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Abstract
We consider commutation relations and invertibility relations of vertex operators for the quan-
tum affine superalgebra Uq(;\l(M|N)) by using bosonization. We show that vertex operators give
a representation of the graded Zamolodchikov-Faddeev algebra by direct computation. Invertibility

relations of type-II vertex operators for N > M are very similar to those of type-I for M > N.

1 Introduction

Vertex operators and corner transfer matrices are a useful tool in solvable lattice models [1, 2, 3]. They
can be very effective way of calculating correlation functions. In the thermodynamic limit, a half transfer
matrix becomes a type-I vertex operator @ﬁv(z) of the quantum affine algebra U,(g). A type-I vertex
operator is, by definition, an intertwiner of the U,(g)-representations, @f\tv(z) V) = Vip) Vs,
where V(\) and V(u) are highest weight representations and V, denotes the evaluation representation
[4]. In this paper we consider commutation relations and invertibility relations of the vertex operators for
Uq(sAl(M|N)) (M # N,M,N > 1) by using bosonization [5]. We show that the vertex operators give a
representation of the graded Zamolodchikov-Faddeev algebra by direct computation. Our commutation
relations of the vertex operators give a higher-rank generalization of those for Uq(sAl (M|1)) [6, 7). A type-
IT vertex operator is an intertwiner, \I/;/“(z) :V(A) = V., ®V(u). We note that the invertibility relations
of the type-II vertex operators for N > M are very similar to those of the type-I for M > N. Our direct
computation can be applied to bosonization of vertex operators and a L-operator for the elliptic algebra
Uq,p(sAl(M|N)) [8, 9, 10]. Moreover, quantum W-algebra W, ,(sl(M|N)) will arise as fusion of vertex
operators for the elliptic algebra [11].

The text is organized as follows. In Section 2 we recall bosonization of the quantum affine superalgebra
Uq(sAl(M|N)) and the vertex operators. In Section 3 we introduce the R-matrix and describe the main
theorems. In Section 4 we give a direct proof of the main theorems. In Section 5 we discuss related

topics. In Appendix A we summarize normal ordering rules of bosonic operators.



2 Preliminaries

In this section we recall bosonization of the quantum affine superalgebra Uq(sAl (M|N)) and the vertex

operators [5]. We also give a bosonization of the grading operator d.

2.1 Quantum affine superalgebra U,(sl(M|N)

In this Section we recall the definition of the quantum affine superalgebra Uq(sAl(M |N)) for M,N =
1,2,3,---. Throughout this paper, we assume ¢ € C to be 0 < |¢| < 1. For any integer n, define

[n]ly = q;"_—qq:ln. We set the signatures v; (i =0,1,2,---, M + N) as follows.

+1 (1<i<M)
-1 (i=0, M+1<i<M+N)

The Cartan matrix (A; ;)o<i,j<m+n—1 of the affine Lie superalgebra sl(M|N) is given by
Aij = (Vi +vig1)dij — vibiji1 — Vigabiga ) (2.2)

where suffix of A; ;,d; ; should be understood as mod.M + N, i.e. 0;; = i4m+n,; = i j+m+n. The
M—1 N—1
. A e e e . X
diagonal part is (A4; ;)o<i<m+n—1 = (0,2,2,---,2,0,—2,—-2,---,—2). Let us introduce orthonormal basis

{eili = 1,2,---, M + N} with the bilinear form (e}|¢}) = v;d; ;. Define ¢; = ¢ — /%% ZjViTN g’ The

classical simple roots are defined by &; = v;ej — v;11€;,; and the classical weights are A, = 23‘:1 5; for

i=1,2,---,M 4+ N — 1. Introduce the affine weight Ay and the null root § having (Agle}) = (d]e}) =0

fori=1,2,---, M+ N and (Ag|Ag) = (§]6) =0, (Ag|0) = 1. The other affine weights and the affine roots

are given by A; = A; + Ag and a; = @; fori:1,2,-~-,M—|—N—1andaozé—zgir]v*lai.

Definition 2.1 [12]/ The quantum affine superalgebra Uq(sAl(M|N)) is the associative algebra over C
with the Chevalley generators {e;, fi,h;,d|i = 0,1,2,--- M + N — 1}. The Zs-grading of the Chevalley
generators is given by [eo] = [fo] = lem] = [fm] = 1 and zero otherwise. The defining relations of the

Chevalley generators are given as follows.
[hi,h;] =0, [hi,d] =0, [d,e]=0di0ei, [d,fi]=—0diofi,

(

[hire;] = Aijej,  [hi, fi]l = —Aiifi, i fi] = 5@3‘M (
e, [ej, €ilg=2lg =0, [f5,[f5, filg-1lg =0 for [A; 5[ = 1,0 # 0, M, (2.

(

(

(

)

q—q*
[eie;] =0, [fi, fi]=0 for |A;;| =0,
[eM7 [6M+1a [QM, erl]q_l}q] = Oa [fMa [fM+17 [fM, fol]q—l]q} = 07

leo, [e1, [eo, enryn—1lqlg-1] =0, [fo, [f1, [fos faren—1lqlq—2] =0,
where we use the notation
[X,Y], = XY — (-1)PI¥gy X, (2.9)

for homogeneous elements X, Y € Uq(s/,\l(M\N)). For simplicity we write [X,Y] = [X,Y];.



If M =1 or N =1, we have extra fifth order Serre relations. As for the explicit forms of the extra
Serre relations, we refer the reader to [12, 13]. Uq(Q(M |N)) is a Zs-graded quasi-triangular Hopf algebra

endowed with the following coproduct A, counit € and antipode S :

Ah)=h;®1+1®h;, Ad)=d®1+1®d, (2.10)
Ale)) =ei@¢" +10e, A(f)=fiol+qg™ef;, (2.11)
e(e;) = €(fi) = €(hi) = e(d) = 0, (2.12)
S(hi) = —h;,  S(ei) = —q e, S(fi) = —fid", S(d) = —d, (2.13)

wherei =0,1,2,---, M+ N —1. The multiplication rule for the tensor product is Zs-graded and is defined
for homogeneous elements X1, Xy, Yy, Y, € Uy (sL(M|N)) by (X1 @ Y1)(Xy ® Y3) = ()M (X, X, @
Y1Y5), which extends to inhomogeneous elements through linearity. The coproduct is an algebra auto-
morphism A(XY) = A(X)A(Y) and the antipode S is a graded algebra anti-automorphism S(XY') =
(~HIMIS(Y)S(X).

Definition 2.2 [12] The quantum affine superalgebra Uq(sAl(M|N)) is isomorphic to the associative
algebra over C with the Drinfeld generators Xnﬂ;’i,Hﬁn (i=1,2,-- M+ N—-1,me€Z),candd. The
Zs-grading of the Drinfeld generators is given by [X2M] =1 for m € Z and zero otherwise. The defining

relations of the Drinfeld generators are given as follows.

¢ : central element, (2.14)

[Hi, HI = [d, H)] =0, [d,H}] =mH, (2.15)
o A

15, 3] = Al (216)

[H,, X5 ()] = i%q%‘m‘zmxiﬂ(z), [HE, X599 (2)] = £A; ;X9 (2), 2.17

[\
—_

qu:I:i<Z)q—d:q—lX:I:,i<q—1z)’ 8

(2.17)
(2.18)
(21— g5 20) XE U (20) X (20) = (¢F Y21 — 20) X 5T (22) X (2y), for [A; ;| #0, (2.19)
(2.20)
(2.21)

[(XE(21), X5 (22)] = 0, for |A; ;] =0, 2.20
(X (21), X7 (22)] = (q_;_{)zm (8(q°22/21) W', (q% 22) — 6(q20/21) W (¢ 5 22)) , (2.21
[(XE0(21), [XE(20), XET(2)]g-1]g + (21 < 22) =0, for |[A; ;| =1, i # M, (2.22)
(XM (), [X5 M (wn), [ XM (22), XM (wa)]1]g) + (21 4 22) = 0, (2.23)

where we set §(z) =), ., 2™. Here we use the generating functions

XEi(z) =Y XEIml W (g ) = ¢ exp (i(q —q )Y Himszm) : (2.24)
meZ m>0

The Chevalley generators are obtained by

hi = H{ (i=1,2,---,M+N —1), (2.25)
e = Xg, fi=Xg" (i=1,2,-,M+N-1) (2.26)



ho = c— (Hy+HZ+ -+ HYTN-1, (2.27)

€0 (DN XM XM XM X X g g e (2:28)

P

X [ XL X g, XM, XM e XM (2.29)

q 1t

2.2 Bosonization of quantum affine superalgebra U, (sl(M|N))

In this Section we recall bosonization of Uq(sAl(M|N)) (M # N,M,N > 1) at level ¢ = 1. Let us
introduce bosonic oscillators {al,, b}, ¢l , Q¢ {;, QilneZ,i=1,2,---,M,j=1,2,--- N} satisfying the

commutation relations

; ) [m]2 ; .
[am7 CLM = 5i,j67n+n707q7 [aov Q?z] = 51)]', (2'30)
(i U] = =04 j mn 0= by, @] = —di 5, (2.31)
i = [m]3 i il
[Cins ] = 5i,j6m+n,077 [co, QL] = 0i ;- (2.32)

The remaining commutators vanish. For calculation we need the following normal ordering symbol :

i ap,ay,  (m <0) i i i i i i
Ay = s ’ : aOQa = Qaa’O = Qaa’O' (233)
aiai, (m>0)

i
tay,

In the same way the normal ordering symbol of b , Q% ci Q! is defined. Let us define the operators

hlm?Q;L (Z:1a2aaM‘|’N—1,m6Z) by

al q~Im/2 — qitlglml/2 (1<i<M-1),
B = aMgIml/2 4 pl g=Iml/2 (i = M) : (2.34)
—bi Mglml/2 4 pi=Mg=iml/2 (M 4+1<i<M+N-1)
Q. — Q" (I<i<M-1)
Q = QM +Q} (i = M) : (2.35)

—QUM L QiTMAL (M 4+1<i<M+N-1)

We define the notation

W) = = 3 ool 4 Q)+ hilogs, (2.36)
m#£0 q

for hl,, Q% and a € R. In this paper we adopt this notation for other bosonic operators, for example, the

boson field c¢t(z; ) should be defined in the same way. We define the g-differential operator defined by

W0 f(z) =1 (q?:)__qj_c 5‘;;’2). (2.37)

Theorem 2.3 [5] The Drinfeld generators H} , Xt of Uq(sAl(M|N)) at level c = 1 are realized by free

boson fields as follows.

c=1, H: =h, (1<i<M+N—-1,m¢cZ), (2.38)



XTi(z) = e’ (733) v/~ Tmap (1<i<M-1), (2.39)

M-1
X+,JM(Z) —. ehM(z;%)+cl(z 0) H (240)
XM (z) = MTED) (e °>) SHED L (1<j<N-1), (2.41)
X7i(z) = _;e—h"'<z;—%> —VETmay (1< < M - 1), (2.42)
M-
X—M(y) = e =D ( (= 0>) H (2.43)
j=
X™MFI () = = emhH =D+ (2:0) (1aze—cj“<ﬁ°)) . (1<j<N-1). (2.44)
We define
M+N-1
i i, jm]q[Biim]q 5
hr = : : hl., (2.45)
2 0= Ml
MAN-1 5, MiN-1 B,
*i H,jPg g *i_ LI T A
ht = Z Tl Q= Z T (2.46)
j=1 j=1
Here «; j, 8;,; are defined by
Min(z, 5) (Min(s,j) < M) 5 M — N — Max(i,j) (Max(i,7) < M) (2.47)
QG5 = y Pig — .
! 2M — Min(i,5) (Min(i, ) > M) ! —M — N + Max(i, ) (Max(i,j) > M)
They satisfy
(]2 4 M+N-1 M+N-1
(s b)) = G gOmano— O W Q) =0iy D chLyhiii= Y0 chTohpn o (248)
i=1 i=1

