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Abstract

We find the free field construction of the basic W-current and screening currents for the deformed
W-superalgebra W, ¢ (A(M, N)) associated with Lie superalgebra of type A(M, N). Using this free
field construction, we introduce the higher W-currents and obtain a closed set of quadratic relations
among them. These relations are independent of the choice of Dynkin diagrams for the Lie superal-
gebra A(M, N), though the screening currents are not. This allows us to define Wy +(A(M, N)) by

generators and relations.

1 Introduction

The deformed W-algebra W, (g) is a two parameter deformation of the classical W-algebra W(g).
Shiraishi et al. [1] obtained a free field construction of the deformed Virasoro algebra W, ¢ (5[(2)), which
is a one-parameter deformation of the Virasoro algebra, to construct a deformation of the correspondence
between conformal field theory and the Calogero-Sutherland model. The theory of the deformed W-
algebras W, +(g) has been developed in papers [2-11]. However, in comparison with the conformal case,
the theory of the deformed W-algebras is still not fully developed and understood. For that matter it is
worthwhile to concretely construct W, ;(g) in each case. This paper is a continuation of the paper [11]
for Wy,¢(A(1,0)). The purpose of this paper is to generalize the result of case A(1,0) to A(M, N).

We follow the method of [10], where a free field construction is found for the deformed W, (sl(3))

and Wy ¢ (A(l, 0)) Starting from a W current given as a sum of three vertex operators
Ti(z) = Mi(z) + A2(z) + As(2),

and two screening currents S;(z) given by a vertex operator, the authors of [10] determined them simul-
taneously by demanding that 77 (z) and S;(w) commute up to a total difference. Higher currents T;(z)
are defined inductively by the fusion relation

Res T1(w)Ti—1(2) = ¢; Ty (2" 12)

w=x'z



with appropriate constants x and ¢;. In the case of W, (5[(3)) it is known that they truncate, i.e.
T53(z) =1 and T;(2) =0 (i > 4), and that T1(z) and Tz(z) satisfy the quadratic relations [2, 3]
-2 2

fia <22) Ty (21)T1(22) — fia <2) T1(22)T1(21) = c (5 (f” ZQ) Ty(ztz) — 0 <x ZQ) TQ(IZQ)) ,

21 21 21

o (2) s () mer = (522) - (22)

fao <22) To(21)Ts(22) — fous (2) To(22)Ta(21) = ¢ (5 <$222> Ti(e'2) — & <x222> Tl(w))

21 21 21

with appropriate constants z, ¢, and functions f; ;(z). In the case of W, , (A(l, 0)), it was shown in [11]
that such truncation for T;(z) does not take place and that an infinite number of quadratic relations is
satisfied by an infinite number of T;(z)’s. In the present paper, we extend this result to general A(M, N).

Following the method of [10], we construct the basic W-current Tj(z) together with the screening
currents S;(w) for Wy (A(M,N)) (See (3) and (4)). We introduce the higher W-currents T;(z) (See
(62)) and obtain a closed set of quadratic relations among them (See (64)). We show further that these
relations are independent of the choice of Dynkin diagrams for the Lie superalgebra A(M, N), though
the screening currents are not. This allows us to define W, + (A(M , N )) by generators and relations.

Recently, Feigin, Jimbo, Mukhin, and Vilkoviskiy [9] constructed the basic W-currents T3 (z) and the
screening currents for Wy (g) in types A, B,C, D including twisted and supersymmetric cases. Their
construction method is completely different from ours. They gave a uniform construction of the basic
W-currents T3 (z) on a tensor product of Fock spaces of the quantum toroidal gl; algebra £ and newly
introduced comodule algebra IC over £. Their motivation is to understand a commutative family of
integrals of motion associated with affine Dynkin diagrams. They constructed the local integrals of motion
associated with Dynkin diagrams of all non-exceptional types except Dl(i)l by integrals of products of
T, (z) with the elliptic theta functions. The present paper is not a special case of Ref. [9]. Our motivation
is to give the definition of W, ,(g) by generators and relations. We introduce the higher W-currents
T;(z) (1 = 2,3,4,---) and obtain a closed set of quadratic relations among them, which allows us to
define Wy, (A(M, N)) by generators and relations (See Theorem 4.1). It is still an open problem to find
quadratic relations of the deformed W-algebras W, :(g) except An, A(M,N), and the twisted algebra
AgQ) [4,8]. In Ref. [9] Feigin, Jimbo, Mukhin, and Vilkoviskiy constructed the local integrals of motion
by using T3 (z), but did not study the higher W-currents T;(z) (i = 2,3,4,---).

The text is organized as follows. In Section 2, we prepare the notation and formulate the problem.
In Section 3, we give a free field construction of the basic W-current T} (z) and the screening currents
S;(w) for the deformed W-algebra Wy, (A(M, N)). In Section 4, we introduce higher W-currents T;(z)
and present a closed set of quadratic relations among them. We show that these quadratic relations are
independent of the choice of the Dynkin diagram for the Lie superalgebra A(M, N). We also obtain the

g-Poisson algebra in the classical limit. Section 5 is devoted to conclusion and discussion.



2 Preliminaries

In this section we prepare the notation and formulate the problem. Throughout this paper we fix a real

number r > 1 and a complex number z with 0 < |z| < 1.

2.1 Notation

In this section we use complex numbers a, w (w # 0), ¢ (¢ # 0,%1), and p with |p| < 1. For any integer

n, define g-integer

[n}q - - q_l :
q—4q
We use symbols for infinite products
0o N
(a;p)oo = H(liapk)v (a17a27~~‘aaN;p)oo :H(ai;p)oo
k=0 i=1
for complex numbers a1, as,...,ay. The following standard formulae are useful.
o0 o0
. 1 am
exp(—zma >:1—a, exp(—zml_pm>:(a;p)m.
m=1 m=1
We use the elliptic theta function ©,(w) and the compact notation ©, (w1, ws, ..., wy) as

N
Gp(w) = (pvwapw_l;p)ooa Gp(w17w27 cee 7U)N) = H(_)p(wz)
=1

for complex numbers wy, wa, ..., wy # 0. Define §(z) by the formal series
0(z) = Z 2™,
meZ

2.2 Lie superalgebra A(M,N)

In this section we introduce the Lie superalgebra A(M, N). Let Zy = {0, 1} denote the additive group of
two elements. If the vector space V is a direct sum of two vector subspaces Vi and Vi, then V = V5 ® V;
is called a Zs-graded vector space. An element v € V has a unique expression of the form v = vg + v7
(v; € V;). If v is an element of either V5 or V7, v is called homogeneous. For homogeneous element v € V;,
we set the degree |v| =i. A Zs-graded vector space g = gg @ g7 possessing bilinear multiplication [-, -] is

called the Lie superalgebra if it satisfies the conditions

L. [9i,05] C gy (i, € Zo),
2. [y,l‘] = _(_l)lmHyl[l‘7y]7

3. [z, [y, =l] = [l y). 2] + (=)W [y, [z, 2]],

where z, y, z € g are homogeneous elements. We call this bilinear multiplication [-, -] the bracket product.

Let p,i be Zg-graded vector subspace of g. p is called a Lie sub-superalgebra of g, if p satisfies [p, p] C p.



iis called an ideal of g, if i satisfies [i, g] C i. g is called a simple Lie superalgebra, if it has no ideal except
for {0} and g itself.

Let (End(V))r = {f € End(V)| f(V;) C Viqgr} (k € Zy). If f is an element of either (End(V))g or
(End(V))1, f is called homogeneous. For homogeneous element f € (End(V))g, we set the degree |f| = k.

We can make an associative algebra End(V') into a Lie superalgebra by letting
[fogl=f-g—(=1)lelg. g, (1)

for homogeneous elements f,g and extending [-,-] by bilinearity. We fix integers M,N (M + N >
1,M,N = 0,1,2,...). Let the vector subspaces V5 = CM*1 and V; = CN*! respectively. (End(V));

(k € Zs) can be realized as follows.

A 0
(End(V))5 = 0 D A€ My11,m41(C), D € My11,n41(C) ¢
0 B
(End(V))1 = 0 B € Myy1,nv+1(C), C € Myy1,m+1(C)
A B A B
For = = Y = € End(V), the bracket of these elements can be computed
C D ¢’ D

following rule (1) as follows.

AA'— AA+ BC'+B'C AB'+BD'— (A'B+ B'D)

T, Y] =
=3/ CA'+DC'-(C'A+D'C) DD -D'D+CB' +C'B

End(V5 @ V7), equipped with the above bracket product, forms a Lie superalgebra called the general

linear Lie superalgebra and denoted by

gl(M +1|N +1).
A B
For z = c € gl(M + 1|N + 1) we define the supertrace str(z) as
D

str(x) = tr(A) — tr(D),

where tr(y) denotes the trace of square matrix y. We have str([z,y]) =0 (z,y € gl(M + 1|N +1)). Thus
the vector subspace

s(M + 1N +1) = {z € gl(M + 1|N + 1)|str(z) = 0}

is a Lie sub-superalgebra of gl(M + 1|N + 1), and it is called the special linear Lie superalgebra. sl(M +
1|N +1) is simple for M # N. For M = N, s[(M + 1|N + 1) contains a nontrivial ideal generated by the
identity matrix Ips4n4+2. We introduce the simple Lie superalgebra A(M, N) as

sl(M +1|N +1) (M#N>0,M+N >1),

A(M,N) = (2)
SI(M + 1[N +1)/Clari vy (M=N>1).



