(@®NT22mz)

Q;CJn n=m+1 . l::stlz;_m
k s’l:ﬁ
Min(N,j+m) J
SR SHD SRRV IR
S
Sl<ﬁ7‘<sl+1
% .
X Ag; (2)Agg(x?NF2=072my) (4.47)

Adding the first term in (BW) yields

v+(2) = Z do,(x,r) : Ag(z?NH2=0=2m ) Ao (2):. (4.48)

Qj CJIN
s =0,k=N+2—m
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Adding the second term in (B@) yields

v-(2) = E do, (z,7) : Ag(22NT270=2m ) Ao, (2):. (4.49)
Q;CIN
sk:(),k:N+lfm

Adding the first term in (B4) and the fourth term in (B73) yields

N 2N+2—m—n R
Z Z Z do,(z,r) : An(x2N+2_]_2mz)AQj (2):
Q,;CJINy n=2N+3—j—m s’ff:ln

s;=n,|=2N+3—m—n
2N+3—m—n

N
+ Z Z Z dg; (, r)A(xQ(N"’Q_m_k)) X

. — i k=1
Q;CJy n=2N+3—j—m oo ¥Zh<s,
s;=n,l=2N+3—m—n

X An(w2N+2_j_2mz)XQj(z) . (4.50)

Adding the second term in (B4) and the second term in (BZ) yields

N 2N+1—m—n R
> > S day(e) AR (o)
Q;CJIN n=2N+2—j—m 312:=1n

sl:ﬁ,l:2N+27mfn

N 2N+2—m—n
+ Z Z Z dg; (x,r)A(az2(N+2_m_k))><
Q;CJIN n=2N+2—j—m sk,filmsk
sl:ﬁ,l:2N+27mfn
, —
X An(x2N+2*J*2mz)AQj(z) :. (4.51)
The relation Haon42—j—2m(2) = 0 is shown in the same way as F2N+2_j_2m(z) = 0. [ ]

Lemma 4.7. The currents T;(z) satisfy the following fusion relation

. . xi(H—j) T,

Min(4,7)—1
= Fe(x,7) H A@®) Tiyi(at2), 1<4,5 < N. (4.52)
Proof. ForsubsetsQl(-l) ={s1,82,...,8} C Iy withs; <sg <---<s andQ —{tl,tQ,...,tj} C

Jn with 1 < t2 < --- < t;, we set QH] = E ) Q(Q). From (E), the necessary and suffi-
% . .
cient condition that f;;(z2/21) A 0 (21) A Q<2>(z ) has a pole at z; = z~(+7) 2z (respectively

21 = a7t 29) is s; < t1 (respectively tj < s1). In the case when s; < ¢ or t; < s1, we obtain

Min(z,j)—1 +(2k41—i—j)
29\ — — T 2
Jij <21) AQZQ)(Zl)AQ;z) (22) = H A (Zl> %
Ll pE2(a—p+sp—N—1+i)—i—j} , N N
H H < Zl 2) : AQEU('ZI)AQ;Q)(ZZ) T,
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e -
The signs =+ in the products in the above expression of f; j (z2/21) A Q(1)( )AQ@) (z2) are in the

same order. The upper sign is for s; < t1, and the lower sign is for t; < s1. Taklng the limit