Proposition 2.4 The grading operator d of Uq(sAl(M|N)) at level-one is realized as follows.
1 m2 (MEN-1 M+N-1
Upon the specialization N = 1 our bosonization of d reproduces those in [7]. It satisfies
q ! (1<i<M-1)
¢leEQhg—d — EQh g Fho 1 (i = M) (2.50)
g (M+1<i<M+N-1)

gletQle—d — FQL Feb~3(1%1)
2.3 Highest weight representation

We introduce the irreducible highest weight representation V() with level one highest weight A [13]. We

define the Fock representation. The vacuum vector |0) is characterized by
a;,]0) = b7,[0) = c7,,|0) =0, (2.51)
form>0andi=1,2,---,M,j=1,2,---,N. For /\fl,/\i,/\z € C we set

M i i N inJ N i I
AL M OALLAN ALY = e2oimt MaQutd i M@, ’\ﬁQJc|0>. (2.52)



The Fock representation .F)\}L,,,)\évl,)\tly,,,)\év7)\é,,,A£Y is generated by operators a’ ,,,, b{m, c’;m (m > 0) over the

vector [AL-- - AM AL AN AL AN). We give the highest weight representation V/(\) with the highest
weight A = ZMJFN*l AjA;, where A; are the fundamental weights and Zj,w:ngl Aj = 1. Solving the

j=0
conditions
hilAa - AdT AL - A AL AL ) = NG AT AL A A A, (2.53)
e AL AM XL AN AL ANy =, (2.54)
fori =0,1,---, M+ N —1, we have the following two class of solutions. We conjecture the identifications

upon the highest weight vector : [A) = [AL- - AM AL AN ALY,
Ay (i=1,2,--- , M+ N—-1): For 1 <i< M, g€ C we identify

i M+N—i N
—_— —— ——
‘AZ>:[3+177B+155775a0770> (255)

For M+1<i< M+ N —1, g € C we identify

i M+N—i i—M M+N—i
—— T N ———
|Al>:|ﬁ+1776+1aﬁaaﬁa07707_1a7_1> (256)

(2) |(1 = a)Ao + aAps) = For a, f € C, we identify
M N N
—N—
(1 =)Ao +aly) =8, 8,8—a, -, 0—a,—a, -, —a). (2.57)

We introduce the space F) on which the bosonized action of Uq(s/,\l(M|N)) is closed. For i =1,2,---, M,
j=1,2,--- N and o, 8 € C, we set the spaces as follows.

-FAi = @ F i M+4N—i N y (258)
i1, M4+ N—1€Z — o .
(/6 + 17 e 76 + 1767 e 76705 Ty 0)0(117127"'71M+N—1)

«FAM+j = @ F M+j N—j j N—j s (259)

Lriain -1 €2 (ﬂ + 17 Tty 6 + 1:67 Ty 5707 T 70»717 Tty 71)°(i17i2;“"75M+N71)
-F(l—oz)AD-i-aAM = @ F M N N (260)

i1, iM4+N—1€Z — o )
(/Ba o a/BvB — Qe 7ﬁ — O, =, —Q)o(in,ie, i E N 1)

Here we use the following abbreviation.

1 M 1 N 1 N o ,

(Aaa"'a/\a7>‘bv"'7>‘b7)‘ca"'a)‘c)0(217227"'7ZM+N—1)

M N N
1 M N1 N q1 N
= (AL AM AL AN AL AN
M N
+  (f1,02 — 91,0 — IM—1,80M — M41, EMAN—2 — EMAN—1, EMLN—1,
N
i = IM4+1, I+ N=2 — I+ N—1, I+ N—1)- (2.61)

However, these representations are not irreducible in general. In order to obtain irreducible representation,

we introduce &-n system. We define the operators &/, and nf, (j =1,2,---, N;m € Z) by

E(z) = Z g = e oon(z) = Z nlzTmT = e’ () (2.62)

meZ meZ



The Fourier components &, = ¢ %di\/zjlzm_%j(z) and nJ, = ¢ QW‘\i/ijmnj(z) are well-defined on the

spaces FA,;, F(1—a)Ao+an, - We focus our attention on the operators ng,fg satisfying
Im(i5) = Ker(rg), Im(&)) = Ker(&)), m& +&mp = 1. (2.63)
We have a direct sum decomposition :
Fr = MEFr ® & Fa, (2.64)

for A = Ay, (1 — a)Ag + aA . We define the projection operators 79 and &y by

N N
no = H M &= H &- (2.65)
j=1 j=1
They satisfy [d, 0] = [d, &) = 0. We conjecture the following identifications.

V(Az) = COker(ﬁo) = 507]0./_'1/\73 (Z = 17 23 Ty M+ N — 1)7 (266)

COker(ﬁO) = gO”OF(l—a)Ao—Q—aAM (OZ = 07 17 27 t )

V((l — Oz)Ao + OLA]V[) =
Ker(no) = nooF(1—a)ro+ary (@ =—1,-2,--)

(2.67)

Here V(M) is the irreducible highest weight representation. Since the operators 79 and &y commute with

Uq(;\l(M|N)) up to sign £, we can regard Ker(rg) and Coker(ng) as a Uq(sAl(M|N))—representation.

2.4 Bosonization of vertex operators

In this Section we recall bosonization of vertex operators for Uq(sAl (M|N)) [5]. Let us set the vector spaces
Vi = @;”ilcvj and Vg = Gaé\;lCUMH. We set V =V @ V. The Zs-grading of the basis {v;}1<j<min
of V' is chosen to be [v;] = Vj;1 (j=1,2,---,M+ N). Let E; ; be (M + N) x (M + N) matrix whose

(i,7)-element is unity and zero elsewhere. The (M + N)-dimensional level-zero representation V, of

U, (sl(M|N)) is given by

e =Fiip, fi=vilig1:, hi=viBi; —vigiEig i, (2.68)

eo=—2Emin1, fo=2""Eimin, ho=—E11— Eyminmin, (2.69)

for i = 1,2,---,M + N — 1. Let V be the dual space of V with dual basis {v{,v3,---,v3,,x} such

that (vi[v}) = 0;;. The Zy-grading of the basis {v}}1<j<myn of V is given by [v;] = Vj;l (j =

1,2,---, M+4N). The representation structure is given by (zv|w) = (v|(=1)I*I"IS(z)w) forv € V., w € V.

and we call the representation as V;*¥. The representation is :
e =—ViVit1q "Eiv1s,  fi=—viq" Eiir1, hi=—-viBii +viciEig i, (2.70)
eo =qzEB1 N, fo=q 'z 'Eving, ho=Ei11+ Eyvin vin- (2.71)

Now we study the level-one vertex operators of U, (sI(M|N)). Let V() be the highest weight U, (sl(M|N))-

. . . . v v % v
representation with the highest weight A. The vertex operators @4 (z), X" (z), ¥y " (z), ¥, "(z) are



defined as the following intertwiners of U, (sl(M|N))-representations if they exist :

MV (2): V(N = V() @ Vi, M (2): V(N = V() @ VIS, (2.72)
UV V) = Ve @ V), UV H(G) V) = VIS @V (), (2.73)
Y (z) = Alz) Y (2), B4 (2) -z = Ax) Y (2), (2.74)
UV () o= Adz) - O M(2), OV () -z = A)-UY “(2). (2.75)

LY (2), @ﬁv* (z) are called the type-I vertex operator and W} *(z), ‘If;/“(z) are called the type-1I vertex

operator. We expand the vertex operators as

M+N M+N
1% n% % % *

oV (z)= > () e, Y ()= D O ()@, (2.76)
j=1 j=1
M+N M+N

v v v x v

Uy H(z) = Z vj @ \I])\,’;(Z)v Uy H(z) = Z v; ® \IIA,jN(Z)' (2.77)

j=1 j=1
The intertwiners are even, which implies [@’;‘;(z)] = [‘Il;/;b(z)] = [@ﬁ};* ()] = [@X;”(z)] = VJTH

We define the bosonized operators ®;(z), ®;(2), V;(2), ¥i(2) (j = 1,2,---, M + N) iteratively by

M-N-—1

Crrin(z) = (PMTNH2)Iw e @ )
M
x e @S0 T eV AR (2.78)
k=1
Vj(bj(z) = [<I>j+1(z),fj]qu+1 (1 Sj S M —|— N — 1), (279)
M
Oi(z) = (qz)% cehiless) H e”\/jlfﬁi}vag, (2.80)
k=1
;g7 07 (2) = [@5(2), filgw (1<j<M+N-1), (2.81)
M
Ui(z) = (qz)% s e~hilezs) H eT”/_ilfvlf:Ij\"Lg7 (2.82)
k=1
Uit1(z) = [¥(2),e5]lgs 1<j<M+N-1), (2.83)
Whpn(z) = (g MV SN ¢ iy (a7 )
M ‘
X (18ze_CN(q7M+NHZ‘O)) : H e’ 711&%}\’”5, (2.84)
k=1
—VjVjJrlq_yj\I/;(Z) = [\I/;f+1(2>,€j]qu+1 (1 S ] S M + N — 1) (285)

We note that our bosonization of the vertex operators is different from those in [5] by a scalar factor
M—-N—-1
221N which is needed for the intertwining relation for the grading operator d:

¢‘®;(2)q" " = ®;(2/q), ¢"®}(2)q " = ®}(2/q), (2.86)
“V;(2)g " = V;(2/q), "V} (2)q" = ¥i(z/q), (2.87)
q*0q™ = &, g™ nog™ % = mo. (2.88)

M—-N-—1
This scalar factor 223 -5 is important for the invertibility relations of the vertex operators (3.39), (3.40),

(3.41), (3.42), (3.44), (3.45), (3.46), (3.47).




Theorem 2.5 [5] Bosonization of the vertex operators is given as follows.

‘I’f\L};(Z) = 10&0®; (2)10&o, ‘I)QL,‘;*(Z) = 100§ ®; (2)100: (2.89)
‘I’,‘\/,I;(Z) = 10&o ¥ (2)noo, ‘I’E\/;H(Z) = 1080V (2)1n080- (2.90)

3 Commutation relations of vertex operators

In this Section we give commutation relations and invertibility relations of the vertex operators.

3.1 R-matrix

In this Section we introduce the R-matrix. We use the abbreviation

oo

(2:P)ec = [J (1 —p"2). (3.1)

m=0
A linear operator S € End(V) is represented in the form of a (M + N) x (M + N) matrix : Sv; =
Zf\ifN v;S;,j. The Zs-grading of (M + N) x (M + N) matrix (S;;)i<ij<m+n is defined by [S] =
[v;] + [v;] (mod.2) if RHS of the equation does not depend on i and j such that .S; ; # 0. In what follows
we use the abbreviation [i] = [v;] = %, All (M + N) x (M + N) matrix S = (S;j)1<ij<m+n are
A B

divided into blocks : S = o , where A, B,C,D are M x M, M x N, N x M, N x N matrices,
D

respectively. We set supertranspose ”st” by
st
gst _ A B _ At Ct ’ (3.2)
C D -Bt Dt
where At, B, Ct, D? represent ordinary transpose of matrices. We consider the tensor product V@V ®
---@V of n space and define action of the operator S1®S2®- - -®.S,, where S; € End(V) have Z,-grading.