2.3 Dynkin diagram of A(M,N)

In this section we introduce Dynkin diagrams of the Lie superalgebra A(M, N). We set L = M + N + 1.

Let €1,€9,...,ear41 and 81,09, ...,0n4+1 be a basis of RET! with an inner product (, ) such that

(eirgj) =0di; (1<i,j<M+1), (6,6;)=—6; (1<i,j<N+1),
(61',5]'):(6]‘,51‘):0 (ISZSM—Fl,lSJSN—Fl)

The standard fundamental system II%! for the Lie superalgebra A(M, N) is given as
I = {0 =& — €is1, ang1 = Epq1 — 01, 0pq145 = 05 — 011 |1 <i < M, 1< j < N}

The standard Dynkin diagram ®*! for the Lie superalgebra A(M, N) is given as

631 apn Op41 Q42 QM4+ N+1

Here a circle represents an even simple root and a crossed circle represents an odd isotropic simple root.
The Lie superalgebra A(M, N) defined in (2) can be reconstructed from this standard Dynkin diagram
®st. Conversely, the Dynkin diagram ®*¢ can be constructed from the Lie superalgebra A(M, N). See
details in Refs. [12] and [13].
There is an indeterminacy in how to choose Dynkin diagram for the Lie superalgebra A(M, N), which
is brought by fundamental reflections r,,. For the fundamental system II, the fundamental reflection 74,
(a; € II) satisfies
—q; if j =1,
Ta; (Qj) = a;+o; if §#4, (q4,05) #0,
aj if j#1i, (,0;)=0.
For an odd isotropic root «a;, we call the fundamental reflection r,, odd reflection. For an even root
a;, we call the fundamental reflection r,, real reflection. The Dynkin diagram transformed by r,, is
represented as r,, (®). Real reflections don’t change Dynkin diagram. We illustrate the notion of odd

reflections as follows.

Qi1 Q; Oyl Ta; a1t —oy Qg

Q1 Q; iyl Ty Qi1+ o, —o; ot Qi

i

o (e Ty —Qq ay + ag



ar—1 ag, Tay, a1 t+ap —op

Example A(1,0) and A(0,1)
01 —€1 €1 —€9 T8y —eq €1 — 01 01 — €2 51 —eo €1 — €2 &9—07
_— _—
Here II; = {01 — €1,61 — 2} and Iy = {e1 — 01,91 — €2} are the other fundamental systems.
Example A(1,1)

E1—€2 &9—01 01 —0g Tea—61 €1 — 01 01 —€9 €9 —09 Ter—61 01 —€1 €1 —€2 €9 — 09

O—®—0 = & —8 ~ &—0—=R

Here II; = {e1 — 01,01 — €2,69 — 02} and Iy = {§; — 1,61 — 9,62 — J2} are the other fundamental

systems.
Example A(2,0) and A(0,2)

€1 —€y E3—€3 £3—0 Tes—6, E1—€2 €3—01 01 —¢€3

O O & - O & 2

® O O - & & O

01 —e1 €1—€ €E2—¢€3 Tei—6, €1—01 01 —¢eg E3—¢&3

Here H1 = {61 —&£92,E&2 —51,51 —63}, HQ = {61 —51,51 —&£9,E&2 —63}, and H3 = {51 —€&1,€1 —E€2,€2 —53}

are the other fundamental systems.

2.4 Ding-Feigin’s construction

We introduce the Heisenberg algebra H,; with generators a;(m), Q; (m € Z,1 < i < L) satisfying

1
la;(m),a;(n)] = EAi,j(m)ém—&-n,O (m,n #0,1<4,5 <L),

[ai(0),Q;] = Ai ;(0) (1 <4, <L).



The remaining commutators vanish. We impose the following conditions on the parameters A; ;(m) € C:

Aii(m)=1(m#0,1<i<L), Ai;(m)=A4,,(-m)(meZ1<i#j<L),
det (455 (m)f;_,) #0 (m € Z).

We use the normal ordering symbol : : that satisfies

a;(m)a;(n) (m <0), .
ta;(m)a;(n) == m,neZ,1<i75<L),
W G mzo  TTERIERE

1a;(0)Q; :=: Q;a;(0) == Qja;(0) (1<4,j<L).

Next, we work on Fock space of the Heisenberg algebra. Let T7(z) be a sum of vertex operators
Ti(z) = g1M1(2) + g2M2(2) + -+ + gr+1A41(2), (3)
Ai(z)=e J=1 203 (005 0) ey ZL: Z Xij(m)aj(m)z=™ ] : (1<i<L+1).

j=1 m#0

We call T1(z) the basic W-current. We introduce the screening currents S;(w) (1 < j < L) as

Si(w) = w4530 Q3qy% ) ; exp Z sj(m)a;(m)w™™ | : (1<j<L). (4)
m#0

The complex parameters A; j(m), A; j(m), s;(m) and g; are to be determined through the construction
given below.

Quite generally, given two vertex operators V(z), W(w), their product has the form
V()W (w) = evw (z,w) : V(2)W(w) = (|2 > [w])

with some formal power series @y, (z,w) € Cllw/z]]. The vertex operators V(z) and W(w) are said to

be mutually local if the following two conditions hold.

(i) pv,w(z,w) and pw v (w, z) converge to rational functions,

(i) evw(z,w) = pwv(w,2).

Under this setting, we are going to determine the W-current 7' (z) and the screening currents S;(w)

that satisfy the following mutual locality (5), commutativity (6), and symmetry (7).

Mutual Locality A;(z) (1 <4 < L+1) and Sj(w) (1 < j < L) are mutually local, the operator
product expansions of their products have at most one pole and one zero, and

w— =
on,s, (z,w0) = ps; A, (W, 2) = wi” (1<i<L+1,1<j<L). (5)

TR

We allow the possibility p; ; = ¢;,;, in which case A;(2)S;(w) = S;(w)A;(2) =: Ai(2)S;(w) :.




Commutativity T3(z) commutes with S;(w) (1 <j <L) up to a total difference

(11(2), 85 (w)] = By(=) (6 (£2=) =6 (TH12)) a1 <j< L), (6)

z z

with some currents B;(z) (1 <j < L).

Symmetry For S;(w) = e % S;(w) (1 <j <L), we impose

(‘0§k7§1 (’U),Z) = 80§l7§k (U),Z) (1 < kal < L)7
vg 5w, 2)=1 (k—1[>2,1<kI<L). (7)

For simplicity, we impose further the following conditions.

¢i; 1<i<L+4+1,1<j<L) are distinct, (8)
%7&1 (1<j<L), —1<Au1(0)<0 (1<k<L-1). (9)
5,3

Consider the following transformations which map operators of form (3), (4) into operators of the
same form.

(i) Rearranging indices
AZ(Z) — Ai/(Z), S’j(w) — Sj/(w), (10)

where ¢ — 4’ is a permutation of the set 1,2,---,L + 1 and where j — j' is a permutation of the set
1,2,---, L.
(ii) Scaling variables: A;(z) — A;(sz) (s #0), i.e.

Xij(m) = s"Nij(m) i~ s¢j, Dij—spi; (mM#0,1<i<L+1,1<j<L). (11)
(iii) Scaling free fields:

() = aslm) aglm), () egmlsytm
Aij(m) = X j(m)a; (m) (12)

Aij(m) = ai(m) ™t A; j(m)a;(m) (m#0,1<4,j <L),

where a;(m) #0 (1 < j < L) and a;(—m) = aj(m)™' (m >0,1<j <L).

3 Free field construction

In this section we give a free field construction of the basic W-current and the screening currents for

Wai(A(M, N)).



3.1 Free field construction

In Ding-Feigin’s construction [10], there are 2 cases to be considered separately according to values of
A;i(0) (1 <5< L). We fix a pair of integers ji,jo2,...,jx (1 < K < L) satisfying 1 < ji < jo <--- <
Jji < L. Hereafter, we study the case the following conditions for A; ;(0) (1 < j < L) are satisfied.

A;0)=1 if j=j1,02,..., 0K, A;;(0)F#1 if j#ji,j2,..., 0Kk

First, we prepare the parameters A, ;(0) to give the free field construction. We have already introduced

Lx L symmetric matrix (4, ;(0))};_, as parameters of the Heisenberg algebra. To write p; j, gi,j, A j(m),

sj(m), and \; j(m) explicitly, it is convenient to introduce (L+1) x (L+1) symmetric matrix (4; ;(0))F;_,
uniquely extended from (A4; ;(0))f;_; as follows.
A1 2(0) if 51 #1, Ar.1-1(0) if jx # L,
A01(0) = o Ao,(0) = o
—1- ALQ(O) if J1 = 1, -1 AL,Lfl(O) if JK = Lv
—2A40,.(0) if K =even, .
A070(O) = Ao)i(O) =0 (Z 75 O7 1, L) (13)

1 if K = odd,

The extended matrix (Aivj(o))f:jzo are explicitly written by 8 = A; 2(0) as follows (See Lemma 3.10).