yields
. l’i(i+j)22 29\ — —
lim (1—21 o (2) R0 B o2

21— xE (i) 29

Mi -1

in(4,j % J
= F cfa,r) H NG H H (warror V1) R (a%02), 10,5 <N,
=1 : q=1
(4.53)
— = — , )
Here, we use : Aggl)(:ci(“”)z)AQ;z)(z) = Nq,,,(z*2). Adding (E353) over all le) and Qgg)
yields (E332). [
Lemma 4.8. The currents T;(z) satisfy the following fusion relations
g E@N+LI+i—) %
li 1— (2 T Ty
Zl_>xj:(211\7IEl+i—j)Z2 < 2 fw (21> (21) J(Zz)
i—1 N+i—j '
=vc(z,r) [JAE") ] AGEY) Tj-i(a™z), 1<i<j<N, (4.54)
=1 I=N+1—j
_ xi(2N+14+j)22 29
z1—>:vi(2lll\7r-rﬁ-ll—i+j)z2 (1 N 21 fi’j <Z1> Tl(zl)T](ZQ)
j—1 N+j—i ‘
= ez, r) [JAC) ] AGY) @™tV 0s), 1<j<i<N. (4.55)
=1 I=N+1—i
Proof. Using (B3), (I3), (I9), and (E02) yields (E554) and (E5H3). [

Proof. Here we will give a proof of Theorem B. We prove Theorem B2 by induction. Lemma
B4 is the base for induction. We define LHS; ;, RHS1; ; and RHS2; (k) with 1 <k <i<j< N
as

LS, =fos (2) i) — s (2) T T,

i—1 N+i—j
RHS1; ; =c(z,r HA (22 H Az x
I=1 I=N+1—j
—2N+j—i—1 ) 2N—j+i+1 )
. <5 <) Ty i(a=ize) — 6 () T<>> ,
21 21
k-1 - g—i+i=2k o i .
RHS2; (k) =c(x,r) [ A1) <5 ( - ) fick gk (@ )T (27 21) Tk (27" 22)
1=1
I i+2k 9 o
-0 (z) fz‘k,j+k(x_j+Z)Tik(x_kzl)TjJrk@’kZQ)) , 1<k<i-—1,
1

RHS2; (i) =c(z, ) H1 A2+ (5 (”“’_j_%) Tyyi(aiz) — 6 (xjHZ?) 1}+i(mi22)> .

z z
=1 1 1
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We prove the following relation by induction on 7,1 <¢ < j < N.

LHS, ; = RHS1,; + > RHS2; (k). (4.56)
7] 7] 7‘7
k=1

The base, i =1 < j < N was proved previously in Lemma .

We assume that the relation (E253) holds for some 7, 1 < i < j < N, and show that LHS; 41, =
RHS1;41,;+ Z?;ll RHS2;1 j(k) from this assumption. First, we summarize some relations. The
assumption (E358) yields

- p2N-imj W2 e (W2 . _
L (1- 223 fons (22) Tyoa ) Tn) = (457)
lim (1 g2 =i )f i (“’ >T1(w1)T] i(ws) = 0, (4.58)
wi—z2N =i,
w2
fig \ == ) Ti(w)Tj(w2) = fji | — ) Tj(w2)Ti(w1) (4.59)
w1 w2
or u2 gE@N—j+i+1) 2 —i+2k) 1 < | <. Direct calculation yields
lim <1 - milwl> A (x’wl> = c(z,r). (4.60)
wo—x " lwy w9 w9

Multiplying LHS; ; by f1.i (21/23) f1,; (22/23) T1(23) on the left and using the quadratic rela-
tion (E58) with ¢ = 1, along with the fusion relation (E10) yields

fra <2) £ <23> Ty(z3) x LHS, ;
_flj( >fzg<z )flz( >T1(23)T( 1)T;(22)
=5 (2) 0 (2) B (2) Bt

, —2N4j—2 —2N+4j-1
— e(a, P) AN (:c 22> A (x Zl) fiota <H> %

23 Z3
x Tj_1 (x*N 7 25) Ty (21)

. IN—j+2 IN—j+1
+ e, ) AN TID)5 <x 22) A <:c z1> ey (le> y

zZ3 zZ3
X Ty (z7 N7 )T, (21)

— e(z.r)6 <x—j—122> A <x—iz1> Fiota <CC_;321> Tj i1 (a7 23)Ty(21)

23 23
Jj+1 i J )
beler)d (T2 A (22 fs (22 TG (461)
23 23 23

Taking the limit z5 — 27" "'2; of (A1) multiplied by c(z,r)™' (1 — 2721 /23) and using the
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relations (A52) and (E53), (E24), (E09), and (EB0) yields