We define

n k—1,.
S1®5Q - Q85, v, ®vj, Q- Qu;, = ew‘/jzkzl[s’“] Zz:l []’]Slvjl ® Savj, @ -+ - ® Spvy, - (3.3)

We set
(=% (1-=2)q (1-¢%
= 2Ty = =4 4
ale) (1—q%2) ) (1—¢%2) z) (1—¢%2) 34
Definition 3.1 Let Ryy(z) € End(V ® V) be the R-matriz of Uq(sAl(M\N)),
B M+N B .
Ryy(2)vj, @vj, = > vk, @ v, Ruv(2) %, (3.5)
kl,kzzl
where we set
_ - 1 1<j<M
Ryv(2)}; = ( . ) ; (3.6)
a(z) (M+1<j<M+N)



Ryv(2)id = —b(z) (1<i#j<M+N), (3.7)

(-D)lle(z) (1<i<j<M+N)
(—D)blze(z) (1<j<i< M+ N),

RVV(Z)Z; 0  otherwise. (3.9)

We define the R-matrices R( ) v (2) and Rg,l‘l,) (2) by

I 1 — I 1 _
R%/\)/( ) RS va(z), R%/,V)(z) =D - va(z), (3.10)
Ky (2) Kyy (2)
where
AM=N))_(2M=N) . 2(M=N)
q <4 00

—z! 7= v (@) 2 =) Joc ((M N/, (M N)) (M > N)

(I) ( ) _ q 3 q oo \qd 254 ) (3 11)
Ryy\z . 2(N=M) 2(N — A 2(N— M)+2 2(N M) (9
ZlfoN (C] 25 ( 294 o) (N>M)

(q2(N M), 2N M))Oo( 2(N— M)+2/Z’q (NfM))OO

L 2AM=N) . 2A(M=N)y q2(M7N)72/ PM-N)

(1) 7ZA47N( 2(M—N) /; 2(M—N) (M- N)— - ST—N) (M >N)
rvv ()= ’ v >0 . (3.12)
8% 2(N M) (EN-M) /. qQ(N M)

*1+W(q z 4 o (N > M)
( 2/Z,q2(N M))oo( 2(N— M)Z,q2(N M))Oo

z

Theses R-matrices satisfy the graded Yang-Baxter equationon V@V ® V.

(B 12(21/22) (RYY 1321/ 22) (BUY )23 (22 23)
= (RyY)2s(z2/2) Ry is(a1/28) (Ryy a1 /22) (i = L1). (3.13)
They satisfy (1) the initial condition R&,)V( 1) = P (i = I, II) where P is the graded permutation operator
: P,giiz = (=1)lllk2lg, (50 (2) the unitary condition (RU,)12(2)(R\A)en(1/2) = 1 (i = I,11),
where (Rg})v)gl(z) = P(Rgﬁ)v)l,g(z)P ; (3) the crossing unitarity

. st . st
(R (7)) (M@ RO MMM e ) =1 (i=11D), (3.14)
where we set
M = dlag( 291 2/)27612/)37 . q29M+N) (3.15)
M N
= diag(qM N1, gM-N=3 ... ~M-N+L (=M-N+1 (~M-N+3 _  N-M-1)
The various supertranspositions of the R-matrix are given by
(va(Z)Stl)j; Ryy(z )Zl( 1FIEHRD, (Rvv(z )St2)i; :va(z)ﬁ’lj(*l)m([l]ﬂj])v (3.16)
= stk 5 ’ y
(Ryv(2) tm)m =Ryv(z )Hl( 1) E+UDE+GHF ) = RVV(Z)Z’,jl- (3.17)

Definition 3.2 Let Ryv+(z), Ry«v(2) and Ry«y«(2) be the R-matrices defined by

RV*V(Z) = (va(z)_l)Stl, (318)
Ryv-() = (M@ ) Ryv(@ /e ) " (319)
Rv*v*(z) = (va(z))Stm. (320)

10



We define the R-matriz R( ) v(2), Rg})v(z) and R@*V* () (i =1,1IT) by

1 ; 1

———Rvev(2), R.(2) = T

Ky (2 (2
Vv*Vv Kyy«

For M > N we set

R&/Z)V(Z)

I I I I
KD (2) = =m0 (2), UL (2) = KL (1/2),

II II II II
RPN (2) = kD (), R (2) = kDL (1)),

For N > M we set

I 1 I
K§/)V*(z) =—z 1,%&/‘)/(2), ng/)v(z) = Iii/ v+ (1/2),
11 i1 11 (11
RV () = Y (R), R () = R (1/2),

The R-matrices are written explicitly as follows.

M M+N
Rv*v(Z) =
j=1 j=M+1

+oc(l/z) D> (- )“]E,]®E”+
1<i<j<M+N
M M+N
— Z E]',j & Ej’j + a(l/q2(M_N)z)
Jj=1 j=M+1

- b1/ M Nz >

1<i#j<M+N

(/@M Nz 3T (-

1<i<j<M+N

Ryy«(z) =

+ G2(M=N)

* Ji,J2
We have Ry«y- (Z)khkz 1,52

Ryv-(2), RS)*V*('Z) =% .

Ry y

~> Ej;®E;;+a(l/z) Y E;;®E;;-

c(1/2)

Ei,i ® Ej,j + C(l/q2(M_N)Z)

1

Kyys (2

I I _
K (2) = w0 12,

11 II _
Vv (2) = Ky (P /).

I I _
K\ (2) = K\ (PN /),

(II) (Z) (II) ( 2(N_M)/Z)

Ryy«\Z) = Rywy-

E;i® Ej;

b(1l/z) Y

1<i#j<M+N

>, (-

1<i<j<M+N

WIE;; ® Ej,,

Y Ej;®E;;

2, (1

1<i<j<M+N

)[j]qz(pi—Pj)Ei)j ® Ei7j-

= Ryv(2)"*2 The unitary relation Ryv+(z)Ry+y(1/z) = 1 holds.

3.2 The graded Zamolodchikov-Faddeev algebra

The followings are the main theorems.

Ry-v-(2). (3.21)

(3.22)
(3.23)

(3.24)
(3.25)

(3.26)

)[i] qQ(PJ'_Pi)E'jJ; ® Ej;

(3.27)

Theorem 3.3 The vertex operators for Uy (Q(M\N)) give a representation of the Zamolodchikov-Faddeev

algebra. The type-I vertex operators satisfy

M+N
I 1,h2

()@ (1) = D RU(21/20) 2 0, (21) By (22) (— ),
k‘17k2:1
M+N

* I , « L

Dj, (22)95, (21) = Z Rg/zv(zl/@)fll]’:“@ (21)®p, (22)(—1)Fallka]
ki,k2=1
M+N

®F(2)@5, (1) = Y Ry (o1/2) 2 0 (21) @, (22)(—1) ]k,

Vy,Vo2= 1

11
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The type-II vertex operators satisfy

M+N

U (2) W) (22) = Y RV (21/20)50 12 W, (20) W, (2) (— 1) IR,

k1,ka=1
M+N

Ui, ()W, (22) = D2 RV (aa/z)j 2 U, (22) W (22) (- D)),

k1,k2=1
M+N

V()W () = Y RV (21 /22) 0 B (20) W5, (1) (1) )R],

1117112:1

The vertex operators satisfy

U, ()05, (22) = x(21/22)®;, (22) ¥, (21)(— 1)1,
s (21)@5,(22) = x(21/22)®}, (22) ], (21)(—1)I02]
V) (21) @5, (22) = x(22/21)®3, (22) W5, (21)(— 1) 102
Ut (21)®4,(22) = (PN Mz/20) 0, (22) W, (21)(—1) 010
where we set
M-N=1,. 2(M=N) M-N+1,,. 2(M—N)
- q q Zq oo
et M-N—1,,. a(M— N)) e M= N+{ 20T N)) (M >N)
M—-N_\ _ (q z;q (g )oo
x(q z) L (N—M+1 2(N M)) (N M- 1/ 2(N M))
w4 g < (N> M)
(quMJrl/Z q 2(N— M)) (quM 1 2(N M))

(3.38)

Theorem 3.4 For M > N the type-1 vertex operators satisfy the invertibility relations as follows.

), (2)®,(2) = (=)Vg 7165, 5 (1 = j),

M+N

Y DR (2)@(2) = g7,

j=1

5 (PN 20y, (2) = ()M P85 5 (1 < o),
M+N

S ()@ (M N)z) = (—1) M,
=1

where we set

_my/ -1 my/—1M(M-1)
- - SN2 q%(M—N)—% (a5 q

2. 2(M—N))OO
g=e 2(M—N). ,2(M—N)
(q iq )oo

For N > M the type-II vertex operators satisfy the invertibility relations as follows.

U5, ()W, (2) = =(=D)P(g") 1055 (h = J2),

M+N '

> (=), ()W (2) = —(¢") 7,

j=1

U, (PN M) W5 (2) = —(=D)MN(g") TP 0, 5, (1 < da),s
M+N

Z q—2p7 Z ( 2(N—M) )_ —(—1)N1+N(Q*)_1,
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where we set

m/—1  m/—1M(M—1)

* TM-N 2(M—N)2 q%(N—M)—% (g

—2. 2(N—M)
. 14 )oo
! (q?N=M); 2N o

(3.48)

The invertibility relations of the type-II vertex operators for N > M are very similar to those of the

type-I for M > N. The vertex operators also satisfy the following commutation relations :

M+N

* I 1,k2 * 1

OF (22) P, (21) = > RUV.(21/ )80 820, (1) @, (22) (— 1) P R2), (3.49)
k17k2:1
M+N

* II k1,k * 1][k2

UE ()W, () = Y RUI(21/20)5 82 W, (22) W, (2) (—1) )R], (3.50)

k1,k2=1

which are consequences of the unitary relation jo)‘/* (z)Rg/i)*V(l /z) = id.

4 Proof of Theorem 3.3 and 3.4

In this Section we show Theorem 3.3 and 3.4. Our study is based on direct computation technique of

bosonization developed in [14]. Consider an integral of the form

dw, dwj . ny
]{271_\/]_71 QW\/j—TX I (wy) X7 (wh) F(wj, w)), (4.1)

where the integration contours for w; and w; are the same. Because of the commutation relations of

X+ (w;), this integral is equal to

dw; dwi 4 ; ny +,(MIN)
X5 (w) X7 (wh)H wh,w;) F(w', wy), 4.2
%27\/,71 A/ —1 (w;) ( J) J ( J J) ( J i) (4.2)
where we set
+2, .7
Wy — g~ Wy .
—_—— 1<j3<M-1
w;_qizwj (1<i< )
+,(M|N .
H MY () ) = -1 (j=M) . (4.3)

W) — g2, .

—J = (M4+1<j<M+N-1)
Wi — :t2w/‘
J q 7

We define ”weakly equality” as follows. We say they are equal in weak sense if

Fwj,w)) + H M ()

70 ’lU])F(’lU/

Lowg) = Glwg,wh) + HE MY (wlw))G(w), wy). (4.4)

J J’
We write

G(wj, w)) ~ F(w;j,w}) (4.5)

with respect to (w;, w}), showing the weak equality.
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4.1 Integral representations of vertex operators

In this Section we give integral representations of the vertex operators. We assume M, N > 1 (M # N).
Using normal ordering rules in Appendix A we have the following commutation relations. For M = 1

and N > 1 we have

Bila DX ) = EEEX i), (4.6)
X ) = SR ) ) (4.7)

For M > 2 and N > 1 we have
Bila DX ) =~ i), (4.8
X ) = ~E I ) (), (1.9)
()X Mw) = —X"Mw)di(z) (e =), (4.10)
U ()X T Mw) = —XTM(w)T,(2). (4.11)

For M > 1 and N > 1 we have
Barpn (g N T XTMIN T ) = Efv‘qqiiX"M” Hw)Paren (M), (412)

(w— qz)

Mfolz)XJr,IMJerl( X+,M+N71( )

v (g w) = w)Whppn (@) (4.13)

Using the recursion relations (2.79), (2.81), (2.83), (2.85) and these commutation relations, we have
integral representations of the vertex operators as follows. The type-I vertex operator <I>:‘L(z) is realized

by

v — dw 1
(g fwo) = MH]{QW\/JTM 2

[T = qu;/wis)

7=0
X @i(q  wo) X T (w) X TP (wp) - X T T (wymr) (1< p < M), (4.14)
pn—1
dw 1
7 —1 _ J
®.(a wo) = HH?{QW\/TM 1 -2
1T (0= qw;/wia) T] (@ = wj/wisn)

J=0 j=M

J
x @ (g twe) X T (w) X 2 (we) - X T N wy—y) (M +1< < M+ N), (4.15)

where we set

o (@—q~ )"t (1<p<M) (4.16)
g (@—gq g1 (M +1<p<M+N)
The type-I vertex operator ®,(z) is realized by

M+N-1

dw; 1
~M+N-1 _ j
®,(q WM4N) = H 7{27r =1 M 1 M+N-1
I (@—wjsa/wy) J] (= quwjsa/w))
J=n j=M

14



x o XTM(wy) - XM (wag) - XMV v ) @arn (MY P wngn),

(1<p<M-—1). (4.17)
M+N-1

_ _ dw 1
O, (M N ) = H %QW\/]—IMJFN .