1 if ielJ,
A;i(0) = -28 it i¢J,iecl(B), (1<i<L+1),
20+ 8) if i¢J, iel(-1-8)
Aj_q1,;(0)=A4;;_1(0) = Y . if, jf 1), (1<j<L+1),
—1-p if jelI(-1-7)
Api(0)=A4(0)=0 (k—1|>2,1<kI<L or k=0, [#0,1,L). (14)

Here we set

{1,925 -+ Jxc } if K = even,
{jlaj27"'ajK7L+1} if K:Odd,

F_ I(8) = {1 < j < L+1|A;_1,;(0) = 5}

~ ~

We understand subscripts of A; ;(0) with mod.L+1,i.e. Ago(0) = Ar41,041(0). We note I(S)UI(—1—
B)=41,2,...,L+1}.
Next, we introduce the two parameters x and r defined as

~ ~

g 2l W for |I(B)| > [I(—1 - B)|,
" —g for 11(8)| < |I(-1 - B)|,

(15)

~ ~

where |I(d)| represents the number of elements in I(d). By this parametrization, we have (19). From (9)

and ¢; ; # 0, we obtain |z| # 0,1 and r > 1. In this paper, we focus our attention to

0<|zl<1l, r>1



For the case of |z| > 1, we obtain the same results under the change x — z 1.

To give the free field construction, we set D(k,l; @) as
(r—l)‘f(k+1,l+1;f%,§>)‘ + ’f(k+1,l+1;1—j,<f>)’ O0<k<i<L),

0 (0<l<k<L),
Tk 1:6,0) ={1<j<L+1k<j<LA_1;0) =56 (1<k<I<L+1). (16)

D(k,1;®) =

D(k,l; ®) is given by using the matrix (A4, ; (O))ﬁjzo. The matrix (4, ; (0))51‘:0 can be constructed from

the Dynkin diagrams ® and CTJ, which we will introduce below.

Example We fix integers M,N (M > N >0, M+ N >1). Weset K =1, L =M+ N + 1, and
71 =M + 1. We have

Al i 1<i< M,
A;:(0) = 1 if i=0M+1,
2 if M+2<i<IL,
Lor if 1<i<M+1,
A;i-1(0) = A;-1,:(0) = "

—L if M+2<i<L+1,

T

Api(0)=0 (k—1|>21<kI<L or k=0, 1#£0,1,L).

f(l"") ={1,2,..., M +1}, T(1> ={M+2,.. L+1}
r T

We picture L x L matrix (Am-(O))iL)j:l as the standard Dynkin diagram ®5* of A(M, N) in Section 2.

We picture (L + 1) x (L + 1) matrix (4;;(0))f;—y as the Dynkin diagram d°t as follows.

Qo = Q41

QM+1 QN 42

a\)st - (Y ..

Here a circle represents an even simple root (o, ;) = £2 and a crossed circle represents an odd isotropic
simple root (c;, ;) = 0. The inner product (o, c;) of the roots and the parameters A; ;(0) correspond
as (o, ;) = £2 & A;;(0) # 1, (a,04) = 0 & A4;,(0) = 1, (a4,05) = £1 & A;;(0) # 0 (1 # j).
As additional information, the values of the parameters A;_; ;(0) are written beside the line segment

connecting a;;_; and ;. We have

D(0,L;®**) = (N + 1)r + M — N.

10



Example For L =3, K =2, j; =1, js = 3, we have

2(r—=1) 1—r 0 1—r

I C1(-1)—es 1(5E) —aa-pan

<
<
3

Here we understand subscripts of A; ;(0) with mod.4, i.e. Ag3(0) = A43(0). We picture 3 x 3 matrix
(4;,;(0))? ;= as nonstandard Dynkin diagram of A(1,1). We picture 4 x 4 matrix (4;,;(0))};_, as the

Dynkin diagram d as follows.

We have
D(0,3;®)=2r, D(1,1;®)=r—-1, D(1,2;9)=2r—2.

Theorem 3.1 Assume that conditions (5), (6), (7), (8) and (9) hold. Then, up to transformations (10),
(11) and (12), the parameters p; ;, Gi.j, Ai;(m), si(m), X j(m), g;, and the current B;(m) are uniquely

determined as follows.

gy =aPWITER) g ;=2 PPUITEY) (1 < < L),
a2 if 1el (1),
P11 = ~
’ 2r—2 1—
" if 1el (&),
r+1 s . T 1
pjy = aP @I & el 2<j<1),
pr -l oif e 1(&)

T

-2 4f e (=1,
cq T IR g,
2 if jel(E)

pei=qry (K#ALI+1L1<k<L+1,1<I<L). (17)

Pjjo1 = 2P (1,5—2;®)

sj(m)=1 (m>0,1<j<L),
-1 it jelJ,
stem =1 e ¢ TaeTeh,
o @2]”‘[]7”[}27” if jgJjel(lr)

(m>0,1<j<L). (18)

11



1 if j e J,
2 R -
A;i(0) = - i i¢gJ,iel(-1), (1<i<L+1),
2(r—1 ~ ~
(r=1) it Qg J, iel(l=r)
—— if je IA(—%), ’
Aj1;0)=A4;;10) =9 17, . (1<j<L+1),
— if je I(lz’")
A (0) = A p(0) =0 (Jk— 1| >2,1<k<I<L or k=0,1#0,1,L). (19)
Ajjm)=1(m#0,1<j <L),
Ak,l(m) =0 (m7£07|k—l| 221 ékvlSL)a
(m>0), ~
Ay i(m) = M) si(—m) if jel(-1),
J—1.j [Tm] 1 r
z (m < 0)
() (2<j<I)
~ 1yml, —— (m >0), L
Aj_1,i(m) = Kr[ ;nﬂ 8 SJ(lnw if jel(:r)
rml; . (m<0)
sj-1(m)
Ajorj(=m) = Aj;1(m), Ajj1(-m)=A;_1;(m) (m>0,2<j <L) (20)
D(0,j—1;®) if 1<j<i—1, ,
Ai’j():Mx (0,4 ) i j<i Q<i<L+l). (1)
D(0, L; @) ~D(j,L;®)  if i<j<L
Nig(m) _ [rmla(x =) | —aTPEEIDEO, j - L @)m], if 1<) <i-1,
sj(m)  [D(0, L; ®)m], g r=POORNm D5 L $)m), if i<j<L

(m#0,1<i<L+1). (22)

—1], if iel(=1),
gmgx{ T ST ), (23)
1 if §¢I(0)

T

By(z) =g, (z - 1) A(2)S; () e) s (1<i<D). (24)

Conversely, if the parameters are chosen as above then (5), (6), and (7) are satisfied.

Proposition 3.2 The A;(z)’s satisfy the commutation relations

0,2 (ng o2z xzr—zg)

Ar(21)Ai(22) = P ST—— _2T+;2 Mi(z2)Ak(z1) (L<kI<L+1), (25)
912‘1 (./L' ) €T P T Z)

where a = D(0, L; ®). We understand (25) in the sense of analytic continuation.
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Proposition 3.3 The S;(w)’s satisfy the commutation relations

1 it jeld,
2_1q - 2w
) <w> O () j¢ . iel-h
Sj(w1)Sj(wz) = Sj(w2) S5 (wr) x " o é%gf
1—2 - 2 wo
(“’1) it iy jEd, jel(r)
w2 @x2T (mQZ;)
_1 | prtlwz
(U}l) T @x% (:E w1> 1f j c f(—l)
W2 @3:27' IL'T+1ZJT;) "
Sj-1(w1) S (w2) = Sj(w2)Sj—1(w1) x , or 1w
wy \ T Oy - ) NP
— if jelI(=*)
wWa O,2r (I2r71:ﬁ;>
Sk(wl)Sl(wg):Sl(wg)Sk(wl) (‘]f—” >2 1<k ZSL)
We understand (26) in the sense of the analytic continuation.
In fact, the stronger relation
S;(w1)Sj(ws) = (wy —ws) = S;(w1)S;(w2) = (j €.J)

holds. This means that the screening currents S;(w) (j € J) are ordinary fermions.

3.2 Proof of Theorem 3.1
In this section we show Theorem 3.1 and Proposition 3.3.

Lemma 3.4 For A;i(z) and S;(w), we obtain

o5, (20) = X MrO4 O exp (Z i %
k=1m=1
ot =om (323 Lt

k=1m=1

m) A s (m)s; (— m)(f)’”>,

z
w

gogk,gxwm):exp(Z s m) A () (-m) (22 ) (1<hi<)

m=1

Assume (5), we obtain

SN 1 Awi(m)
k
PAx,A (21, 22) = exp (Z Z -
=1 =y 1 S

g
K2

Lemma 3.5 Mutual locality (5) holds if and only if (31) and (32) are satisfied

)\zk

)

(0)Ap;(0 l%<%”) (1<i<L+1,1<j<L),

Dij

M“&M“

Aik(m) Ay, (m)s;(—=m) = ¢i'; = pi;

>
Il
-

13

—prm™) (”>m> (1<kI<L+1).