1
zs%lmlnzl 121 C(«T T) (1 - 71 121) le < > fl] ( )TI(Z?)) - LHSZ]
1
=fi+1,j (?) Tier(x™ 20)Ty(22) — fin (xz;l> Tj(22)Tia(z " 21)

i N+i+1—j L
J <x2N JHi+3 4,

+ e, ) [JAE ] AE™)s
=1 I=N—j+1

) fijer (@I (1) Tyga (a7 22)

) Tj—i—1(z" ' 29)

<1

' 29

<1

N C(x’r) ( z+]+2zQ>HA 2+ H— ( +12’2). (4.62)

Multiplying RHS1; ; by fi,i(21/23) fi,; (22/23) T1(23) from the left and using fusion relations
(E39) and (E10) yields

fii <Zl) J1,j <23> Ti(z3) x RHS1;
i1 N+i—j N ; i
:C(x7T)HA($2l+1) H A(z%) x {5 <:C2N+]1ZQ> A <$ZZ1> i <:CZZ?> x
3 3

. zZ1
=1 I=N+1—j

' ON—j+it1
x T1(23)Tj—i(x"22) — 6 (3722) A <x Zl) f1j—i <

21

ZZQ

Z3>E&@E4m%g}
(4.63)

8

Taking the limit z5 — 27" "'z of (EB3) multiplied by c(z,r) ™' (1 — 277121 /23) and using the
relations (A54) and (E53) yields

1
zs%lziglflm C(«T7T) (1 B _l 121) fl : < > ij ( ) (Z3) ) RHSL]

i N+it+1—j3 $_2N+J_Z_1ZQ '
=c(z,7) H Azt H A(z?)o <z> Tj—i1(x ™ 2). (4.64)
=1 I=N+1—j !

Multiplying RHS2; (i) by fi(21/23) f1,j (22/23) T1(23) from the left and using the fusion
relation () yields

fu<2>ﬁg<z>E&QxRH&”U

e 6 (2522) (25 (2
“”zg x Iz x iz s

-0 < ) fl,i-‘rl ( > A < ) T1(23)Tz'+j($ J21)> . (4.65)
21 23 z3

Taking the limit z5 — 27" "'2; of (E63) multiplied by c(z,r)™' (1 — 2721 /23) and using the
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relations (A52) and (EBN0) yields

. 1 _i—171 21 22 .
1 - (1= 1—1 ~1 2 o
i s (1 2 ) g (2) £ (2) Tiden) < Rats2 0
—1—J i '
—e(a,7) < 22) HA 2T, (2 )

£ i—1
— c(z, < +j22> [T A" ) frivs (2" )T (a7 ) Tig (2 22). (4.66)
=1

Multiplying RHS2; j(k),1 < k <i—1, by fi(21/23) f1; (#2/23) Ti(23) from the left and using
relations (E12) and (E329) yields

fii <Z1) f1,j <Z> Ty (z3) x RHS2; ;(k)

23
k-1 " w
x*jJerZk xkz L J;*Z‘F]‘sz
=c(z,r) [ A=) (5 <Z1) fri-k ( 1) Fitei—k (@) f1 4k <Z31>

=1
x T (z3) Tjn (!~ 2) Tiop (2P 21)

Li—it2k ks iy Li—ik,
-0 <2> J1i—k 1) fickjrr (@) frjen (1)

21 z3

x T (Zg)Tl',k( ) J+k(1‘k22)) < k <i—1. (4.67)

Taking the limit z3 — 2 ="'z of (E54) multiplied by c(z,r)~! (1 — 27" '21/23), and using the
fusion relations (£2), (E3532), and (E5Y) yields

z ﬁgﬂlz c(a;l T) <1 w 1) flz( )flj (z )TI(ZB) x RHS2:,(k)

: arpiys (2T i1 k k—1
—elar) [T G5 (T2 frs sl Tt Do)
=1
9 sipiy o (BT —j+1 k-1 k
= c(z,r) [T AGS (Z1> firk gk (@ T (275 20) Ty a (27 22),
=1
1<k<i-1 (4.68)

Adding (I82), (E53), (), and (EB8) for 1 < k < i — 1, and replacing z; by xz; yields

LHS;+1,; = RHS1;44; + Z 1 RHS2;41 j(k). By induction on i, we proved quadratic relation
(@&3). n

4.3 Proof of Lemma B4

Lemma 4.9. The current T1(z) commutes with the screening currents Sk(w) as follows.

