Wakimoto realization o£ the quantum
affine superalgebra U,(sl(M|N))

Takeo Kojima

Abstract A bosonization of the quantum affine superalgebra U, (sAl(M |N)) is
presented for an arbitrary level & € C. The Wakimoto realization is given by
using £ —n system. The screening operators that commute with U, (sl(M|N))
are presented for the level k& # —M + N. New bosonization of the affine
superalgebra sl(M|N) is obtained in the limit ¢ — 1.

1 Introduction

Bosonization is a powerful method to study representation theory and
its application to mathematical physics [1]. Wakimoto realization is the
bosonization that provides a bridge between representation theory of affine
algebras and the geometry of the semi-infinite flag manifold. The Waki-
moto realizations have been constructed for the affine Lie algebra g =
(ADE)™) (r = 1,2), (BCFG)M and sl(M|N), osp(22)®, D(2,1,a)™
[2,3,4,5,6,7,8,9, 10, 11, 12]. They have been used to construct correla-
tion functions of WZW models, in the study of Drinfeld-Sokolov reduction
and W-algebras. It’s nontrivial to give quantum deformation of Wakimoto
realization as the same as quantum Drinfeld-Sokolov reduction and quantum
W-algebras. The quantum Wakimoto realizations have been constructed only
for Uy (sl(N)) and U,(sl(2]1)) [13, 14, 15, 16, 17]. In this paper we study a
higher-rank generalization of the previous works for the quantum affine su-
peralgebra Ugy(sl(2|1)). We give a bosonization of the quantum affine super-
algebra Uq(sAl(M|N)) for an arbitrary level k € C, and give the Wakimoto
realization using £ —7 system. We give the screening operators that commute
with Uy(sl(M|N)) for the level k # —M + N. Taking the limit ¢ — 1, we
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obtain new bosonization of the affine superalgebra sAl(M |N). This paper is a
shorter review of the papers [18, 19, 20, 21].

2 Quantum affine superalgebra Uq(sAl(M|N))

In this Section we recall the definition of the quantum affine superalgebra
Uy (sl(M]|N)) for M, N =1,2,3,---. Throughout this paper, g € C is assumed
to be 0 < |g| < 1. For any integer n, define [n], = q;:qq:ln. We set v; =

+1(1<i<M),y,=—-1(M+1<i< M+ N) and vy = —1. The Cartan
matrix (A; j)o<i,j<m+n—1 of the affine Lie superalgebra sl(M|N) is given by

Aij = Vi +vig1)0ij — Vibij1 — Vig10i41,5-

The quantum affine superalgebra Uq(sAl(M |N)) [22] is the associative al-
gebra over C with the generators XX (i = 1,2,---,M + N — 1,m € Z),
Hi (i=1,2,--- M+ N—1n¢€ Zyg), H (i =1,2,---,M + N — 1), and
c. The Zy-grading of the generators is given by p(XZ) =1 (mod 2) for
m € Z and zero otherwise. The defining relations of the generators are given
as follows.

c : central element,

[A;,jm]q[em]

[Hiv HTJn] =0, [H:erjz] = q5m+n,0,

m
[H, XF(2)] = 4, ;X5 (2),

[Ai7jm]q q$§|m\ZmX:t,j (Z),
m

[HE, X5(2)] =+
(21 — g5 20) X0 (21) XF (20) = (5N 21 — 22) X (20) X5 (1), for |Ay ] #0,
[XE(21), XEI(2)] =0 for |A; ;| =0,

5i j c 7 < —c 7 -5
T 0@ /=)W (a5 ) — (g 2/ (¢ 22)),
[(XE(21), [XF(20), XTI (2)]g-1]g + (21 > 22) =0 for |A; ;| =1, i # M,
[XEM(2y), [XEMH (wy), [XEM (29), XM (wy)]g1]q] + (21 ¢ 22) =0,

(Xt (21), X ()] =

where we use
[(X,Y]q = XY — (—1)PPMgy X,

for homogeneous elements X,Y € Uq(sAl(M |N)). For simplicity we write
[X,Y] = [X,Y];. Here we set 6(z) = > 2" and the generating func-
tions
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XEi(z) = XEIml,
meZ

Wi(q™%2) = ¢ exp (i(q - Him”) :

m>0

The multiplication rule for the tensor product is Zy-graded and is defined
for homogeneous elements X1, Xo,Y1,Ys € Uy(sl(M|N)) by (X1 @ Y1)(X2 ®
Yy) = (=1)PO0P(X2) (X, Xy @ Y1Y3), which extends to inhomogeneous ele-
ments through linearity.