(m#£0,1<i<L+1,1<j<L).

(1<j<L),

(27)

mnm(no(Yj (1<i<L+1,1<j<L)(28)

(29)



Proof of Lemmas 3.4 and 3.5. Using the standard formula
efef = el BleBeA  ([[A,B], Al = 0 and [[A, B], B] = 0),

we obtain (27), (28), (29), and

L [e’e) m
1 z
oren (21, 22) =exp | DY —Ak,i(m) Ay (m) A (—m) <Z> (1<kil<L+1). (33)
i,j=1m=1

Considering (27), (28), and the expansions

—1 oo
W—=p; % <Qij) L., my (W™
=P e (log (22) = 30 o ) (4)7) (el > ), (34)
w— gz ( WAPHTEE

—1 o0
w_pl]Z 1 —m —m (Z)m
"W —exp | — —(pr™m g = w| > |z]), 35
- p< > o = (3)") Gl D) (3)

we obtain (31) and (32) from (5). Substituting (32) for (33), we have (30).
Conversely, if we assume (31) and (32), we obtain (5) from (27), (28), (34), and (35). O

From linear equations (31) and (32), A; ;(m) are expressed in terms of the other parameters.

Lemma 3.6 We assume (5) and (8). The commutativity (6) holds if and only if (36), (37), (38), and
(39) are satisfied, where

Pei=qry (K#LI+1,1<k<L+1,1<I<L), (36)
q}%,?k’k(o) s A (2) Sk (q,;iz) = qéfﬁf(o) : Agt1(2)Sk (q,c__i17kz> : (1<k<L), (37)
LA (0) ek _
ho e () s asken ®
B =g (B4 1) @Silats) 1<k D) (39)
Proof of Lemma 3.6. From (5), we obtain
[Ai(z), S (w)] = (zj = 1) 5 (%) 1 Ai(2)S5(g2): (1<i<L+1,1<j<L) (40)

Considering (8) and (40), we know that (6) holds if and only if (36) and

q,7 . _ q i _ .
Bj(z) = g; <“ — 1> : Aj(z)Sj(qj’jlz) = —gj+1 <j+1j — 1> : Aj_,_l(z)Sj(qj_,rll’jz) :(1<53<L) (41)
Pj,j Pj+1,5
are satisfied. (41) holds if and only if (37), (38), and (39) are satisfied. Hence, we obtain this lemma. [
We use the abbreviation hg (w) (1 <k, < L),

w

2
Ry (wl) =¥3,.5 (w1, wz). (42)
Lemma 3.7 We assume (5) and (37). Then, hi ;(w) in (42) satisfy the q-difference equations

-1
W= Pri1k

—1
W = Pk k _ _
Fhk,k (qk,iw) = Fhk,k (qk-‘il,kw)’
A k(O)-iIk’k T+ (1 <k< L)’(43)
Qk+1,k ’ Pr+1,k 1 — P pw 1= pr1pw
- 7hk,k (Qk,kw) = 7hk,/€ (QkJrl,k?w)
Qk. k Pk 1 — qrrw 1—qrp1pw
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and

Apps1(0

Pk (G kW) Qrg1,hn < Qk.k > ket O] p e
- b

Pt ko1 (Qht1,5W)  Prt1k+1 \ Qht1,k 1= grt1, k1w

T b1 \ Do 1@ L= gy pw

1 )
L= ppiq pw

—1
P 41 (Qk+2,k+1w>

Ak, k+1(0)
Poot 1, (@2, 641W)  Qrt 1k <(1k+2,k+1) UL = pry1gw
— - Ptk
Rbo 1 k(o1 k41W) Dtk \ Qhot1,k+1 1—gpg1pw

—1 _
hk+1,k q W 1 _pk-il-l par1W

(I<k<L-1). (44)

—1
—1 _
Piyi1,k (qkﬂ,kw) L= @iy W

Proof of Lemma 3.7. Multiplying (37) by the screening currents on the left or right and considering the

normal orderings, we obtain (43) and (44) as necessary conditions. [

Lemma 3.8 The relations (45) and (46) hold if (5), (7), (9), and (37) are satisfied, where

Tt 1,1 = Qo prI AR (O]

— 1’2T7
Gk+1,k = 4k,k (1<k<L-1). (45)
Ph1 k1 = gt A O)r)
D1,k = Q21T AR (07
_ Ap, ik (0)r
- T ) . -
Pk,k = qk.k T ¢ 7.
Phaik = Qo pxZ ARk O (I1<k<D). (46)
if keld

Pk+1,k = Pk,k

Lemma 3.9 The relation (47) holds, if (5), (7), (9), and (37) are satisfied.
-1 it ke,

sp(m)sp(—m) = B [%Ak’k(o)rm]x[@ — Ak 1(0))rm], . ~
1@ A @yl frml, 1 FF7
[Akk+1(0)rm],

(m>0,1<k<L),

e )= [rm] ’ (m>0,1<k<L-1)
x m > ’ < < _ ’
Sk+1(m)Ag41 x(m)sp(—m) = _W

AkJ(m):O (m>0,|k—l|22,1§k‘,l§L). (47)

Proof of Lemmas 3.8 and 3.9. From Lemma 3.7, we obtain the g-difference equations (43) and (44).
From (29) and (42), the constant term of hy (w) is 1. Comparing the Taylor expansions for both sides

of (43) and (44), we obtain

Ak,k(O)fl
DPr+1,k <Qk+1,k) -1 (1 <k< L), (48)
P,k Qk,k
Ap it (0 A 0
Qht1,k41 ( k. k ) et (0) _ 1 Derrk (Qk+2,k+1> st (0) 1 (1<k<L-1). (19)
Pk+1,k+1 \Qk+1,k Pk+1,k \ Qk+1,k+1 -

First, we study the g-difference equations in (44). Upon the specialization (49), we obtain solutions
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of (44) as

m m
(Pk+1,k+1) _ (Qk+1,k+1>
9k, k K,k
m wm
1— 9k+1.k
4k .,k
m m
(Qk+2,k+1) _ (Qk+2,k+1)
Pk+1,k 9k+1,k
e —w™ |, (50)
1— dk+2,k+1
qk+1,k+1
m m
( Qk+1.k ) _ ( Pk+1,k )
9k+1,k+1 dk+1,k+1 m
m w
1— dk+2,k+1
qk+1,k+1
m m
( 9k+1,k ) _( 9k+1,k )
k+1,k+1 Pk+1,k+1 m
m w . (51)
1 1 _ [ 9k+1,k
9k, k

Here we used |gx+1,6/qrk| # 1 (1 < k < L) assumed in (9). From the compatibility of the two formulae

NE
3=

hig1(w) =exp | —

3
Il

NE
3=

=exp | —

3
I

Pis1k(w) = exp

|
NE
3=

3
I

M8
3=

=exp | —

3
I

for hy k41 (w) in (50) ( or hy11,(w) in (51) ), there are two possible restrictions for qi i, Gr+1,k+15 Qet1,ks

and qk+2,k+1,

(i) qk+1,k _ qk+2,k+1 or ii) qk+1,k _ Qk+1,k+1. (52)
ke, k Qk+1,k+1 Ak, k Qk+2,k+1
First, we consider case (ii) qu+1,k/qkk = Qr+1,k+1/qk+2.k+1 in (52). From the compatibility of the

two formulae for Ay 4+1(w) in (50) ( and Ay (w) in (51) ), we obtain

p " (q " (q " (q "
< k+1,k+1> +< k+1,k+1) _ < k+1,k+1> +( k+1,k+1) (m £0). (53)
Ak.k P41,k Qk+1,k qk.k

From (53) for m = 1,2, we obtain pg41 k+1/Pk+1.k = Qk+1.6+1/qk+1,k- Combining (53) for m = 1 and
Pht1,k4+1/Ph+1.k = Qk+1,k+1/qk+1,k, We obtain qxr = Prs1k OF Qig1,k+1 = Pr+1,k+1. For the case of
Qkk = Dk+1,k, we obtain Ay x11(0) = 1 from (49). For the case of gr41k+1 = Dkt1,k+1, We obtain
Ak k+1(0) =0 from (49). Ak x+1(0) =0 and Ay x+1(0) = 1 contradict with —1 < Ay 111(0) < 0 assumed
in (9). Hence, case (ii) qk+1,k/qk,k = Qh+1,k+1/Qh+2,k+1 1S impossible.