(1 — qujt1/wy)

J n
x X H(wy) o XM v )@ v (MY oy,

(M<u<M+N), (4.18)
where we set
I B Gl e A (B A (1<p<M) (4.19)
' (~L)MFNR(g — g H)MANw (M+1<pu<M+N)

The type-II vertex operator ¥, (z) is realized by

—1
N (q71UJ0) - d g f d'wj 1
Y - K I I —
e 21/ —1 12

(1 — qujt1/wj)

=0
W (g o) X (W) X2 () X ) (LS p< M), (4.20)
dw 1
-1 _ j
Vulg™ wo) = dy H%QW\/TM 1 p=2
(1 — qujy1/wj) H (¢ — wjt1/w;)
7=0 j=M
X Wi(g two) X (wi) X2 (wa) - XHM (wnay) - - X (wy, 1)
(M+1<p<M+N), (4.21)
where we set
-1 p—1_p—1 _ ,—1yp—1 1< <M
4, = (=D g g —q7) (I<p<M) _ (4.22)

(~D)MgM(g—g )t (M +1<pu< M+ N)

The type-II vertex operator Wj (z) is realized by

M+N 1

dw; 1
T+ (gM-N-1,, _ j{ J
(q M+N) H om/—1 M1 TN
H (¢ —wj/wjt1) H (1= quj/wjt1)
J=n j=M
o X (wy) - XOMIN T v )W (@M TN T o)
(1< p< M), (4.23)
M+N 1 dw )
*x( M—N-—1 _ J
V(g wWMtN) = H 7{2WHM+N 1
(1 — qw;j/wj41)
] p
X X (wy) - XMV o v )W n (TN T  wng )
(M+1<u<M+N), (4.24)
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where we set

D B G e S A it I<p<M) (4.25)
o (_1)M+N*Nq*M7N+,u(q_qfl)M%*pr. (M+ 1 < M < M+N)
We define
D(wr,wy;wa, wy) = (1 = qui /wa)(1 — qui /wh) (1 — quy Jwa)(1 — qui /ws),
D(wy, wi;we, wy) = (1 — wy /qwa) (1 —wi /quy) (1 — wy/qws) (1 — w' /qus), (4.26)
which satisfy
D(wy, wi;we, wh) = D(w], wi; we, wy) = D(wy,w; wh, we) = D(w,wr; wh, ws), (4.27)
D(wy, w; we, wh) = D(w),wy;wa, wh) = D(wy,w); wy, we) = D(wh, wy;wh,ws).  (4.28)

4.2 Proof of (3.29) in Theorem 3.3

In this Section we show the commutation relation (3.29) in Theorem 3.3. The commutation relation

(3.32) is shown in the same way. We are to prove

__ b(za/z)
Ky=v(21/22)

— 1)Kl 29 pol
B, ()25 () = (1)(c(zz/znZ@;(zn@u(zQ)(1>M

B (22)®} (1) ) (21)®,(22) (1< p#v<M+N), (4.29)

kvev(z1/22) \ 21

M+N
b)) ()M elaafz) 3 <bz<zl><by<zQ><1>["]>
v=p+1
(1<), (40)
— 1)l 29 pl
B () (1) = (”(zlcwznZ@i@ﬂ%@(—lﬂ”

ky=v(21/22) -1

M+N
+ a(z2/21)Pu(21) @ (22) ()W + e(22/21) Z @3(21)@1/(22)(1)[1'])
v=p+1
(M+1<pu<M+N). (4.31)

First we show the commutation relation (4.29). We use the integral representations of the vertex

operators ®,(z), % (z). We set 21 = ¢ lwp, 20 = ¢~ MTN~!

1 wpr+n. Using the normal ordering rules in

Appendix A we have

Dpryn(22)P7(21) = — (b(zz/21)

D (o) (21)@aryn(22) (4.32)

For 1 <v < pu < M+ N the relation (4.29) is a direct consequence of (4.32), because of the commutativity
X 7H(w) X ™Y (we) = XY (we) X —#(wy) for |u —v| > 2. For 1 < pu < v <M+ N we show that (4.29)
is reduced to Proposition 4.3. For 1 < u < M and M +1 <v < M + N, we rearrange the operator part
of ®,(22)®}(21) and P} (21)P,(22) as

P (z1)X M (wr) - XF Hwpn)
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X X (w) X (w0 ) X T () XTI (W) - XV () X TV (w, )
1

v—1 . /
wywyn [ 52,41 wjw;

x X 7(w,) - XMV o v )@ v (22)

1

N M1

[T = quj/win) (@ = quyy /w,) (A = quur/w],) T Dlw;, whswigr, w)yy)

j=0 i=n

! 4.33

X v—2 M+N-—1 ’ ( : )

[T Dwj, whwjgr, w) )1 = wyo1/qwy) (1= w),_y/qw,)  [] (1= wi/qwjs)

j=M Jj=v

Comparing the coefficient part in integral we know that the commutation relation (4.29) is reduced to

(4.45) in Proposition 4.3. For 1 < p < v < M we rearrange the operator part of @, (z2)®}(z1) and
O (21)Ppu(22) as

@7 (1) X (wr) - X7 (wyma)

X XTI w) X (w) ) X (W) X (w) ) - XU (wu ) X T (), )

v—1
x X7V(w,) - X M(wpr) - XM wpr v 1) s v (22) - p
wywnN [[2, 4 wiw)
1
X pn—2 v—2
1T = qw;/w;0) (1= qupr /w) (1 = qupe fw),) T Dlws, whi wyi, w)y)
7=0 J=n
1
x M-1 M+N—1 ’ (4.34)
(1= quy,—1/w,)(1 = qu,_i fw,) [[ 1 —=quw;/wir1) [ (1 —ws/qwjsa)
Jj=v j=M

Comparing the coefficient part in integral we know that the commutation relation (4.29) is reduced to

(4.46) in Proposition 4.3. For M + 1 < u < v < M + N we rearrange the operator part as

@5 (1) X (wr) - XM (war) - X T (wyma)

X X w ) X (w0, ) X T () XTI (W) ) o XV (wp ) XY (wy, )

v—1
_y _ _ 1
x X (wy)X MAN 1(’LUM+N,1)‘I)M+N(ZQ) -1 ;
wywnn 52,4 wjw)
1
X M—-1 n—2
IT = qw;/wia) TT (= wj/qwj 1) (1 = w1 /qu,) (1 = wp—y /qu),)
j=0 j=M
1 4.35
- M+N—1 - (4.35)
H D(wj, wi;wj1, w) ) (1 —w,—1/qu,)(1 —w,_; /qw,) H (1 —w;/qwj+1)
i=n j=v

Comparing the coefficient part in integral we know that the commutation relation (4.29) is reduced to

(4.47) in Proposition 4.3.

To show Proposition 4.3 we prepare Proposition 4.1 and Proposition 4.2.
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Proposition 4.1 For1<pu< M and M +1<v <M+ N the weak equality

M-1 v—2
IT (qw; — wi) (W) = quja) T] (w; — qw)i)(qu) — wji1) ~0, (4.36)
J=H Jj=M

holds with respect to (wy,w),), (Wyt1, Wy 41), 5 (Wy—1,w;,_1).

Proof of Proposition 4.1.  We show (4.36) by induction of v. First we show the case v = M + 1.

=

M—
I (qw; — w)y ) (W) — qujpa)

Jj=w
M-2
~ (quj — wh ) (W) — quja) (Why—y — ¢wn—1)(war — why)
J=u
| M-t M
~ g I ) =) T (wj—wf) ~o0. (4.37)
J=n Jj=p+1
For v > M + 2 we have
M-1 v—2
T (qw; = w) )W) = qujn) T (w; — qw))(qw) — wjga)
j=p j=M
1 v—3
~ (quj — wiq)(w) — quwii1) || (wj — qwjiq)(quwj — witr)e(wy—2,w),_5) ~ 0,  (4.38)
Jj=p j=M

where

(w), 1 —wy—1)
wyl/fl - q2wu71)

c(wy, g, w,_y) = ( {(g+ ) (wy—aw,, 5 +wy1w), 1) — ¢*(w;,_y +w,_1)(wy—2 +w,_5)}
is a symmetric function with (w,_2,w)_,). We use the assumption of induction for v. Q.E.D.

Proposition 4.2 The weak equalities

(U’L - q2wu)PL ~ 0, (w; - QQWM)PLU}M—I ~ Sr, (w; — qu“)PLwEW,1 ~ =Sr, (4.39)

Ywar—1) ~ 0, wuPL(why_y — ¢®war—1) ~ Sp, w), Pr(why_y — *wa—1) ~ =S (4.40)

Pr(wh—1—q
hold with respect to (wy, w),), (Wyt1, W), 41), 5 (War—1, Wy ). The weak equalities

Pr(wy—1 — ¢*wl,_1) ~ 0, wrrp1Pr(w,—1 — ¢*w],_1) ~ =Sk, W41 Pr(wy—1 — ¢*w|,_;) ~ Sg, (4.41)

(wars1 = wipp1)Pr ~ 0, (wars1 — Wiy 1) Prwy—1 ~ =Sr, (Wnri1 — ¢°wipyy) Prwj,_y ~ Sg(4.42)

hold with respect to (wari1, Wiy 1), (Wary2, Whyio)s -y (Wy—1,wy, ). For1<pu<M -1, M+2<v<
M + N we set
M-2 v—2
P =[] (quj = wj )W) — qujrr),  Pr= J[ (w;—quj)(qw) —wj), (4.43)
Jj=u j=M+1
| Mo 1 v—1
SL = 5m= I W) = Pwj)(w; —w)),  Sg= =M1 I (wj—Pw))(w) —wy). (4.44)
j=p j=M+1
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Proposition 4.2 is shown by direct computation in the same way as Proposition 4.1.

Proposition 4.3 We assume M,N > 1. For 1 <u <M, M +1<v <M+ N the weak equality

M-1 _
(qup —wu-1) § ] (qw; — w)py)(w) — qujs) H — qi)(qw) —wig1) ¢ (wy — quj,_;)
J=p j=M
M-1 -
~ (=D)(w), = quu_1)§ ] (qwj — w)))(w) — qujp) H — quli 1) (quj —wjy1) ¢ (qw, —w, 1)
Jj=p Jj=
(4.45)
holds with respect to (wy,w),), (Wuy1, W, 1), (Wy—1,w,,_1). For 1 <p <v < M the weak equality
v—2
(quy — wu—1) § [ (qwjr — w)) W)y — qu;) ¢ (quw, —w),_,)
Jj=p
v—2
~ (W), = quu1) 4 [ (qwjn — w)) (Wl — quy) p (w, — qu,—1) (4.46)
J=p
holds with respect to (w,w,,), (Wuy1, Wy, 1),- 5 (Wy—1,w;,_1). For M +1 < pu<v < M+ N the weak
equality
v—2
(W — qup—1) (wj — qui 1) (qw) — qujy1) ¢ (W, — qu;,_y)
J=p
-2
~ (quj, — wu1) H — quy1)(qu) —wji1) ¢ (qu, —wy1) (4.47)
holds with respect to (wy,w),), (Wyut1, Wy, 1), 5 (Wy—1,w;,_1).