LL‘k’U)

. ) + Ci(2)(Dyrd) <

QSQN—H_kw

z

[T1(2), Sk(w)] =Ci(2)(D,rd) < > 1<k<N. (4.69)

Here we set q-difference

(Dgd)(z) = 6(qz) — 6(q"2),
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the currents Cy(z) and Ck(2),1 < k < N, are given by
Cplz) = 2~ (@1 — ") L A(2)Se(a™52) -,
Cil(z) = 2" 1@ — 271) s Ar(2) S (a2~ 1Hh72)
Proof. Adding (BT0) yields
[T1(2), S(w)]
=(a" "t — g7 <—3:_r+1 t A (2)Sk(w) : 6 (xk_’"g> + 2" A1 (2)Sk(w) < 0 (a:kH%)
R . —(2)Sk(w) : 5( IN+1— k—f—rz) _ L Ay (2)Sk(w) : 5( IN+1—k— rz)>’
1<k<N-1,
and

[T1(2), Sy (w)]

=z — 2" h (af”l AN (2)SN(w) : 0 (xN*T%> —z An(2)Sy(w) : 6 (xN“”%))
R ) (5 (40 < (44 st

Using the relations

27 AR (2)Sk(2"R2) = 2" A1 (2)Sk(@ T Re) s, 1< E< N -1,

2 AN (2)Sn ("N 2) = [T[%]l] S Ao(2)Sn(z " N2)
2" AL(2) Sy (22N IR ) 2_T+1 Az Sz NIRRT << N 1,
"t A (2) Sy (TN T2) = E [é]z]m  Ao(2)Sn(z" N2y 1
yields (E59). m

Corollary 4.10. The current T1(z) commutes with the screening operators Sk
[T1(z),Sk] =0, 1<k<N. (4.70)
Proof. From (1Y), we obtain

[Ty(2), S] :f%d\/%w (ck(z)(pxra) (‘”Zw> + Oy(2)(Dyrd) (M)) .

d S
mmg%%wgquﬂa(if):omms:k2N+1—kﬁwmmu@ﬁM:Q m
Proof. Here we will give a proof of Lemma B3. Set 7}( Z Tjim]z"™,1 < j < 2N and

meZ

fij(z Zflljz From (E=2I), we obtain

(g HDk+m _ x(J+1)k—m)Tj+1[m}

:A(x2N+2—2j)($(2N—j+2)k—m _ x(—2N+j—2)k’+m)Tj_1[m]

+d&m4§:Ohﬂ%—ﬂﬂﬂ—k+m}ﬁ%ﬂ%—l—mﬁW—kDJmkeZlSjgN



30 T. Kojima

Hence, Tj41[m],m € Z,1 < j < N, are expressed in terms of 7j[n|, Tj_1[n], and T1[n],n € Z,1 <
j < N. From duality (83), Tj[m], m € Z, N+2 < j < 2N are expressed in terms of Thn1—;[n

n€Z N+2<j<2N. Finally, Tj[m], m € Z, 1 < j < 2N are expressed in terms of Tj[n],
n € Z. Hence, we obtain (B8) from (E=7M). [ |

l
)

5 Conclusion and discussion

In this paper, we obtained the free field construction of higher W-currents T;(z),7 > 2, of the
deformed W-algebra W, , (Agzj\),) We obtained a closed set of quadratic relations for the W-
currents T;(z), which are completely different from those in types Ag\lf) and A(M,N)1). The

quadratic relations of W, (Ag\),) do not preserve “parity ”, though those of me(Ag\l,)) and
W, (A(M, N)) do. Here we define “parity ” of T;(2)T;(w) as i+ j. We obtained the duality

Tont+1-i(2) = ¢Ti(2),1 < i < N, which is a new structure that does not occur in types A(Q),

A%), and A(M,N)M). This allowed us to define the deformed W-algebra W, (Ag\),) using
generators and relations similarly to the definition of the twisted affine Lie algebra of type Ag\),
given in Section .