Next, we consider case (1) @r+1.k/qk,k = Gr+2,k+1/qk+1,k+1 10 (52). From exclusion of case (ii) and

the parametrization (15), we can parametrize

Q21 _ 932 _ 9L+LL o (54)
q1,1 q2,2 qL,L

From the compatibility of the two formulae for hg 41 (w) in (50) (and hgi1k(w) in (51) ), we obtain

h —exp = S LAk Ormle a0 em (Beae )
ke k+1(w) = exp Z - frm T w ) (55)
m=1 r ke
o~ 1 [Agp1(0)rm] q "
h w) = ex _ = LRI T Z (A k1 (0)+1)rm <k’k> w™ . 56
K1,k (w) P( mzzzlm [rm], Ak+1,k+1 (56)

We used (49) and (54). From hy, g41(w) = hgy1 x(w) assumed in (7), we obtain

kt1,k+1 2 Ak k41 (0)+ )7 (57)
A,k
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Considering (49), (54), and (57), we obtain (45). From (55), (56), and (57), we obtain

P k1 (w) = b1,k (w) = exp <— Z ;me> . (58)
m=1 x

Considering (29), (42), and (58), we obtain the second half of (47).
Next, we study the g-difference equations in (43). Upon the specialization (48), the compatibility

condition of the equations in (43) is

(Pr,k — Pkt 1,k) Pk kPht1,6 — Qo k@h+1,) =0 (1 <k < L). (59)

First, we study the case of Ay ,(0) = 1. We obtain pyr = pr+1,k in the second half of (46) from
(48). Solving (43) upon py k = Pr+1,k, wWe obtain hy i (w) =1 —w. Considering (29) and (42), we obtain
sp(m)sp(—m) = —1 (m > 0) in the first half of (47).

Next, we study the case of Ay ,(0) # 1. We obtain pg 1 # prt1,k from (9) and (48). Then, we obtain
Dk kPk+1,k = Qk,kqk+1,% from (59). Combining py kPr+1.k = Gk kqk+1,k and (48), we obtain (46). Solving
(43), we obtain

- B 0o 1 [%Ahk(())rm]w [(2 —Ak,k(O))rm]mwm
hk(w) = exp < Z m [%(2 — Ak’k(O))rm]x [rm), ) .

m=1

We used |gry1.6/qe k]l #1 (1 <k < L)in (9) and qry1,6/qkr = 2?" (1 < k < L) in (54). Considering
(29) and (42), we obtain the first half of (47). O

Lemma 3.10 The relation (14) holds for (A; ; (0))51‘:0 if (5), (6), (7), (8), and (9) are satisfied.

Proof of Lemma 3.10. We obtain Ay ;(0) (|k—1] > 2,1 <k,l <L) from (7). From Lemma 3.6, we have
(37). From Lemma 3.8, we have (45) and (46). From the compatibility of (45) and (46), we obtain the

following relations for (A;;(0))F;_;.

Ap_1.4(0) if ke J,

Ap1.(0) = D (2<k<L-1),
o 1 A1 (0) if ke
—2A4_1 (0 if k¢ J, 24, ,(0) if 1¢J,
(0= § O RS ) a2 RO T EES
1 if keld 1 if 1€J,
Api(0)=0 (k—1]>21<kI<L). (60)

Solving these equations, we obtain (14) for 1 <i < L, 2 < j < L, and 1 < k,l < L. The extension to
(Aij (0))£j:0 is direct consequence of the definition (13). O

Proposition 3.11  The relations (5), (6), and (7) hold if the parameters p; ;, gi j, Ai;j(m), si(m), ¢i,
and A; j(m) are determined by (19), (31), (32), (36), (38), (45), (46), and (47).

Proof of Proposition 3.11. First, we will show the formulae (17), (18), (20), (21), (22), and (23) in
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Theorem 3.1. Let ¢1,1 = s. From (19), (36), (45), and (46), we have

4= SQCD(LJ‘—I;‘I’)7 Q1) = sp2rtD(Li—1;®) (1<j<L),
; T(_1 r e s - T 1
22 ifle ](,;)’ i = sgPLi=2) o't if j e I(-1),
22 if1e] () T 21 if j e I(A=r)
222 if jeI(—1),
a2 if jelI(lr)
pri=aqet (K#LI+1L,1<k<L+1,1<I<L).

P11 =8X

|—=

D(1,j-2;®) B

Pjj—1 = ST (2<ji<L+1),

LS

Upon the specialization s = 1, we have (17). From (17), (19), and (38), we have (23). From (47) we have

) 1 it kelJ,
sk(=m) = = ) O B A2 = Al o (m>0),
Hm) 1@ dppO)rml frml, 0 FE
1 if ke f,

Ao () = ag(m) [Ag+1r(0)rm], o L2 — Awx(0)rmla

ag+1(m) [rm]. [%Ak,k(o)rm]l‘[(Q — Ak (0))rm],

(m > 0),

ifkeJ
A p1(—=m) = Agr1,6(m) (m > 0).

Here the signs of the formulae are in the same order. Here we set s(m) = ax(m) (m > 0,1 <k < L).
Setting ag(m) =1 (m > 0,1 < k < L) provides (18) and (20). Solving (31) and (32), we obtain A, ;(m)
in (21) and (22). Solving (31) and (32) for arbitrary ax(m), we obtain A; j(m)a;(m). Now we obtained
the formulae (17), (18), (20), (21), (22), and (23). As a by-product of calculation, we proved that there
is no indeterminacy in the free field realization except for (10), (11), and (12), which is part of Theorem
3.1.

Next, we will derive (5), (6), and (7). From (18) and (20) we obtain the symmetry (7) by direct
calculation. Because A; j(m) are determined by (31) and (32), the mutual locality (5) holds from Lemma
3.5. From (18) and (22), we have (37) by direct calculation. From (5), (36), (37), and (38), we obtain
[11(2), S;(w)] = (gfg —-1) DAy (2)S;(q5 t2) ¢ (8 (22) — 5 (24242)) (1 < j < L). Hence, we have
commutativity (6) upon the condition (24). We derived (5), (6), and (7). O

Proof of Theorem 3.1. We assume the relations (5), (6), (7), (8), and (9). From Lemmas 3.5, 3.6, 3.8,
3.9, and 3.10, we obtain the relations (19), (31), (32), (36), (38), (45), (46), and (47). In the proof of
Proposition 3.11, we have obtained p; j, ¢; j, s;(m), 4, ;(m), gi, A ;(m), and B;(z) in (17), (18), (20),
(21), (22), (23), and (24) from the relations (19), (31), (32), (36), (38), (45), (46), and (47). Moreover, in
the proof of Proposition 3.11, we have proved that there is no indeterminacy in the free field realization
except for (10), (11), and (12).

Conversely, in the proof of Proposition 3.11, we have proved that the relations (5), (6), and (7) hold,
if the relations (17), (18), (19), (20), (21), (22), (23), and (24) are satisfied. O
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Proof of Proposition 3.3. Using hy(w) in (42) we obtain

Using (18), (19) and (20) we obtain (26). O

By direct calculation, we have the following lemma.

Lemma 3.12 The determinants of (Ai,j(m))f’j:l in (19) and (20) are given by

[D(0, L; ®)m],[(r — 1)m]g( =01 [m]g(fi)lfl

)t T sy m)s (=m)

det ((Aig(m)f, ) = (- (m #0),

1—

det ((Ai,j(O))L ) =r~Lr— 1)|7( =I=1D(0, L; @).

ij=1

Hence, the condition det ((Am- (m))~ ) # 0 (m € Z) is satisfied.

ij=1

4 Quadratic relations

In this section we introduce the higher W-currents T;(z) and obtain a set of quadratic relations of T;(z)
for the deformed W-superalgebra Wq,t(A(M , N )) We show that these relations are independent of the

choice of Dynkin diagrams.

4.1 Quadratic relations

We define the functions A;(z) (i =0,1,2,...) as

(1 _ 3727‘71'2)(1 _ x72r+iz)

Ailz) = (1—2i2)(1 —z7%2)

We have

Ai(2) = DNi(z71) = W(w —2 7 H(6(x7%2) —6(2"2)) (i=1,2,3,...).

We define the structure functions f; ;(z;a) (¢, =0,1,2,...) as

fii(za) = exp <_ 3 1 [(r = Ym]a[rm]o[Min(i, j)m].[(a — Max(i, j))m]. o x1)22m> -

m [m]z[am],

m=1
In the case of a = D(0, L; @), the ratio of the structure function

fia(z7ha) O (a?z, a2, 2% %)
fl,l(z; (l) o 6_7;211 (x7227 xQTZ’ x727~+22)

coincides with those of (25).
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We introduce the higher W-currents T;(z) and give the quadratic relations. From now on, we set

g = 11n (23), but this is not an essential limitation. Hereafter, we use the abbreviations

c(ryx) = [rlor — )o@ — 27, di(rz) = II (=1,

=1

We introduce the W-currents T;(z) (¢ =0,1,2,...) as

To(z) =1, Ti(z)= Y  M(2)+di(rz) D> Ax(z

kel(1=r) kel(—1)

Ty(z) = 3 H dmk r@) AD s () ((=2,3,4,..0). (62)

(ml,mg,,..,mL+1)€N(q>) kGI(
mq+mo+-- +mL+1 =1

Here we set

A’E“z,)lam27'" yM 41 (Z) =: H Al(smk)(x7i+1+2(ml+m+mk_l)z)
kel(1r)
X H A m’“)( —iFR20mdmie) 2) - for (my,ma, ..., mp) € N(®),
keI(fi
where

A () =1, AT (2) = Ar(2)Ar(2®2) - A (¥ 22) -

)

0<mk<1ifkef(l_r),mk>01fkef<—l>}.
r T

(63)

N(q)) = {(m17m27' .. 7mL+1) S NL+1

We have T;(z) #1 (i =1,2,3,...) and T;(z) # Tj(2) (i # j).

The following is the main theorem of this paper.