Proof of Proposition 4.3. For 1 < u < v < M we consider LHS — RHS of (4.46). We want to show
LHS - RHS = —qu,—1) + (W, — Pwy_1) (w1 — qu,)}

{(¢?
{H w; — quj—1)(quwj —wj_y) p ~0. (4.48)

The first term is deformed as follows.

v—2
(Pw, —w),) S [ (qujsr — w))(whyy — quj) p (w, — quy_1)
Jj=p
1 v—2
~ 5(612% —w)(w), = wu)(@Pwur —w 1) [ (qwisr = w)) (W, — qu;) p (wy — quy_1)
J=p+1
-1
q g 2 ’ ’ 4.49
~ S T - wh - wy). (1.49)
Jj=n
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The second term is deformed as follows.

(wu 1 qwu H qWji+1 — ]+1 qwj) (w/u—l - qzwu—l)
J=p
1 - 2 / /
~ g (wu—1 — quy) H quj1 — wi) (Wi, — quy) o (gPw,—1 —wy,_y)(w),_; —w,_1)
~ —w})(w) —wy). (4.50)

Hence we have LHS — RHS ~ 0. We have shown (4.46). The relation (4.47) is shown in the same way.
Next we show the relation (4.45) for 1 < pu < M <v < M+ N. We start from LHS — RHS of (4.45).

We want to show

LHS — RHS = {(¢* — Dwy—1wy + quy—1(wy—1 +wl,_1) + qu, (w, + w,,) — (w,w, -1 + Fw,wl, 1)}
M—-1 v—2

x o ] (qws = w))(w) — qujia) J] (wi — qwly ) (quw) = wigr) p ~ 0. (4.51)
J=p =M

Using Proposition 4.1 the weak equality (4.51) is reduced to the following.

M-—1 v—2
(w;, — ¢*wy) H (quj — w)y ) (W) — qujgr) T (wy — qwr)(qw) — wig1) pwy—
J=nu j=M
M-—1 v—2
~ _‘ZQU’# H (qu; — w;-H)(w; — qWjt1) H (w; — qw;‘—&-l)(qw; —wjy1) ¢ (w1 +w,_;).(4.52)
J=p j=M

Forv=M+1land 1 <pu<M,LHS of (4.52) is deformed as follows.

M-1
(w), — ¢wp) [ (qw; — w)p ) (W) — qujg) pwn
J=n
1 M—1
~ 5(11’; - quu)(wu - w;) H (qwj - W}H)(U’; - qwj+1) W
Jj=p+1
M-1
(]2 / 2 / / / 4 53
~ Mg I (w) = Pw))(w; — w)) b (war + why) (war — why). (4.53)
J=H

Forv=M+1land 1 <pu <M, RHS of (4.52) is deformed as follows.

M—1
—q*w, [ (qw; — wj ) (W) — qujga) ¢ (war + why)
J=n
9 M-—2
q / ’ / /
YTy W H (qw; — wiy) (W) — qujta) ¢ (war + wiy)(war — wiy)
J=n
2 M-1
~ Sirn I (w) = ®w))(w; — w}) b (war + why)(war — why). (4.54)
J=n
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Hence we have shown (4.52) for 1 < p < M and v = M + 1. The weak equality (4.52) for p = M and

M+1<v <M+ N is shown in the same way.

Next we show (4.52) for 1 <pu< M —1and M+ 2 <v < M+ N. Using the following equality

(quar—1 — wiy)(wiy_y — quar) X (War — qWiy 1) (qWhy — wars1) — (war <> Wiy)
= (Wy—1 — Cwn—1)(wy — Wi {qwar i + quaywhy — (war +wi) @ wi g}

+  (warg1 — Cwhy ) (W — Wi {—quar—1why_y — quawiy + (war + why)Pwar—1},

LHS of (4.52) is deformed as follows.

2 2
q q q q
S Aur = 5Buw = 5 Cuw + 5 D,

where we set

— @wu)Pr(wiy_y — wa—1)(war — wiy) (warpawhy g + wywhy ) Prw, 1,
— q*wp) Pr(whysy — Pwars) (war — wiy) (war 1wy + warwhy) Priv, 1,
Cuw = (W), = wy) Pr(why_y — ¢Pwar—1)(war + wiy)(war — why)wiy o Prwy—1,
Dy = (w;, — ¢wu) Pr(why i1 — Pwarer) (war + wiy) (war — why)war i1 Prwy,— 1.

RHS of (4.52) is deformed as follows.

2 2
S = 5B = TCl+ T D,
where we set
A5, = —qPwuPrL(whyy — @wy—1)(war — wihy) (warawhy oy + wywhy) Pr(w,—1 +w),_y),
B, = —qwuPL(whyy ) — ¢warsr) (wyr — wiy)(wa—1why_y + wywhy)Pr(wy—1 +w),_,),
C,., = —Cwu Pp(wh ) — Pwar—1)(war + why)(war — why)wiy o Prlwy,—1 +w;,_y),
D, , = —qw, Pp(wy — wnrgr)(war + wiy) (war — why)war41 Pr(wy—1 +w),_,).

Using Proposition 4.2 we have

Ay~ =1+ ¢*)SL(wy — why)(war — why) (warp1wiy o + warwhy) Prw, 1,
Al ~ =P Sp(war — wiy) (warprwiy g + warwhy) Prw,—1 +w),_,),
By, ~ 0, BZW ~ 0,
Cw ~ =1+ ¢*)Sp(war + why)(war — why)why Prwy—1,
C.p ~ =@ Sp(war + wiy) (war — why)why o Pr(wy—1 +w),_,),
Dy ~ Sp(war +wiy)(war —wiyy)Sr, D, ~ 0.
Hence we have
Ay — Ay, ~ Sp(wy — wiy)(wapwiy o + wawhy) Pr(gw), ) —w,_1) ~ 0,
By — B, ~0,
Cuw —C,,, ~ Sp(war + why)(war — wiy)Sg,

D,,— D,:MV ~ Sp(wp + w?V[)(wM - wﬁw)SR

21



Hence we have shown the weak equality (4.52) for 1< pu< M —land M +2<v <M+ N. Q.E.D.
Now we have shown the commutation relation (4.29).

Next we show the commutation relations (4.30) and (4.31). By rearranging the operator part, LHS —
RHS =0 of (4.30) and (4.31) are deformed as follows.

M+N

dw; e _ _ _ B B
11 f{ L7 (g wo) X M (wa) - XM (wpr o ) @ v (MY T sy )
j=1

2w/ —1

F(wo,wy,wa, -+, wp4N)
X o N =0. (4.76)
I @=wisa/w) T (1= qujsr/wy)
j=0 j=M
Here we set
F(wo,wy, -, wp4nN)

= cup (=" H{bg M N warsn /wo) (-1 = qup) — (quu—1 —w,) }

q_M+NwM+N —M+N = * v—1
T warn /wo) Y el (—1)" " qwy—1 — w,)
0 v=1
M M+N
- C(q_M+NwM+N/wo){ > e (D) qwomr —w) + Y e (—1) (wy—y —qwu)}
v=p+1 v=M+1
(I<p< M), (4.77)
and
Fy(wo, w1, -+, war4N)
= (=¥ eucs, {blg M N wary v /wo)(qup—1 — wy) + alg M N wary n /wo) (wu—1 — qwy) }
M NN ~M+N
+ ——«lq W4 N /Wo)
wo
M p—1
X {chc;(l)l’l(qwu_l —w,) — Z cvei (=1 Hw, 1 — qu)}
v=1 v=M+1
M+N
— g Ny /wo) Y eey (1) Hwyy —qwy) (M +1<p< M+ N). (4.78)
v=p+1

LHS — RHS = 0 is reduced to the following equality :
F#(w07w13w27"'7wM+N):07 (479)

which can be shown by straightforward computation. Here we do not have to study weak equality. Now
we have shown the commutation relations (4.30) and (4.31). The commutation relation of the type-II
vertex operator (3.32) is shown in the same way. The commutation relations (3.49), (3.50) are obtained

from (3.29), (3.32), because of the unitarity relation jo)v(z)RE})V(l/z) =1

4.3 Proof of (3.30) in Theorem 3.3

In this Section we show the commutation relation (3.30) in Theorem 3.3. The commutation relations

(3.28), (3.31), (3.33) are shown in the same way. We also consider the commutation relations between
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the type-I and the type-II vertex operators (3.34), (3.35), (3.36), (3.37).

We are to prove

W )Ph(z) = B () (1< < M), (4.80)
Ry sy« (21/2’2)

()8 () = ) g (aan() (M1 < M4 N), (4.81)
Kyiys(21/22)

Bh()P(n) = g (b1 /2B () (22) (D)) (/) (20) () )
Fyaye(21/22)
(1<p<v<M+N), (4.82)

BL) = i (U B )R (o) (DM Do )0 (1))
Kyiys(21/22) 22
(1<v<pu<M+N). (4.83)

First we show the commutation relations (4.80) and (4.81). We use the integral representation of the

vertex operator ®(z). Using the normal ordering rules in Appendix A we have

1

D7 (22)®1(21) = Ky-v-(21/22)

P71 (21) 7 (22)- (4.84)

We show that (4.80) and (4.81) are reduced to Proposition 4.5. We set 21 = ¢~ lwg, z2 = ¢~ 1wj. For
2 < p < M we rearrange the operator part of ®7 (22)®}(21) and @5 (21)®P},(22) as

D7 (g wo) @5 (g wg) X (wr) X N (w)) X2 (we) X T2 (wh) -+ X H T (quo ) X (qu,_y)
1 1
X 5 . (4.85)
g , , HH 1 Wjw
H D('LUj,U)j§'LUj+]_,U}j+1)
§=0

Comparing the coefficient part in integral (4.80) is reduced to (4.93) in Proposition 4.5. For M + 1 <
p < M + N we rearrange the operator part of @7 (22)®7,(21) and @7 (21)®;(22) as

@1 (g wo) @1 (g wp) X T (wn) X T (w) X T (wa) X T3 (wh) -+ X T (wym ) X THTH(w),y)
1 1
v =2 H w- (4.86)
/ / e / / j= 1 J
H D(wj, wi;wjy1,wjyq) H D(wj, wi;wjy1,wjyq)
- Py,

Comparing the coefficient part in integral (4.81) is reduced to (4.94) in Proposition 4.5.

To show Proposition 4.5 we prepare Proposition 4.4.

Proposition 4.4 For M > 2 the weak equality

D;(LM‘O)(wg)?w()?wlﬂ w/la T 7wH_17w:L—1) ~ D/(LM|0) (w67w0a wlawlla e 7w,u—17w//t—1) (2 Sp< M) (487)
holds with respect to (w1, w), (we, wy), -+, (Wy—1,w,_1). For N > 2 the weak equality
DLOlN)(w(’), Wo, W1, WYy W1, W) ~ DISO‘N) (wo, wo, wi, W, wyu—1,w, 1) (2< pu<N) (4.88)
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holds with respect to (w1, w), (wa, w), -, (Wy—1,w),_4). Here we set

pn—2

D,(J,Ml())(w())w(/hwlaw/h e 7wu717w:1,71) = H(w; - qwj+1)<w;+1 - qwj) (2 < K < M>’ <489)
j=0
pn—2

DY (wo, why wr wh o wpgswioy) = [ [ (aw) = wis)(qwjn —wy) 2<p<N). (490)
j=0

Proof of Proposition 4.4. We show Proposition 4.4 by induction for M and p. We show (4.87) for M > 2

and N = 0. By direct computation we have

ngﬂ())(w(/)ﬂw()vwhw/l)
1 (w) — q?wy)

~ 3 {(wo — qui)(wi — qup) — mwo — qui) (w1 — qup)
D§M|O)(w0,w6,w17w’1). (4.91)

If we assume (4.87) for M > 2 and 2 < p < M, then we have

M
D;(Hlﬂlo)(w&wo,wl,w/l, e Wy, W)
1 ! / (wi — q?wr) / ,
~ o woy — qW wy — qu, —_ 2 (wp — qw Wi — qw
5 { 0 = )t = )~ SEZL g — gt — g
M+1]0
s DM (wy wl, - wp,w!,) ~ DT (wo, wh, wy, wh, - wgwl). (4.92)

Now we have shown (4.87) by induction. The weakly equality (4.88) for N > 2 and M = 0 is shown in
the same way. Q.E.D.