We also justified our definition of the deformed W-algebra of type Ag\), We compare Defini-

tion B3 with other definitions. In Ref.[B], the deformed W-algebras of types As\l,), B](\}), C’](\}), DJ(\}) ,
and AS\)[ were proposed as the intersection of the kernels of the screening operators. We recall

the definition based on the screening operators for Ag\), Let H, , be the vector space spanned
by the formal power series currents of the form

L MY, (xrjﬁklz)fl .. .a;lzyil (xrjﬁkzz)sz :

where ¢; = +1 Bl. We define W, as the vector subspace of H; , consisting of all currents that
commute with the screening operators S;,1 <4 < N, in (220). Let {Fo(2) = >, ,cz Fulm]z7" }aca
be a basis of the vector space W . Let WEE be the associative algebra generated by elements
F,[m],m € Z,a € A. Let Jx be the left ideal of W% generated by elements F,[m], m > K € N,
a € A. We define the deformed W-algebra

WER(AR)) = lm Wy

We propose another definition of the deformed W-algebra. From (B8), the W-currents
Ty(z) = S ez Tilm]z™™, 1 < i < 2N, commute with the screening operators. Let WAKOS
be the associative algebra generated by elements T;im|, m € Z, 1 < i < 2N. Let Lk be the
left ideal of WAKOS generated by elements Ti;im], m > K € N, 1 < i < 2N. We define the
deformed W-algebra

WAKOS (Ajy) = lim WAKOS /L.

In this study, our definitions W, , (Ag\),) were based on generators and relations. We have

introduced three definitions of the deformed W-algebra for the twisted algebra of the type Ag\)j

2 We define Y;(z)~! as the inverse element of Yi(z) , that is, Y;(2)Yi(z)™! = Yi(2)"'Yi(z) = 1. Specifically,
we obtain Y;(2)7! = 2 "¥O(Y;(2)Yi(2)) : exp (— > om0 yi(m)z_m) :, where we used the symbol ( ) defined in
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Conjecture 1. W, , (Ag\),) WAKOS (Ag )) nd WFR (AS\),) are isomorphic as associative al-
gebras.

Wx,r(A()) WAKOS(A(2)) WFR(AgA)[) (5.1)

The author believes that this conjecture can be extended to arbitrary affine Lie algebras.
Some necessary conditions of isomorphism (B) in Conjecture 0 can be indicated immediately.
From (B@), we obtain the following inclusion:

WAROS(AR) € WEE(AR).

We establish a homomorphism of associative algebras @€ Homc (WxT(AgQA)[) WAKOS (Ag ]\),)>
using o(T;[m]) = T;[m]. ¢ is surjective,

o (Wer(ARR) ) = WiKOS (453).

If we assume that ¢ is injective, the isomorphism on the left side in (B) is obtained. In other
words, no independent relations other than (B2) and (B3) exist in W, (Ag\),) We propose two
results to support this claim. In the classical limit the second Hamiltonian structure {-, -} of the
g-Poisson algebra [B, [4, I3, [M] was obtained from the quadratic relations (see (B=d) and (B3)).
In the conformal limit all defining relations of the WW-algebra Ws (A(l)) N = 1,2, are obtained

from the quadratic relations of W, , (A(l)) upon the assumption that the currents 7;(z) have the
form of expansion for small parameter / (see Appendix of Ref.[d]).