Theorem 4.1  For the deformed W -superalgebra Wy ¢ (A(M, N)) the W -currents T;(z) satisfy the set

of quadratic relations

fij (Z, a) Ti(21)Tj(22) — fii (2, a) T (22)Ti(21)

t k-l g—iti—2k o
o(re) 3 [ 2 () ( () Fi b (595 )T (@) Ty (" 2)
k=11=1 1
x]72+2k 2 L. k k . .
5 <) Fotsasle T T ) e ) G202 1), (64

Here we use f; j(z;a) in (61) with the specialization a = D(0,L; ®). The quadratic relations (64) are
independent of the choice of Dynkin diagrams for the Lie superalgebra A(M, N).

In view of Theorem 4.1, we arrive at the following definition.

Definition 4.2 SetT;(z) =, .z Tilmlz"™ (i =1,2,3,...). The deformed W -superalgebra Wy, (A(M, N))
is the associative algebra over C with the generators T;[m] (m € Z,i = 1,2,3,...) and defining relations

(64).
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As a merit of this definition it becomes clear that W, . (A(M Y )) is independent of the choice of
Dynkin diagrams. In Section 5 we discuss about justification of this definition. We compare Definition
4.2 with the other definitions of the deformed W-superalgebra of type A(M, N), that are based on the

Miura transformation or the screening operators.

4.2 Proof of Theorem 4.1

Proposition 4.3 The A;(z)’s satisfy

x_122

fia (22;(1) A(z1)Mi(22) = Ay ) P Ak (21)Ai(22) 1,

Z1

T Z2

)Al (21)Ak(z2) = A ( - ) cA(2)AR(z2): (1<k<I<L+1),

(5
( , ) Ai(z2) =t Ai(20)Ai(22) © if ief(lrr>,
o (5

) As(z2) = Mg (Z Ai(e)Ai(z): df el (-i) (65)

where we set a = D(0, L; ).

Proof of Proposition 4.3. Substituting (17) and (22) into @a, a,(#1,22) in (30), we obtain (65). O

Proof of Proposition 8.2. Using @a, a,(#1,22) in (30), we obtain
Ao Ar(zg) = Phed B1o22) 0 an oy <kl < L4 1).
PAL A (22, 21)

Using the explicit formulae of @a, (21, 22), we obtain (25). O

Lemma 4.4 The D(0, L; ®) given in (16) is independent of the choice of the Dynkin diagrams for the
Lie superalgebra A(M, N).

D(0, ;@) = D(0, Ly, (8)) (e € ). (66)
Here 11 is a fundamental system.

Proof of Lemma 4.4. We show (66) by checking all cases. We set the Dynkin diagrams ®; (1 < j < 8)
as follows. Let K = K(®,) the number of odd isotropic roots (a;, ;) = 0 in the Dynkin diagram ®;.
We set

For 2 <i< L —1, we set
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Q-1 Q Qi1

By— oo O Q O—— oo
i1 o Q41

b= -0 X X Q=
(e 73} (o7} Qi1

o= e & & O— o
o1 Qg1

D)
X 2
029

@8: Y

We have rq, (P1) = g, 74, (D3) = Dy, 74, (P5) = Pg, and 74, (D7) = Ps.

The affinized Dynkin diagrams CTDj from ®; (1 < j < 8) are given as ff)j =

Qg = Q41

¢, = Dy =
- 0 0 -
Oy = Dy o =
o —1- 5a2 1)
Qo = 041 Qo = Q41
O3 = D30 =
0 o1 0 Qay, o ar—1 0 arg,
Qo = Qr41 ap = Q41
R 1) ) R —-1-946 )
by = Dy0 =
1 aLil—l—éaL 0 aLfl_l_éOéL
[e 7] (67 Q41
By = (O O R 5r\ R
oo = apst é é -1 - —-1-



Q1 Q; Qi1
Boye QL O ® O— oo
o= o 5 5 -1-6 -1-3
Q1 (67 Q41
By = (O & R R e
o= o 51— 5 o -1-3
1 a; Qi1
N AR Q Q R e
a0 = e 5 —1-6 & —1-3§
Q1 (67} (7]
Bry— (O Q Q O—— oo
o= gy 5o —1-6_ & 5
Q1 (67} Qg1
By R Q R @
o= gy 5o —1-5" & 5
[e 7] (67 Q41
Bay= O O o R e
o= s 5 5 —1-6 &
(e 7] (67 [P AR}
Broe QL O R e
oo = g 5 5 -1-6 5

The values of A;_; ;(0) are written beside the line segment connecting ;1 and c;. We have
|f(laL+1;§v $2j—1,1)| = |f(17L+1;5ﬂ EI\>2j,2)|, |f(17L+1;57(£2j—172)| = ‘f(laL+1;5v (/I;2j71)‘ (1<5<2),
|f(1,L+1;(5, 21\32];1’1)| = |f(1,L+1;(5, EI\>2J‘,1)|, |f(1,L+ 1;67‘52j,1,2)| = ‘f(l,L—‘rl;(S, (/ﬁQj’Q)‘ (3 <j< 4),

1—
T

where § =

T or —%. Hence we have
D(0,L; ®25-1) = D(0,L; ®o;) (1 <5 <4).

In other words, we have

Now we have proved (66). O
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Lemma 4.5 A;(z) and f; ;(z;a) satisfy the following fusion relations.

fij(z1a) = fi(2;a) Hflu TRk, ja) (L<i<j), (67)

Jri(zia) = (HA ”2’“Z>> [[fiale="20) 62 2) (68)
k=1

firni(@™za)A (@™ z) (1 <i <),

fi+1i(@tz;a) (1<yj <),
flyi(z;a)fl,j(xi(i“)z'a) =fi Hj(mijz'a)Al(xﬂz) (i,j > 1), (70)
fri(za) fry (@077 2 0) = fu k< Faa) (@M za) (640 ki + k> 1), (71)

Aipi(z (HA ”%z)) HAQ(x*H”kz) (i >2). (72)
k=1

Proof of Lemma 4.5. We obtain (67) and (72) by straightforward calculation from the definitions. We

fri(zia) f,i(aF0 2 0) = (69)

show (68) here. From definitions, we have
i—1 _ -1y _
<H Al(l‘_H—ka)) H f171(ar_2_1+2kz;a)
k=1 k=1

—exp (_ $° Ll =0l _ o

m=1

1—1
% ( a— 1 Zx —i+2k—1)m __ [am]x Zx(i+2k)m> Zm) )
k=1

Using the relation

i i—1
[(a—1)m], Z g(it2k=1)m _ [am),, Z p(it2km — [(@a — i)m],,
k=1 k=1

we have f1;(z;a). Using (67) and (68), we obtain the relations (69), (70), and (71). O
The following relations (73), (74), and (75) give special cases of (64).

Lemma 4.6 The T;(2)’s satisfy the fusion relation

lim (1 gt 2 )f” <; )Ti(zl)Tj(Z2)

z1—xEE+7) 2z,
Min(i,5)—1
= Fc(r, z) H Ay (2PN (0% ) (5,5 > 1), (73)

Here we set a = D(0, L; ).
Proof of Lemma 4.6. Summing up the relations (A 1)—(A 4) in Appendix A gives (73). O
Lemma 4.7 The T;(2)’s satisfy the exchange relation as meromorphic functions
Z9 21 . .
s (Zi0) T Ty o) = i (Zia) T Ten) G202 1) (79

Here we set a = D(0, L; @).
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Proof of Lemma 4.7. Using the commutation relation (65) repeatedly, (74) is obtained except for poles
in both sides. O

Lemma 4.8 The T;(2)’s satisfy the quadratic relations

S (zz;a) Ti(21)Ti(22) — fin (Z;G) Ti(22)T1(21)

21

~clrio) (5 (x> Toa (o) — 6 (+) Tia(ew)) (621) (75)

21 21

Here we set a = D(0, L; ).
Proof of Lemma 4.8. Summing up the relations (B 2)—(B 6) in Appendix B gives (75). O
Proof of Theorem 4.1. We prove Theorem 4.1 by induction. Lemma 4.8 is the basis of induction for the

proof. In what follows we set a = D(0, L; D).
We define LHS; ; and RHS; ;(k) with (1 <k <i < j) as

LHS., — i, ( ) T (20)T () — f ( ) Ty () Ti(z1),

k-1 "

x—j+z—2kz . 3

RHS; (k) = c(r, x) H Ay (2 (5 (212> ficrjir (@75 Q)T (2% 20) Ty (275 22)
=1

pi—it2k 5, . N i .
-9 (z) Jick e (@7 a) (2™ 21) T4k (2 22)) 1<k<i-1),
1

RHS; (i) = c(r, z) 1:[1 Ay (22 (5 (x_j_i22> Tyri(ez) — 6 (xw@) Tj+i(xi22)> .

z z
1—1 1 1

We prove the following relation by induction on ¢ (1 <i < j).