Proposition 4.5 We assume M, N > 1. For 2 < u < M the weak equality
D/(LMlN) (w67 Wo, W1, wlla s W1, w:l.—l) ~ DfLMIN)(wé)v Wo, Wi, wll’ Ty Wp—1, w:l,—l) (4'93)

holds with respect to (wy,w), (w2, ws), -+, (Wu—1,w;,_1). For M +1 < pu < M + N the weak equality

2
DM (wh w, wy, wh, - Wy, W) ~ MD(M|N)(106,1UO,1U17U/1, W W, _y) (4.94)
(wh — q*wo)
holds with respect to (wy,w}), (wo,wh), -+, (w,—1,w!,_,). Here we set
1 2 L n—1
pn—2
DLMlN)(w07w/07w1aw/17"'7wu—1,w:1,—1) H(’LU_; _qu+1)(w;+l _qw]) (2 SMS M+1)’ (495)
3=0
M—1 _
DLMlN)(wo,wE)’wl,w/u“'7wu—1,w271) = (wj = qujp1) (W), — qu;) H quj = Wjt1)(qWjgy — wj)
7=0 j=M
(M +2<pu<M-+N). (4.96)

Proof of Proposition 4.5. We show Proposition 4.5 by induction of M and p. First we show (4.94) for
M =1and N > 2. Our starting point is (4.88) for N > 2 and M = 0 in Proposition 4.4. For p > 2 we

have
Dl(}lN) (wh, wo, wy, wh, - -+ 7wu—1,w:,_1)
w5 () — qua)(wh — qu) — (wo — qui)(wy — qui)}
X D(OlN) (w1, Wy, Wy, w),) ~ MD(”N) (w0, Wos Wi, W, - -+ Wy, W) (4.97)

(wy — g*wo) "
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Then we have shown (4.94) for N > 2 and M = 1.
The equality (4.93) for M > 2 and N =1 is shown in the same way. By direct computation we have

(q*wh — wo)

1|1
(’LU/ _ (]2’LU0)D£ | )(U)Oawé)’wlvw,l)' (498)
0

(1), ’
D2 (w0’w07w17w1)w

If we assume (4.93) for M > 2 and N =1 and 2 < u < M we have

M
DI(L+1+1‘1)(1U6,’U}07’LU1,’U)/1,"',U)H,’U}L)
1 (w] — ¢?wy)
g e gty T o~ s — ) | D
1
M+1|1
~ D£L+1+1‘ )(w07w/07w17wg_7"'awuaw:i)a (499)
and
M+1|1
Dg\/[JrQ | )(wg)vw(),wlawlla'"7wM+17w§\/[+1)
1 M1
~ 5 {lwo — qua)(w — quig) — (wo — qui)(wr — qup)} Dyl (wr wh, - warir, why )
2,/
q Wy — Wo M+1]1
~ MD&—:; | )(wOawévwlawllf"anVl—&-lawEW—&-l)' (4100)

(wo — g®wo)
We have shown (4.93) for M > 2 and N = 1 by induction.
Next we show (4.93) and (4.94) for M, N > 2. By direct computation we have

DéMlN)(w{), Wo, W, W) ~ DgMIN)(wO, W, Wi, WY ). (4.101)

If we assume (4.93) for M, N > 2 and 2 < u < M, we have

M+1|N
D,(Hlﬂ‘ )(wéawo,whwia e 711/#7171”&71)
1 / / (,wl_qull) / /
~ =< (wp — qur)(w] — qup) — ——5—=(wo — qui) (w1 — qu
2{( 0 — qwi)(w) — qup) (wi—qgwl)( 0 — quy)(w1 — qup)
X foV”N)(wl,w'l, Wy W) bejffrlw)(wmwé,whw/p Wy, wy,). (4.102)

If we assume (4.94) for M, N > 2 and M + 1 < p < M + N, then we have

(MA41|N)/ ’ /
D;Hrl (w(),wOawlawlv'"’wﬂ—hw,u—l)

g o = quwn)(wh — qut) — (o — qui)(wn — qu})}

1y o (L0 = wo) o)

% D/(AMlN)(wl,wia"'vw/uwu () — Puo) D (wo, wo, wi, wh, -+, wy,w,). (4.103)

Now we have shown (4.93) and (4.94) by induction for M, N > 2. Q.E.D.
Now we have shown the commutation relations (4.80) and (4.81).

Next we show (4.82). (4.83) is shown in the same way. We use an integral representation of the vertex

1 1

operator 7 (z). We set 22 = ¢~ w(. It is enough to show (4.82) for v = p + 1, because

of the commutativity X —*(w1)X ¥ (wq) = X ¥ (wq) X ~#(wq) for | —v| > 2. Now we show that (4.82)

wo and z1 = q~

for v = p+ 1 is reduced to Proposition 4.7. For 1 < u < M we rearrange the operator part of product
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of the vertex operators @y (22)®41(21), @41 (21) @) (22), P71 q(21) P} (22) as

D7 (g Mwo) 5 (g Hwg) X (wr) X T (wi) X2 (we) X 72 (wh) - "X_’”_l(wufl)X_’”_l(wﬁtq)X_’“(ww)
1 1
X (4.104)
= / / / / / wy, HJ 1 Ww
11 Dlw;, whswja, w) ) (A = quy -y /w),)(1 - qwu_1/wu)
7=0

Comparing the coefficient part in integral we know that the commutation relation (4.82) is reduced to
(4.121) for 1 < p < M in Proposition 4.7. For M +1 < u < M + N — 1 we rearrange the operator part

as

@5 (g~ wo) @ (¢ wp) X T (wn) X T (wh) X 7% (we) X 7% (wh) -+ X_’“_l(wu—l)X_’“_l(%71))(_’“(%')

1 1
X
Mot 2 H 1 wiw
[T Dlwj,w)wsr,w)y) T Dlws,whiwygn, w) ) (1 = wyy /qu),)(1 - wfl_l/qu) =
j=0 j=M
(4.105)

Comparing the coefficient part in integral we know that the commutation relation (4.82) is reduced to
(4.121) for M +1 < pu < M + N — 1 in Proposition 4.7.

To show Proposition 4.7 we prepare Proposition 4.6. We define
q(l—=2) _ (¢®-1) _
(4% —2) (> —2)

Proposition 4.6 We assume N > 2. For 1 < u < N — 1 the weak equality

B(z) = b(1/2), &(z) = 1 “e(1/2). (4.106)

(AQIN) 1 BOIN) o COINY (g, wfy, wy, why -y w1y Wl g3 wl) ~ O (4.107)
holds with respect to (w1, w}), (wa, wy), -+, (Wy—1,w,_4). Here we set
A (o, ) = (quf — o), (4.108)
B (o, whiwf) = B /wo)(w] — quo), (4.109)
C{OlN) (wo, wp; wy) = &(wp/wo)(qui — wp). (4.110)

For2 <pu <N —1 we set

n—2
A -+ 01,y 150,) = T 011 — g} s — ) — war), (4110)
=0
B}(LO‘N) (U/(), 11)6, wi, w/lv e, W1, wil.—l; w:l.)
pn—2
= —b(wh/wo)(wr — quo)(qui — wp) [ ] (wj1 — quf)(qufyy —wy)(w], — qul,_,), (4.112)
j=1
C;SO‘N) (U}07 w107 wy, w/la T 7wp,717 w;,bfl; w:;,)
n—2
= —c{w/wo)(wn — quo)(qw), — wh) [[ (wjs1 — qul)qwlr — wy)(@w, —waer).  (4113)
j=1
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Proof of Proposition 4.6. For p = 1,2 the weak equality (4.107) is shown by direct computation. We
show (4.107) by induction of p. Using Bff)_“lv) A(OlN C’(O‘N we have

B;(,LO‘N) (U}O, wIO, wy, ’LU;_, wa, U}é, o ,wu—h ’U}L{il; w:;,)
~ (ALOlN) + CP(LO‘N) )(wo, wh, Wi, Wy, W, Why =+, W1, W, 5 W),), (4.114)
where we set
AELOIN)I(wOa wé)a wi, wlly o, Wy—1, w;—l; w;)
- -2
b(wg/wo) g
~Dwn f) T i — qwi)(qwjyy — w)) T] (wia — qw)) (qwlyy — w))(qu), — w,—1)(4.115)
L1 5201 J=2
C(OlN) (w07 wé)’ wy, w/la e 7wp—17 w:;—l; w:;)
-2
(wo/wo) (wl/wl) / / e / / /
b1 fuw) (w1 — quo)(qu; — wp) 1_[1(wj+1 — qu;)(qwiyy — wj)(qu,, — wy—1). (4.116)
J:
Hy O ! ) 1 0[Ny’ (0|N)”
Noting that = Tl o) = S/l we exchange w; and w] in A . Let Ay, be the term we

thus obtain. Using the equality

b(wll/w'l) (6(1111/71)/1)(“11 — qup) (qu’ — wo) — b(w)/we)(w] — quo)(quwy — wé))

(w1 — quo)(qu] — wp)
(w) —wi)(q?wo — wh)’ (4.117)

= (1 - ¢*)(wowy — whw})

we have
(AN 4 ALO‘N)N)(wo,wéywhwlp . le?w;L l;w’) (4.118)
— (1—¢2 o /(wl_qwo qwl wO ) " w1,
(1 - q¢*)(wow1 — wyw}) (@, —w1)(gPwo — ]l;[1 Wil — (qu+1 w;)(qw, — wy—1)
Using the equality
1 (1 = ¢*)(wiwo — wiwp)
— —b : == o 4.119
STy (b wo)eton ) — bl ket o)) = — TR EER, )
we have
(CISO|N) + C/SO‘N)/)(wOa U)(/), w1, rw/17 S, Wy—1, w;}bil; w;) (4120)
) (w1 — quo)(qw} — wh) 77
= —(1-¢*)(wow; — wywy) (wjs1 — quw’)(qu’ .y — w;)(quw!, —w,_1).
) (= wn) gy —wpy LL (0t~ 0 @i —ws)laul, — v,
Hence we have AL™N) 4+ BN 4+ 0 o (AP0 4 ALOlN)”) +(COM) 4 C,SO‘N)/) ~ 0. Q.E.D.
Proposition 4.7 We assume M, N > 1. For 1 <y < M + N — 1 the weak equality
(ALM\N) +B£M|N) + C'l(me))(wmw/mwlawlp e ’wu_17wL_1;wL) ~ 0 (4.121)
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holds with respect to (w1, w), (wa, w), -, (Wy—1,w),_4). Here we set

AngN)(wo, wp;wy) = (w) — quo), (4.122)
BN (wo, whsw)) = —bluwp/wo)(qui — wo), (4.123)
M (wo, wpswh) = —e(wh/wo) (wh — qup). (4.124)
For2 < pu < M we set
pn—2
AN (wg, why, -+ wpy, w),_gyw),) = [ (qwin — w)) (W — qui)(w), — qwy 1), (4.125)
j=0
B/SM‘N) (w07 ’LU{), ) wufh w//,l,fl; w;)
pn—2
= —b(wh/wo)(qur — wo)(wi — qup) [ (qujrr — w))(whyy — quy)(qu), —w), ), (4.126)
j=1
C/SM‘N)(w07 w(l)7 e, Wy—1, wl;—l; w;;)
pn—2
= —c(wp/wo)(qur — wo)(wi — qup) [ (qwjr1 — wh)(whyy — quj)(w], — quy_1). (4.127)
j=1
For M+1<pu<M+N —1 we set
M—1
AN (wo, why, -+ wpy, w,giw)) = T (qwjpa — wh) (W) — quy)
j=0
pn—2
X H (wjs1 — qwg)(qwgﬂ - wj)(qu - wu71)7 (4.128)
j=M
BMN) (wo, wh, -+ wpm, wh, g5 w),) = b(wp/wo) (qwy — wo) (wh — qup)
M—1 u—2
<] (qwier = wh) @y = quy) T] (wjsr — qw))(qw)yy —wy)(w), — qul, ), (4.129)
j=1 j=M
C/(JM‘N) (w07 w6> W1, w//,bfl; w//,l,) = _C(w(l)/wo)(qwl - wo)(w/l - qw{))
n—2 pn—2
< T qwjrn = wh) @y — quy) T (wisr — quj)(qwlyr —w))(qw), —w,—v).  (4.130)
Jj=1 j=M