The definition of the deformed W-algebra W, ,(g) for non-twisted affine Lie algebra g was
formulated in terms of the quantum Drinfeld-Sokolov reduction in Ref.[d]. Formulating the def-
inition of the deformed W-algebras W, ,(g) in terms of the quantum Drinfeld-Sokolov reduction
for twisted affine Lie algebra or affine Lie superalgebra [, [, I3, [, [F] is still a problem that
needs to be solved.

It remains an open challenge to identify quadratic relations of the deformed W-algebras
W, »(g) for the affine Lie algebras g except for types AS\}) and AS\), We believe that this paper
presents a key step towards extending our construction for general affine Lie algebras g. In [B]
and [ the free field construction of the basic W-current T4 (z) of W, (g) was suggested in the

case when the underlying simple finite-dimensional Lie algebra B is of classical type,

Ai(2) 4+ Ant1(2) for g of type A(l)
Ti(z) = ¢ Ai(2)+- -+ An(2) + Ao(2) + Ax(2) + -+ + Ag(2)  for g of types B](\}), A(Q%,D](V) 1
Ai(z)+ -+ An(2) + Axy(2) + - + Ag(2) for g of types C(l), DJ(\}), Aéj\),_l.

Here we omit details of free field constructions of A;(z). The free field construction of T}(z)
has similar form to that for g of type Ag\)f except for the case of Ag\l,). Therefore, we expect

that a similar duality as (Bd) and similar quadratic relation (B3) hold in all cases in types
BJ(\}),CJ(\}),D%),A%),_I, and Dg&rl. We would like to draw your attention to the following
analogy. Let g be an affine Lie algebras of one of the types B(l), C](\}), Dg\}), Ag\)jfl, or D](\?ll.
Let El be the underlying simple finite-dimensional Lie algebra. Let h be a Cartan subalgebra of
E. Let A1, Ao, ..., A; be the fundamental weights of E, where [ is the dimension of . Let Vi,
be the integrable highest weight representation of Uq(a) with the highest weight A;. Let V be
the evaluation representation corresponding to Vi, of the quantum affine algebra Uq (g) with a

spectral parameter z € C*. Let n be the dimension of Vg, We have NV~ (/z\ V) ~A v,
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because A V =~ C. The evaluation representation V' of U, (g) is self-dual except for g of type
AE\I,). Hence, we obtain the duality of the representations of U, (g),

n—i % . X (1)
ANV ~AV if gisnot of type Ay,

which is similar as that in (B2). As an analogy, we expect the duality of the W-currents,
Thn—i(z) = ¢;T;(z) if g is not of type AW,

for the deformed W algebras W, »(g). Here ¢;,0 <1i < n, are constants.

It remains an open challenge to identify quadratic relations of the deformed W-algebras
W, »(g) for affine superalgebra g except for those of type A(M, N ). Recently the deformed
W-superalgebra W, ,(g) has appeared in the study of D-branes and physical interest is growing
to this subject, see e.g. [[H]. As revealed in Refs. [[3, [, IT], it is expected that, in cases of
superalgebras g, infinite number of higher W-currents T;(z),i = 1,2,3,..., satisfy a closed set
of infinite number of quadratic relations. It is interesting to understand how duality will be
extended to the case of superalgebras. We expect to report on quadratic relations and duality
for more general deformed W-algebras W, »(g) associated with affine Lie algebras and affine Lie
superalgebras in the near future.

A Normal ordering rules

We list the normal ordering rules. For operators V(z) and W (w) we use the notation
V()W (w) = (V(2)W(w)) : V()W (w) : (A.1)
and write down only the part (V(z)W (w)) in the formulas below. Using the standard formula
edeB = elABleBeA  ([[A,B],A] =0 and [[A,B],B] =0),

we obtain the normal ordering rules.