LHS;; = Y RHS, ;(k). (76)

k=1
The starting point of ¢ = 1 < j was previously proven in Lemma 4.8. We assume that the relation
(76) holds for some i (1 < ¢ < j), and we show LHS, 1, = ;‘;11 RHS;+1,;(k) from this assumption.
Multiplying LHS; ; by f1,; (21/23;a) f1; (22/23;a) T1(23) on the left and using the quadratic relation (76)
with 4 = 1 along with fusion relation (69) gives

fi,j (zz;a> fij (Zz;a) fi <Zl;a> T (23)Ti(21)T;(22)
3 Z1 z3

¥4

—fia (ZS;G> fii (Zl%a> Tj(z2) f1.i (Zlaa) T1(23)Ti(21)
22 22 z3
— c(r,z)o (x_]_lzz) Aq (x_lm) fi+1, (x_jzl;a> Tj+1($jz3)Ti(Zl)
z3 z3

z3

J+1 xiz 2z ,
T e(r,2)5 (m ) A, ( ) fiin () Ty (a9 2)Ti(en). (77)

z3
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Taking the limit 23 — 2~""'z; of (77) multiplied by c(r,z)™' (1 — 27"7'21/2z3) and using fusion relation

(73) along with the relation lim,,_,,—i-1,, (1 — 27121 /23) Ay (721 /23) = c(r, x) gives

itz z _
fii < 2;a> fig ( Q;G) Tipa (27 20) Ty (22)
Z1 z1

i1y z _
fia ( 1;a) i <1;a> Tj(z2)Tig1(z™ ' 21)
Z9 Z9

_ A WA A TR U S A S,
c(r,x)d firvi(z ;a)Tjy1(x 21)Ti(21)

ZQ) HA (@),

21

z+g+2

+ el (2
Using fusion relation (69) and
fia@ T )Ty (277 ) Ti(2) = fign (@77 a)T(20) T (@77 )

in (76) with j — j + 1 gives

xr 12’1

Tz _ _
fit1, <Zl2§a) Tip1(z7 " 21)Ty(22) — flit ( §a> Tj(22)Tig1(z " 21)

Z2

' 29

= era)d (T2 figale R OT ) T (o)

pitit2 Zz)

. [T2:1" T (@ 2). (78)
1

=1

+etra)d

Multiplying RHS; ; (i) by fi,i (21/23; @) fi,; (22/23;a) Ti(23) from the left and using fusion relation (70)

gives

z3

H—J J —1 .
- a( )f+ (”” ) A, (m zl)ﬂ(z?,)mj(m-fzn). (79)
21 Z3 zZ3

Taking the limit z5 — =" "'z of (79) multiplied by ¢(r,z)~! (1 — 27""'21 /23) and using fusion relation

xT Iz xiz iz .
e(ryx HA 2l+1 ( ( P 2) f1,i+1< Z;;a) Aq (1) T (23)Titj(2? 21)

(73) along with the relation lim,, ,,~i-1,, (1 — 27 21 /23) Ay (27721 /23) = c(r, x) gives

ctr.a)s (2 ) HA MTopsia(a1z0)

a2 20+1) i—j+1, —i—1 i
~ el < )HA ) fring (2 @) Ty (7 ) T (7 22). (80)

Multiplying RHS; ; (k) (1 < k <i—1) by f1,; (21/23;a) f1,; (22/23;a) T1(23) from the left and using fusion
relation (71) along with

fimkgrk (@5 )T (2 20) Ty (27 20) = fiini—r(@ 5 a) Tjn(@? 20 Tip (2% 21)
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in (76) with j — j + k gives

e(r,x) HA ) (81)

5 sc_]“ 2k 4, xkzl i x_i"’j"’kzl.
X — | fii-k al fivkie(@5a)f1 46 | ——; @
21 Z3 Z3

x Th (zg)Tj+k(xj_i+kzl)T-,k(gckzl)

xj—i+2k2,2 2=k o xi—j—kzl
-0 ( flz k fie ,J+k($l j§a)f1,]'+k - —:a
Z1 z3 z3

x 11 (23)Ti_k(x7k21)Tj+k (l‘kZQ)) .

Taking the limit z5 — 27~ 'z; of (81) multiplied by c(r,z)~* (1 — 7""121/23) and using fusion relations
(69) and (73) along with

fikar k(@ T Q)T g (27 ) Ty (077775 2y)
=fiskimkr1 (T T Q) Ty (2T 2 )T g (27 2y)
in (76) with j — j + k gives
giti=2k

o(r, @ HA )3 <z> Firn—timn(@ T @) T (@ 20) Ty pga (275 22)
1

x-j_i+2kz . L
7’ (E H A 2l+1 <22> fi,k+17j+k($l J+1;G)Ti,k+1((£ k 121)Tj+k($k22). (82)
1

Summing (78), (80), and (82) for 1 < k < ¢ — 1 and shifting the variable z; — xz; gives LHS; ;1 ; =
?;11 RHS;+1,;(k). By induction on ¢, we have shown quadratic relation (64).
The quadratic relations (64) are independent of the choice of Dynkin diagrams for the Lie superalgebra

A(M, N), because a = D(0, L; @) is independent of the choice of Dynkin diagrams. See Lemma 4.4. O

4.3 Classical limit

The deformed W-algebra W, ; (g) yields a ¢-Poisson W-algebra in the classical limit. As an application
of the quadratic relations (64), we obtain a ¢-Poisson W-algebra [6, 14, 15]. We study W, (A(M, N))
(M >N >0,M+ N >1). We set parameters ¢ = z?" and 3 = (r — 1)/r. We define the g-Poisson
bracket {-,-} by taking the classical limit 8 — 0 with ¢ fixed as

. 1
(TPl TP} =ty L3l 7).
Here, we set T/ Bm] as Ti(2) = 3, ez Tilmlz™™ — TFB(2) = 3, 2 TFP[m]z=™ (B — 0, ¢ fixed).

The ([-expansions of the structure functions are given as

o [IMin(i, /ym] [(L(Max(i, ) — M — 1)) m
2 q

m=1

c(r,z) = —Blogq + O(8?),

Hg—q ) +0(8) (i,j 2 1),

where a = D(0,M + N+ 1;®) = (N +1)r+ M — N.
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Proposition 4.9 For the q-Poisson W -superalgebra for A(M,N) (M > N > 0,M + N > 1) the gener-

ating functions TEP () satisfy

Here we set the structure functions C; j(z) (4,5 > 1) as

Cij(2) =

meZ

[%(M + )m],

[%Min(z’,j)m}q [3(Max(i, j) — M — 1)m]

The structure functions satisfy C; p41(2) = Cp41,i(2) =0 (1 <i < M +1).

5 Conclusion and Discussion

In this paper, we found the free field construction of the basic W-current T1(z) (See (21) and (22)) and
the screening currents S;(w) (See (18)) for the deformed W-superalgebra W, ,(A(M,N)). Using the
free field construction, we introduced the higher W-currents T;(z) (See (62)) and obtained a closed set
of quadratic relations among them (See (64)). These relations are independent of the choice of Dynkin
diagrams for the Lie superalgebra A(M, N), though the screening currents are not. This allows us to
define W, , (A(M, N)) by generators and relations.

Recently, Feigin, Jimbo, Mukhin, and Vilkoviskiy [9] introduced the free field construction of the basic
W-current and the screening currents for W, ;(g) in types A, B, C, D including twisted and supersym-
metric cases in terms of the quantum toroidal algebras. Their motivation is to understand a commutative
family of integrals of motion associated with affine Dynkin diagrams [16,17]. In the case of type A, their

basic W-current T3 (z) satisfies

4 Z: z2:
O (%ﬁ, G2, q$ﬁ>

Tl (Zl)Tl <Z2) = —1 24 —1 2 —1 2z
0, (ql PR R ] ZT)

Ty (22)T1(21) (q19293 = 1) (84)

in the sense of analytic continuation. Upon the specialization q; = x2,q2 = 272", q3 = 22"~ 2, = 22°
(a = D(0,L; ®)), their commutation relation (84) coincides with those of this paper (See (25)). In the
case of sI(N), their basic W-current T} (z) coincides with those of [16,17], which gives a one-parameter
deformation of W, (sl(N)) in Ref. [2,3]. In the case of A(M,N), their basic W-current T} (z) gives a
deformation of those of qut(A(M, N)) in this paper.

Here we discuss about justification of the definition of the deformed W-superalgebra of type A(M, N).
We compare Definition 4.2 with other definitions based on the Miura transformation or the screening op-

erators. In what follows we set ¢ = 2", ¢t = 2'~" and 8 = "1, In Definition 4.2 we define W, ,(A(M, N))
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by generators and relations. In Refs. [2,3] the deformed W-algebra W, ;(An) was proposed by consid-
ering a deformation of the Miura transformation that is the affine counterpart of the Harish-Chandra
homomorphism. First, we study definition of the deformed W-algebras based on the Miura transfor-
mation. Recently, in the conformal case Gaiotto and Rapcék [18] proposed a new class of W-algebras
from D3-branes attached to a 5-brane junction, which contains the W-algebra Ws (A(M , N )) as a special
case. Their algebras are denoted as Yy, ps,n and are referred to as Y-algebra. Recently, Harada, Matsuo,
Noshita and Watanabe [19] obtained a deformation of Y-algebra Y7, pr v by considering a deformation of
Miura transformation. Their deformed Y-algebra ¢-Y7, ar,v coincided with the deformed W-superalgebra
of type A introduced in [9]. They conjectured quadratic relations of ¢-Yz p n that were similar as our
quadratic relations (64). In this revised manuscript we cite Ref. [19] that appeared in arXiv after sub-
mitting the first version of the present paper to J. Phys. A. A deformation of Miura transformation in

Ref. [19] is represented in our notation as follows.