Proof of Proposition 4.7. For u =1 the equality (4.121) is shown by direct computation. For 2 <y < M
the weak equality (4.121) is shown in the same way as Proposition 4.6. We focus our attention on (4.121)
for M +1<pu <M+ N —1. First we study (4.121) for M = 1 and N > 2. Our starting point is the

weak equality (4.107) for M = 0 and N > 2 in Proposition 4.6. Using B\ ~ —APY — BOI we

have
BfLI‘N) (wo, Wo, W1, W, Wa, Wy, - -+, Wy—1, W, _1;W,,)
(Al(tllN)/ + C/gl‘N)’)(WOa wé’w17w’17w2,w’2’ e ’w#_17w;_1;w;), (4.131)
where we set
ASIN (g, why, wy, wh - wp w5 w),) (4.132)
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b(w)/wo)

= W(qwl - wo)(w’l - qw())(wg - qwl)(qwlz - w’1) H(wj+1 - qw;)(qwgﬂ - wj)(qu - wu,l),
1/wy j=2
C(l‘N)l(w07w67wl7w/1a"'awu—lvw; 17w2L)
wy/wo)e(wy /w -
2L L) oy — ), — ) H Wi~ qut) gy — w)aw), — we). (4139)
1 i
Noting that Hl_’(l‘N) (w1, w}) = —1, we exchange wy and w] in A, (LN et AE}'N)” be the term that we
obtain. Using the equality (4.117) we have
(AL1|N) + AELHN)”)(wOv 1U6, w, w,17 Ce Wy, w:;—l; fw:t) (4134)

(w] — qup)(qur —
(w1 — wi)(qPw) —

e
= (1 - ¢*)(wiwy — wiwo) wo) [T (wie1 = qw)(qw)y = w))(qu), — wu—).
j=1

Using the equality

1 , (1 — ¢®)(wow; — whw?)
i — 4135
b(wl/w’l)( (wh Jwo)e(wy /w}) + c(wh/wo)b(wy Jw))) (w1 —w])(wo — 2l ( )
we have
(Cl(tllN) + C;Sl‘N)/)(wO, U}(/)7 wi, w/17 e W1, w;_l; w;) (4136)

-2

(w) — qup)(qwr —wo) T

(o1 = ) @ — ) L1t~ 05 @0 =), =)
j=1

= —(1-¢)(wiwh — wiw)

Hence we have AS'N) + BS'N) + C,S”N) ~ (A,(}‘N) + AE}'N)”) + (C,SllN) + C,Sl‘N)/) ~ 0.
Next we show (4.121) for M,N > 2 and M +1 < pu < M + N — 1. Using the weak equality

BL(LM1 HN) AN Cl(LA_/[fllN) we have
B/(I.MlN) (wo, Wy, wi, WY, W, wy, -+, Wy—1, w,&—l? w:l,)
~ (A;(LMlN)/ +C;(4M‘N),)(w05w6awlvwll7'"7wu—law:,¢—1;w;,¢)7 (4137)
where we set
M|y b(wp/wo) T
! / / /
AL IN) (wo,wm...,w”,l,wuﬂ,wu) = _W H qujt1 — w;) (W) Wiy qwj) (4.138)
(Vs
M—1 -
x| (qujsr — wi) (W) — quy) H (wj1 — quj)(qwiy — wy)(qw), — wu-1),
Jj=2 j=M
' b(wp/wo)c(w:/wy)
CMINY (g, why, - - w1, Wy wly) = =0 (s o) L (qwi — wo)(w) — qup)  (4.139)

2

T
I
i

< T (qwjsr — wi)(w)yy — quy) T] (i — qu))(qu)yy — w;)(qu], — wy—1).

Jj=1 J

=

(M|N)(,w ’wl) 1
b(w1/wy) T ob(wp/wi)?
that we obtain. Using the equality (4.117) we have

Noting that 2 we exchange w; and wj in ALMlN)l. Let ALMlN)” be the term

MI|N MI|N)" ’ / ’ r
(AEL ! )+A£L IN) )(wOawOawlvwth?wZa"'awu—lku—hwu)
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(wi — qup)(quwi — wo)
(w1 — wi)(g*wy — wo)

= (1 - ¢*)(wiwy — wywp)

M-1 pn—2
< (qwjr = wh)(w)yy = quy) T] (wysr — qw))(qw)y, — w;)(qu), —w,u—1).  (4.140)
Jj=1 j=M
Using the equality
1 (1 — ¢*)(wowr — whw})
blw! AR / b ) = 071 4.141
b(wl/w’l)( (U}()/’LUO)C(’U}l/’LUl) C(wo/w0) (wl/wl)) (w/l 7’[01)(’[00 — q2w6) ) ( )
we have
(C;(J,MlN) + C/SM‘N)/)(wOa 'lUE), wi, w/17 w2, w/Qa e, Wh—1, w;-l; U/L‘)
(wi — qup)(qwi — wo)
= —(1—¢*)(wiw) — wywg)
( (w1 = wl) (¢~ wo)
M-1 w2
x| (qwisa —wp) (w)py —quwy) T (wier — qu))(qwly, —w;)(qu), —wu—1).  (4.142)
j=1 j=M

Hence we have A(MlN) + B(M‘N CLMIN) ~ (A,(LM‘N) + A;(LM‘N)”) + (C,(LM‘N) + C/(AMlN),) ~ 0. Q.E.D.
Now we have shown the commutation relations (4.82).
Next we study remaining of Theorem 3.3. We consider the commutation relations (3.34), (3.35),

(3.36), (3.37) in Theorem 3.3. Using the normal ordering rules in Appendix A we have

Ui(z1)®m4n(22) = x(21/22)Pnm4n(21)P1(22), (4.143)

Unryn(21)®1(22) = x(21/22)P7(21) ¥}y, n(22), (4.144)

Wi (21)@1(22) = —x(22/21)®@7(21)¥1(22), (4.145)

Uhrn(z)®uan(z2) = (@M M2 /20) @0 (21) Uiy v (22), (4.146)
where we set x(z) in (3.38). Using the bosonization we have

0} (2)X M (w) = —XTM(w)@](2), (4.147)

()X (w) = XTI (w)@{(2) (j # M), (4.148)

U ()X M (w) = =X M (w) U1 (2), (4.149)

Ui ()X (w) = XTI ()W (2) (5 # M), (4.150)

‘I’M+N(Z)X+’j( ) = X+’J(w)‘1’M+N( ) I<js<M+N-1), (4.151)

M ()X (w) = XTI (w) Wiy n(2) 1<j<M+N-1). (4.152)

Using the integral representations of the vertex operators and the defining relations of the Drinfeld
realization (2.20), (2.21), we obtain the commutation relations (3.34), (3.35), (3.36), (3.37).

4.4 Proof of Theorem 3.4

In this Section we show Theorem 3.4. We prepare Proposition 4.8 to show Theorem 3.4.

30



Proposition 4.8 Let f(wg, w1, -, war+n) be a holomorphic function. We have

M+N-1 B
lim H / dw;  (wapn — ¢~ Mwo) fwo, w1, wa, -, WaryN)
wary v =g~ Mwo 2/ —1 M-l } M+N—1
(Wjt1 — ¢ wy) H (Wjt1 — quy)
Jj=0 j=M
- -M -M -M ~M+N— —M+N
= f(w07q 1w07"'aq +1w07q Wo, q +1w07"'7q + 1w0,q + ’U)O). (4153)

Here the integration contour C' is specified as follows :

-1 M—-N+1 —N

|wo| < |qw1| < |q2w2\ << |qM7~UM| < |qM wyt1| <+ <lgq wamn-1] < |qM WM4N|.

1

Here the integration variable w; (1 < j < M — 1) encircles the pole g~ w;_1 but not pole qw;y1, the

integration variable wy; encircles the pole ¢ wyr—1 but not pole ¢ wyry1, and the integration variable
wj (M +1<j <M+ N —1) encircles the pole qu;_1 but not pole ¢~ wji1.
Let us set the bosonic operators W3, v .(2), XEMHi(2) (e = £) by

1

Vhn(z) = m( Man4+(2) = Vi n - (2)), (4.154)
XM = LG S XEG) asjEN-D, (415)
XMz = m(X;’M(z) — x2M(2). (4.156)

First we show the invertibility relation (3.41) and (3.42). (3.39) and (3.40) are shown in the same
way. We use integral representations of the vertex operators. In what follows we assume M > N. We
set 21 = ¢ two, 22 = ¢ MTN"Lwy . Tt is easy to show CI)Z(qQ(M*N)z)CDU(z) =0 for p < v. We focus

our attention on the case u = v. Using the normal ordering rules in Appendix A we have

lim O (g wo) @ (g M N Twnsgw)
'LUJM+N‘>(IN71W'WO
M+N-1 _
- lim H dwg _ (waren = g Mwo) Fulwo, Wi,y wanen) g e
war+N—>qN Mg 2Wr M-1 M+N-1 ' '
(i1 — ¢ 'wy) H (wjt1 — quy)
j=0 J=M

We note that the factor (waryn — ¢V~ Mwg) comes from the factor (¢2M—N)zy/z1;¢*M=N))  in the

normal ordering rule (A.7) in Appendix A. Here the integration contour C' is specified as follows :

M—-N+1 N

|wo| < |qui| < |q2w2\ <---< |quM| < |qM_1wM+1| <---<q wyN—1] < |qM_ WM+N|-

For 1 < u < M we set

Fu(wo» Wi, WA N)
_M-N—1 w\/—1 + 7/ —1M(M—1)

L wu Cuczwo M-N_ ,M-N 2(M—N)?2 (_1)H+1q7N+17/,1, (qg(MiN)wMJrN/wo;q2(N[7N))Oo
wo i M—1 (¢M=N+2w 4 N Jwo; 2M—N))
(@—a OV I] (¢ - wjsa/w))
j=0
JFu—1
x @ (g wo) X (wy) - XM v )@ (¢ o) < (4.158)
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For M +1<u <M+ N we set

Fﬂ(w()?wl)' "awM"rN)

c c*w_MAyfﬁle&EJrﬂﬁﬂij;l)(_Du —N( _ Jw,.) 3(M—N) . 2(M—N)
Wy CuCuWo q (g —wu—1/wy) (g W N/Wo5 q )oo

wWo M-—1 (qM_N+2wM+N/wO;q2(M_N))oo
(g—q HY H (q — wjt1/wy)
=0
X q)ik(qilwo)Xf’l(wl) .- ~X_:’M+N71(wM+N_1)(I)M+N(q7M+N71’LUM+N) . (4159)

Taking into account of Proposition 4.8 and

. q)T(q_1z>X_71(q_1z>X_72(q—2z) .. X_’M_l(q_M+1Z)X;’M(q_MZ>

« X;,]\/IJrl (q_M+IZ)X7’M+2(q_M+2Z) L. XI,M+N71(q—M+N—1Z)(I)M+N(q—Q(M—N)—IZ) .
= ¢ EM-N-D g (4.160)
we have the following in the limit wasynv — ¢ Mwy.
‘I’Z(q_lwo)‘bu(q_MJrN_leJrN) — Fu(wo,q "wo, g 2wo, -+, g M Nwg) = (=1)M TN g?e g1 (4.161)

Now we have shown the invertibility relation (3.41). Using (3.41) and (3.49) we have (3.42). The
invertibility relations (3.39) and (3.40) are shown in the same way. The following relation is useful in a

proof of (3.39).