A.1 A;(z) and S;(2)

(As(=20) Ai(22)) = (A <‘“2> A (5”1@))_1, 1<i<N-1,

nteastea =5 (2) (2 () 8 (752))
(Ai(z1)A4j(22)) = A (Z) = L1<ij<N, -

(Ai(z1)Aj(22)) =1, |i—j]>2,1<4,j <N,

2=y 2\ (2%22/21;2% )0 .
(Si(21)Si(z2)) = % <1 — Zl) 722y for 22 1<i<N-—-1,

r—1 22\ (2222/215 2% ) oo (22229 /215 2% ) 0o
(Sn(21)Sn(22)) = < ) (x29)21; 22 ) oo (€27 129/ 21; 227 ) oo

' ' _ _T;1 (x2r7122/zl;x2r)oo
(Si(21)85(22)) = 2 (222)71; 22 ) og

(Si(21)Sj(22)) =1, [i—j]>2,1<4,j<N,

)
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(Ai(21)Si(22)) = 24D <1 _ ij—f) (1 _ x”*zi—’f) , 1<i<N-1,

<AN(21)SN(2’2)> — p2(r=1) (1 — aﬂ"%) (1 — xr72%) (1 _ xl—rg)

<1 _ xer) (1 _ x271“272) (1 _ lirflzi2> ’
zZ1 z1 z1
1

i—j]=1,1<i,j <N, (A.4)

(Si(21)Ai(22)) = (1 ~ fU*TZ) (1 - T%) 1<i<N -1,

<1 — x’"i—f) (1 _ $r—2%> ’
& 2T 22 _pr—lz2
<SN(21)AN(22)> = (1 ) (1 Zl) (1 21)

xr22> ( —xr— 2Z2> (1—.%177"2*2) ’
z1
(1-2)

li—jl=1,1<4,j<N, (A.5)
1 —gl- rzz)

(Sj(z1)Ai(z2)) =1, |i—j]>2,1<4,5 <N.

(Sj(z

/_\/'\

A.2 Yi(2), Ai(z) and S;(2)

The symmetric matrix I(m) = (Ii,j(m))fvjzl is the inverse matrix of B(m). The elements

I j(m) = I;;(m),1 <i < j < N, are written as

[(N+1=j)mly = [(N —j)m]z, i=11<j<N

N—j+i
1 .
I i(m) = )N —1)*km],, 2<i<j<N-1,(A6
[im]a, 1<i<N,j=N.
The generators y;(m),1 <i < N, are written as
N N
yi(m) =Y _ L j(m)aj(m), QY= I;;(0)Q;. (A7)
j=1 j=1

From (232), (E33) and (A) we obtain

—1
(Y1(21)Y1(22)) = fi1 <Z> ;
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-1
<Y1<Z1>A1<z2>>=A<Z2) L Mi(a)A(m) =1, 2<i <N,

21
—1
(A1(21)Yi(22)) = A <Z) . (Ai(z2)Yi(z)) =1, 2<i<N,
(1-2)
(Y1(21)51(22)) = $2(r1)<1HZ)a (Y1(21)Si(22)) =1, 2<i< N, (A.8)

(S1(21)Yi(22)) = (-=3)

B Exchange relations

In this appendix we list the exchange relations.

B.1 A(z)

%
We give the exchange relations of Aj(z) and Aq,(2), which are obtained from (ET0). We set s €
Jy ={1,2,...,N,0,N,...,2,1}. For an element s € Jy and a subset §2; = {s1, s2,...,8;} C Jn
with s1 < s9 < --+ <'s;, we calculate

z — z —
Xos(21,22) = fi () Aa(e) Ko (z2) — fi (2) Ko, (z2)As(z1). (B.1)
e In the case of s,5 ¢ ;, we obtain

Xo,.s(21, 22) = e(z,7) : As(21) K, (22) - <5 <””3%) ) (ml%» . (B2)

Z1 21
1 if s< s,
Here we set k,1 <k <i+1, by k= g if sqg_1 <85 <s5¢, 2<q <4,
1+1 if s; < s.
e In the case of s € ; and 5 ¢ );, we obtain
z — z —
fii <zi> Ag(21) Ao, (22) — fin <z;> Aq,(2z2)As(21) = 0. (B.3)

e In the case of s,5€ ; and s =n,1 <n < N, we obtain

N .,L.72N7i+2n+2174z x72N7i+2n+2l72Z
Xa, (21, 22) = e(,7) : An(21) K, (22) (5( 2) _ 5( 2)) .