Lemma 5.1 [19] The formula (62) is rewritten as follows.

[T B e ] B¢ =3 (-1)Ti(at)zP-, (85)
kel(:T) kel(-1) i=0
Here we set D, = Zd% and
R,(gl)(z) =1- Ak(z)xzDz, R,(f)(z) = Z(—l)l Hdl (x,r)Ak(xQ(lfl)z)mez.
i=0 =1

In the conformal limit x — 1, (85) leads to Miura transformation of the W -algebra Wg (A(M, N))

Proof of Lemma 5.1. Using (65) and pP= f(2)p~P= = f(pz) we obtain (85). O

Taking into account of this Miura transformation we define the associative algebra M, (®) as a sub-
algebra of H,; generated by the Fourier coefficients T;[m] (m € Z,i = 1,2,3,...) of the free field
construction of the W-currents Tj(z) = > .5 Ti[m]z~™. The algebra M, (®) is A(M,N) coun-
terpart of Wq,t(AN) defined in Refs. [2,3]. We can set a homomorphism of an associative algebra
© : Wy it(A(M,N)) — M, (®) by letting p(T;[m]) = T;[m], because the free field construction of the
W-currents T;(z) satisfies (64). ¢ is surjective. We conjecture that ¢ is injective. In other words, we
conjecture that there doesn’t exist independent relation other than (64) in M, ,(®). Here are two pieces
of evidence to support this claim. In the classical limit, the second Hamiltonian structure {-,-} of the
g-Poisson algebra [14,15] is obtained from the quadratic relations. See (83). In the conformal limit all
defining relations of the W-algebra Ws(An) (N = 1,2) are obtained from the quadratic relations of
W,.1(An) upon appropriate condition. See Ref. [2].

Conjecture 5.2 W, ,(A(M,N)) and My (®) are isomorphic as an associative algebra.

Wai(A(M,N)) = Mg (®).
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As a merit of Definition 4.2 it becomes clear that W, ; (A(M SN )) is independent of the choice of Dynkin
diagrams.

Next, we study definitions of the deformed W-algebras based on the screening operators. In Ref. [6]
the deformed W-algebra of type g = Ag\P7 B](&), C](\}), DE\}) and Ag\), were proposed as the intersection of
kernels of the screening operators, that gives a deformation of the W-algebra Ws(g) in Ref. [20]. In what
follows we work on the vacuum module 7y of the Heisenberg algebra H, ;. We set the screening operators

S; (1 < j <L) acting on m as

5; = § 5,21z,

where S;(w) are the screening currents associated with A(M, N). The screening operators S; depend on

the choice of Dynkin diagrams ® of A(M, N).
Lemma 5.3

[Ti(2),S;]=0 (:>0,1<j<L). (86)
Proof of Lemma 5.3. From commutativity (6) we obtain [T1(%),S;] = 0. From quadratic relations (75)

T;[m] (i > 2) are generated by Ti[n]. Hence we obtain (86). O

Let H,+ be the vector space spanned by formal power series of the form
. 321Ai1 (:Z:le“rkl)il . 8;”Ail (Isz+kl)El :
where £; = £1. We define W, ;(®) as the vector subspace of H, ; consisting of all currents that commute
with the screening operators S; (1 < j < L)
L
Wq7t((1)) = ﬂ Ker Sj.
j=1
We define the algebra W, +(®) as the associative algebra generated by the Fourier coefficients of currents
in W, ,(®). As a consequence of (86) we obtain the following inclusion relation.
Corollary 5.4
Mg (®) S Wyi(®).
In the same way as for g = Ag\l,) we conjecture the following equality.

Conjecture 5.5
Mgt (P) = Wy (P).

Finally, we comment on the definition by the quantum Drinfeld-Sokolov reduction. The definitions
of the deformed W-algebra W, ;(g) to nontwisted affine Lie algebra g were formulated in terms of the

quantum Drinfeld-Sokolov reduction in Ref. [7]. It is still an open problem to formulate definitions of the
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deformed W-algebras W, ;(g) in terms of quantum Drinfeld-Sokolov reduction to twisted or supersym-

metric cases. To summarize discussions, we conjecture
Wt (A(M,N)) = Mg (2) = W (2).

In this paper we choose the definition by generators and relations. As a merit this definition it becomes
clear that Wq,t(A(M SN )) is independent of the choice of Dynkin diagrams.

The author would like to mention an open problem. It is still an open problem to find quadratic
relations of the deformed W-algebra W, +(g), except AS\I,), A(M,N)M) | and the twisted algebra A§2). It
seems to be possible to extend Ding-Feigin’s construction to other Lie algebras and obtain their quadratic

relations.
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A Fusion relations

In this appendix we summarize the fusion relations of A;(z). We use the abbreviation
+ i+j
Fi7(z:0) = (1= a*02) fi(250) (a=D(0,L; ®)).

For (my,ma,...,mry1), (R1,n2,...,n041) € N(@) defined in (63), we set i = m3 +mg+- - +mp41 and
J=nm+ng+---+npq.
o If Max{1 < k < L+ 1jng # 0} <Min{l < k < L + 1Jmy, # 0} holds, we have

lim B ( ) Agfu,mz, ML 41 (Zl)Asgl),ng,...,nL+1 (22)
A

21—>:L"+JZZ
Min(z,5)—1
20+1y A (i45)
1(@z7)A

= _C(T’ .’L‘) mi+ni,me+nz,...,mpi1+nr41 (mizz)' (A 1)

=1
o If Max{1 < k <L+ 1jmy # 0} < Min{l < k < L + 1|ny # 0} holds, we have

- (=) (22, i j
z1—>gcllr(ril+7')Z2 Fi’j <21’ a) A%)l’mZ """ mLH(Zl)Agl)Ju »»»»» NL+1 (22)
Min(¢,5)—1
+ .z
= c(r,x) H AL @A st (@ 22). (A 2)

o If | satisfies | € f(f%) and | = Max{l <k < L+ 1|n; # 0} = Min{l < k < L + 1|my, # 0}, we have

. (+) .
i, B ( )A%’hmm s UMD oy (22)
Min(4,5)—1
C(Ta )y 4, (7, ) H Al(x2l+1)A(i+j)

> mi+ny,mo+na,... 77LL+1+nL+1(:CiZQ)'
Ao, (7, @)d, (r, ) ’ e
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o If [ satisfies | € IA(—%) and | = Max{l < k < L+ 1|jmy # 0} = Min{l < k < L+ 1|ny # 0}, we have

; (=) i j
hm . FZ,] (Z] ) [X’snlﬂ‘ﬂ,z7 ML 41 (Zl)Aggl),n27...,nL+1 (Z2)

z1—x—(0+7) 2z,
Min(é,5)—
d
_ C(’l”; fL') szrnz(T,fE) H A ( 21+1)A£711T—]|-)nl st mL+1+nL+1(
A, (1, 7)dy, (7, 7) :

T 2). (A4)

The remaining fusions vanish.

B Exchange relations

In this appendix we give the exchange relations of A;(z) and Asfl)hm%___,m 241 (%), which are obtained from

Proposition 4.3. For (my,ma,...,mpy1) € N(®) in (63), we set i = my 4+ my + - -- + mpy1. We assume
i > 1. We calculate
Fi(22:a) Ay(z0)A®) NG A B1
1, Zl 1(2’1) mi,ma,..., mL+1( ) fll 72 ;a mi,ma,..., mL_H(ZQ) l(zl)v ( )

where a = D(0, L; ®).
o If [ satisfies m; # 0 and [ € f(l;r

), (B 1) is deformed as

Z K3 K3
P (2250) MDA oy 2) = i (0] AD s M) =0 (B2)

o If [ satisfies m; #0 and [ € f(—%)7 (B 1) is deformed as

e(r, x)dpm, +1(r, x)

A (z2)AY :
dy(r, x)dml (r, I) l( 1) M1, M2,..,ML41 (22)
) (6 (l'_i_l""Q(ml+m2+,,,+ml1),22> -9 <.7Ji+1—2(mz+1+ml+2+~-+mL+1)22>> ’ (B 3)
z1 7

o If [ satisfies | < Min{l < k < L 4 1|my, # 0}, (B 1) is deformed as

o(ry ) A )AD s (22) (5 (5”_:1122> -5 (””_:122» . (B 4)

o If [ satisfies | > Max{l < k < L+ 1|my, # 0}, (B 1) is deformed as

) A, )5 (522 ) -5 (2. ®5)

o If [ satisfies my = 0 and Min{l < k < L+ 1jmy, # 0} <l <Max{1 <k < L+1jmy # 0}, (B1)is

deformed as

c(r, @)t M(2)AD oy (22)

% <5 (xi+1+2(m1+m2+-4.+ml_2)22> 5 <x¢+12(m,+m,+1+...+mL+1)Z2>> _ (B 6)

21 21
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