: (I)f(q_lz)X_’l(qz)X_’Q(QQ,z) e X_’M_l(qM_lz)X:’M(qu)

x X TMALEM=L oy MA2(M=2 oy D MAENSLMENTL AN G v 2)

gz M=N-1) 575 g, (4.162)

Next we show the invertibility relation (3.44) and (3.45). (3.46) and (3.47) are shown in the same
way. We use integral representation of the vertex operators. In what follows we assume N > M. We set
21 = q ‘wo, 72 = ¢M N wpn. It is easy to show U* (2)¥,(2) = 0 for u < v. We focus our attention

on the case g = v. Using the normal ordering rules in Appendix A we have

lim U* (¢ o)W, (M N 1w
eIy il o) u(q M+N)
M+N-1 _
J— lm H dw] wM+N _qN ]\/Iwo)GN(w07w17”'?wM+N) (4 163)
- Wt n—qN Mg c 2 /—1 M-1 M+N-—1 ) ’
I wjsr —a'wy) [ (wjsr — quy)
=0 j=M

We note that the factor (warpn — ¢V =M 2(N-M))

wp) comes from the factor (z2/21;q oo In the normal

ordering rule (A.20) in Appendix A. Here the integration contour C is specified as follows :

M—-N+1 N

lwo| < |qui| < |q2w2| << |quM| < |qM_1wM+1| <---<lq wyN—1] < IqM_ WA N |-

For 1 < u < M we set

GM('UJO,’UJh e ,UJM+N)

32



1-M+4N 7wy/—1  m/—1M(M—1)
+

dudiwy oy e MV TRz ()N g M (BN =MD gy g s g2V M)
- 2 M (072w fuwnr o 2D
(g—q HY H(q — Wjt1/w;) H (wj/wjs1—q ")
=0 i=n
x W (g  wo) X P (wr) - XEMIY T wp v ) Wy v (@Y o) - (4.164)

For M +1<u <M+ N we set

GM(wOawlv e 7U)M+N)
1-M+N w\/ler-fr\/—lM(]\/I—l)

dudjwyyy e TN T RNz (=N (PN Mg fwprgn; N M) o
= . M1 Wp1 (q - wu—l/wu) (qN_]VI_QwO/wMJrN; QQ(N_M))OO
(q—a N I (¢ - wjsa/w))
=0
x U (g we) X T (wy) - .Xj’M+N71(wM+N,1)\I!}‘VI+N,7(qM_N_leHV) i (4.165)

Taking into account of Proposition 4.8 and

: \111(qilz)Xﬁl(qilz)XJ“z(q*Qz) . XJr,Mfl(q71VI+1Z)X+,M(q7MZ>

% X__‘—’M—H(q7M+1z)Xi_’_M+2(q7M+22) . X—_F,M+N—1(q7]VI+Nflz) »]<\/I+N,—(qilz) .
— g PM-N-D N (4.166)
we have the following in the limit wysyn — ¢ Mwy.
U (g N ) (g wo) = Gulwo, g wo, g Pwo, -+ g M N wg) = (=D (g) T (4.167)

Now we have shown the invertibility relation (3.44). Using (3.44) and (3.50) we have (3.45). The
invertibility relations (3.46) and (3.47) are shown in the same way. The following relation is useful in a

proof of (3.46).

LWy (g ) X () X T2 (g%2) - XM (M ) XM (gM 2)

« XI’MH(qMﬁlz)XI’MH(qM*Qz)---XI’M+N_1(qM’N’1z) *

M+N,+ (qz(MiN)ilz) :

= @MN-D N, (4.168)

5 Concluding remarks

In this paper we consider commutation relations and invertibility relations of the vertex operators for
Uq(sAl(M |N)) by using bosonization. We show that the vertex operators give a representation of the
graded Zamolodchikov-Faddeev algebra by direct computation. We find that the invertibility relations
of the type-II vertex operators for N > M are very similar to those of the type-I for M > N. Our
direct computation can be applied to bosonization of vertex operators and a L-operator for the elliptic
algebra Uq,p(sAl(M|N)) [8]. Moreover, quantum W-algebra W, ,(sl(M|N)) will arise as fusion of the
vertex operators for the elliptic algebra. In the case g = sl N Aéz), bosonization of vertex operators and a

L-operator for the elliptic algebra U, ,(g) have been constructed by similar computation as those reported
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in this paper [9, 10, 14, 15, 16, 17]. The quantum W-algebras associated with g = sAlN, A§2) have been
constructed by fusion of the vertex operators for the elliptic algebras [11, 16, 18].

If we focus our attention on "roundabout” proof of commutation relations, our situation becomes very
simple. We have a ”"roundabout” proof based on bosonization. For instance, from the uniqueness of the
vertex operator V(A) = V(u) @ Vo, ® V,,, LHS and RHS of the commutation relation (3.28) coincide
up to a scalar factor. Using the normal ordering rules (A.9) and (A.13), we can determine the scalar
factor mg‘)/(z) Then we obtain the commutation relation (3.28). To show the commutation relations in
Theorem 3.3, we need only normal ordering rules in Appendix A. For the quantum affine algebra U,(g)
where g = A, BV, DV AP DY DY SI(N|N) [21, 22, 23, 24, 25, 26], we have already obtained
level-one bosonizations of the vertex operators. Hence we know a ”roundabout” proof of commutation
relations based on bosonization. Moreover, by solving quantum-K 7 equation we obtained the commu-
tation relations of the vertex operators for U,(g) where g = Ag),BS),DS),Ag) [2, 19, 20]. However
”roundabout” proofs are simpler than ”direct” proof, they cannot be applied to bosonization for the
elliptic algebras. Our direct computation reported in this paper can be applied to bosonization of vertex
operators for the elliptic algebra Uq,p(sAl(M|N)) and construction of quantum W-algebra W, ,,(sl(M|N)).

We would like to report on this issue in future publications.

Acknowledgements. The author would like to thank Professor Michio Jimbo for discussion. This
work is supported by the Grant-in-Aid for Scientific Research C(26400105) from Japan Society for the

Promotion of Science.

A Normal ordering rules

In this Appendix we summarize normal ordering rules. First we give useful formulae for calculation of

normal ordering rules.

N
1
ol =0l iy S iy (A1)
1 N
M+N-1 7 N
e N = NZQ 2 -, (A-2)
[(M*N* L)m]y[m]3
*1 *1 q q
= m-+n,Us A
[hmvhn] [( )m] m 4 +n,0 ( 3)
(M = N+ 1)m]g[m]2
[h*]\/IJrN 1 h*M+N 1] _ qém n0s (A4)
[(M = N)m]gm o
3

h*l h*M+N 1 7&5’”1 n0- A

[ m'in } [(M—N)m]qm +mn,0 ( 5)
e For M > N we have
P1(21)P7(22) = : P7(21)PT(22) :
1 _my/miM(M-1) 2 . ,2(M—N)
X (qz) T Ne T aM-mZ (¢°22/2134 Joo (A.6)

(M=N) 25 /21 2(M=N))
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Pi(21)Prmin(22) = :P7(21)Pmn(22):
m/—1M(M—1) (q2(M—N)z2/Z1; q2(M—N))OO

X (gz1)™Ne 201-N? (@OT—N)T25 [0 POT-N)) (A7)
Parin(21)P1(22) = : Puyn(21)P(22) :
« (qM—N+1ZI)ﬁe% (22/21;* M) (A8)

(¢%z2/21;?M=N))
QN (21)Pmyn(z2) = 1 Ppyn(21)Parin(22) (A.9)

m/—1M(M—1) (,2(M—N)+2 . 2(M—N)
1 AR ‘At ol S A zZ9/Z oo
« (qM7N+lzl)7N17N€ SN2 (¢ 2/215 4 )

(PM=N)zg [ 205 2M=N))
e For N > M we have
P7(21)P1(22) = :@7(21)P7(22):
X (qzl)lfMiNe_mé(_Tifh—I(l\lfV)[;U (ZZ/Zl;qz(NiM))OO (A 10)
(q2+2(N_M)22/21§QQ(N_M))OO, .
. my/—1M(M—1)
P(21)Pmin(22) = 1 P7(21)Pumin(22) e 200-M)7
my/—IM(M—1) (42 . 2(N—M)
X (gz)Twe T U222 Joo (A.11)

(22/213112(N7M))oo ’
Crrin(21)®i(22) = Paryn(21)Pi(22):

my/—IM(M—1) (q2(N7M)+222/21; qZ(NfM))

% (qMﬁN#HZl)ﬁe 2(M—N)2 oo, (Al?)

(PIN=M) 25 /215 2N =M))

M_N+1 4 _w\/fqu;l)
Prryn(21)Parin(z2) = 1 Puyn(21)Pumin(22) 1 (g 21) M-Ne  2M-N)

(PN M)z /215 PN M)

x (11— A.13
e For M > N and ¢,e1,62 = + we have
\:[11(21)\:[/1(22) = : \111(2’1)\1/1(22) :
/= — . 2(M—N
X (qzl)lfﬁe—% (22/21: M M) (A.14)
(@PM=N)=22, /7 2(M=N)) _”
Vi(21)Wiine(z2) = 1 Vi(2) Vg (22)
/= _ —2 . 2(M—N
X (qzl)me% (g "z2/2154 ( ))OO (A.15)
(z2/21;?M=N)) o 7
my/—1M(M—1)
Viine(z0)Wi(z2) = 1 Vhpn(21)Vi(22) e 2M-M2
2(M—N)—2 . 2(M—N)
) (qMEN e T e A oo (A.16)
(q (M- )2’2/2’1;(] (M- ))oo
Uhrpne, (B Vne, (22) = Wy n e, (20)Whigne, (22) ¢
% (C]—M+N+1Z1)—1—ﬁq—M+N+l(qslz1 — %2 2) (A.17)
< eiw@}\j(]\]]\f;n (Q{Q(MfN)@/Zl;qQ(MfN))oo
(g 222/ 21; >M=N))
e For N > M and ¢,e1,e5 = + we have
\Ill(zl)\lll(zg) = : \111(2’1)\111 (2’2) .
/=1 -1 —2 . 2(N—M

X (qzl)l_ﬁei% (¢ 22 /2154 ( ))Oo (A.18)

(P(N=M) 25 215 2(N=M)) 7
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U1(21)Whryn,e(22)

7\/I+N,s(zl)‘1’1(22)

\I/}karN,El (21)‘1/;44*]\],62 (22)

e For M > N and € = £+ we have

Uy (21) Py (22)

Paryn(21) W1 (22)

N e(21) 07 (22)

D7 (21) Wirsn e (22)

Wy (21) @7 (22)

07 (21)V1(22)

Vv, (21) @i (22)

Prrin(21) Wy v, (22)

X

/1M1

N \I’1(Z1)\IJ}‘W+N7E(32) e 2(M—N)2

)

1 (q2(N7M)22/21; qz(NfM))OO

(qzl)M—N (q2(N—M)—2Z2/Zl; qQ(N_M))OO,
T/ IMM 1)

cWrne(21)P1(22) e 2O-N?

(22/213q

7M+N+1zl) e

2(N7M))Oo

(¢

: \I]}KW#*N,El (Zl)ql}kw+N,52 (22) :

- i1
(g~ MAN+HL, )~ l-wriy = MA+N+1(

Vi (2(N=M)=2,, /o g

¢'z1—q

(¢ 222/21;? N2

8222)

2AN=M))

e 2(M-N)Z

(22/21; 2N =M))

AVASEULC) Sl )
t Wy (21) PN (22) e 27
L (PN 21 PN

(q21) M- (qQ(M—N)—1Z2/Z1;qg(M_N))oo7

s Ppan(21)We(22) 1€ 20M-N)?

2M=N))

(qM7N+1zl)*M£N (qzz/zl;q

C W N (21)@](22) r e 2OM-N)?

L ( 2(M—N)+1
,M+N+121)—m

z2/21; q2(

(g 1za /215 2M-N)) )’
/1M1
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