21 21
(B.4)
Here we set k,[,1 <k <l<i,bys=n=s;,and s=n=s.
e In the case of 5,5 € ; and s =n,1 <n < N, we obtain
s p2N—i—2n+2k p2N—i—2n+2k+2
Xq,.s(21,22) = c(x,r) : Ag(z1) Ao, (22) : <(5 <2> -9 ( 2)) .
21 <1
(B.5)

Here we set k,1,1 <k <Il<i,bys=n=s;and s=n = s;.
e In the case of s =0 € ();, we obtain

Xo, (21, 22) = (@, 7) - Ao(21) K, (22) - (5 (”“’"2%> ) (“”_sz?» . (B.6)

21 21
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Here we set k,1 < k <1, by s = 0.
e In the case of s ¢ Q; and 5 € Q; and s =n,1 <n < N, we obtain

Xa,,s(21,22)
—i+2k—3 —2N+2n+20—i—2
—c(, M)A AL ) K g, (20) (5 (w> — (””” Zz))

21 21
—i+2k—1 —2N+2n+2l—i—4
+ c(x, ) A (2R =N=1)y An(Zl)XQi(ZQ) : <_5 <I22> iy (1‘ Zz)) .
<1 21
(B.7)
1 if s=mn< sy,

o 1<k<l<i =5="n = ;
ere we set k,[,1 <k <[l<i,bys=5=nand k {q if s;-1<s=n<s, 2<q<i.

e Inthecaseof s ¢ Q; and 5 € Q; and s =7n,1 <n < N, we obtain

Xaq, s(21,22)

l,—i-i—?l—lz2 2N 2n— 1+2k+2
=c(z, 1) A(2FF=N=1) AL (zl)AQ (22) : <5 > —5( ))
21
—i4+20+1 2N 2n— z+2k
el AV s e Ry ) s (-0 () o ().
sl
(B.8)

if sq<s=n<s441, 1<qg<i—1,

Herewesetk,l,l§k§l§i,bysk:3:nandl:{q ) _
? if s, <s=n.

From (B=3) we obtain

Si(21)Si(22) = —m&(@)&(zl), 1<i<N-1,
Uy —uw 1 U — U
Sn(21)SN(22) = — {u; - uj :[ ?HUT - u; i ﬂ SN (22)SN (21),
2
Uy —u 1
S8 = L2 A g S ), il = L1 <0< N, (B9

Si(21)5j(22) = Sj(22)Si(z1), i —jl =2,1<i,j <N.
Here we set z; = 2% (i = 1,2) and [u] = 27 ~2“0 2, (2).

B.3 Ai(z) and S;(2)
From (A=), (AH) and (A1) we obtain

k—r
[Ak(21), Sk(z2)] = (72 = 1) - Ag(21)Sk(22) : 8 (m - ZQ) , 1<E<N,
k+r
[Akr1(21), Sk(z2)] = (272 = 1) : Ay (21)Sk(22) < 8 (x ; Z2> , 1<k<N -1,

[Ak<zl>,sk<zQ>1—<x2r2—1):Ak<zl>sk<zg>:5(9"’”“_'“”22), L<k<N, (B10)

<1
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. g2NA 1=k
[Azrr(21), Sk(22)] = (2772 = 1)« Ap(21)Sk(22) : 6 ( . ) , 1<k<N-1,
= 1e[3le "Nz gTTHNFL,
[Ao(z1), Sn(22)] = (& — 1)¢ (5 (2> -6 <2>) : Ao(21)Sn(22) : .
['f' — 5]:): Z1 Z1
Other commutators on the type [A;(21), Sk(z2)] that are used in the proof of Lemma B9 are
zZeroes.
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