Let a;, A; (1 <i < M+ N —1) be the classical simple roots, the classical
fundamental weights, respectively. Let (-|]-) be the symmetric bilinear form
satisfying (a;|a;) = A;; and (A;|a;) = &; 5 for 1 < 4,5 < M + N — 1. Let
us introduce the affine weight Ay and the null root § satisfying (Ap|Ag) =
(5‘(5) =0, (Aol(S) = 1, and <A0|@z) = (/10|/L) =0forl1 <i< M+ N —1.
The other affine weights and the affine roots are given by A; = A; + Ao,
aj=a;for 1 <i<M+N—1,and ag =8 — STV ;. Let V(A) be the
highest-weight module over Uq(sAl(M |N)) generated by the highest weight
vector |A) # 0 such that

HOIN) = XZUN) =0 (m > 0),

where the classical part of the highest weight is A\ = Zi]\iJfN_l 1; A;.

3 Bosonization of Uq(sAl(M|N))

In this Section we give a bosonization of Uq(sAZ(M |N)) for an arbitrary level
ke C.

3.1 Boson

We introduce bosons al, (m € Z,1<i< M+ N —1), b5 (m € Z,1 <i <
j<M+N),cd (me Z,1 <i<j< M+ N), and zero mode operators

Q.(1<i<M+N-1),Q) 1<i<j<M+N), Q% (1<i<j<M+N).
Their commutation relations are

o 1 o
:nv G’ZL] = %[(k + g)m}q[Aiyjm}q5m+n,O7 [GE» sz] = (k + g)Ai,jﬂ

[a

.. N 1 .. Y
0,7 piad ] — "y 25 8. )OI — 8 a8
607 ] = =iy ml28,0 8, bmin0s 57 Q)7 = —vivgbi085,
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[chd T = i[ 120;.10,.:0 [¢5,Q" '] = vv;6; 465
Cmis €n ™ [ = Vilj ol q04,d7 04,5 Omtn, 05 c6”, ViVj0i,i 05,5

@y7,Q," | =7V=1 (vav; = vy = —1)

The remaining commutators vanish. Here g = M — N stands for the dual
Coxeter number. We define free boson fields b’ (z), b7 () as follows

b (2) =£(g—q ") D b3l 2T £ b logg,

m>0

) pisd i i

blvj(z) — Z m Z_m + Qb)] + bovjlogz
— [m]q

Free boson fields a'.(z), ¢

I (z) are defined in the same way. We define free
boson fields (A3 b%7)(2), (A%b

5]

) (z) (e = £,0) as follows.

N 1 (e ) B (4
(Aibiéj)(z): {bil (¢°2) — by (2)

N V4 (8 = :l:)a
b (2) + 01 (2) (e =0),
¥ BN (gF2) = b (2) (e = 4)
£ bl-j — )
( Ri)(z) { szJrl( ) blj( ) (6‘:0)
We define free boson fields with parameters Lq,---, L., My,---, M,, « as fol-
lows.

Ly Ly Le (z;0)
M, M, M, a i
o

= — [Lim]g[Lom]q - [Lym]q  ay, —alm| ,—m LiLy---L, ,
= mz;é:o [Mym]q[Mom]y - - - [Mym]g | ]qq 2+ MM, M, (QL + ajlogz).

Normal ordering rules are defined as follows

o

o, Lo 03 b’

bdbd = i BT = bW b/" , (m <0),
men vooom bL -3 bhd (m > 0),
S P S

. Obitd . ot b . i i Lo Lt

(Qy7Q,7 =1Q,7 QY =0, Q, (i>4 or i=4,j5>7).

Normal ordering rules of af,, c&J

m

and Q%7 are defined in the same way

3.2 Bosonization

We define bosonic operators Wi (z) (1 <i < M + N — 1) as follows

T (qtE2) = ¢ ook (@ DT AR )R (AT )
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; k _
—Zf\iXﬁ-l(Afbiél)(qi(z-mM-H D2) . (1 <i< M — 1), (1)
g _ k k _
WM (g ) = ¢ ¥ (@22 X ARV O+ DI, (AR (¢ )
(2)
) . ko . ; k _
T (g5 ) = 0 (658 2) =M (AFRL) (¢ BTV 2) - (AR (3 T2M D2
MAN [ adyily, +(Et2m—1) .
x eXi=it1(ALbE) (a2 D (M+1<i<M+N-1). (3)

We define bosonic operators X*(2) (1 <i < M + N — 1) as follows.

i

X =3 o BLE) - E() (i< M-, 4)
XM ZCM,JEM,J (5)

i

+z C; G t(2)—E (2
X Z z,] ,j Z (q—q_l)Z(EZ’J( ) Ez,j( ))

j=M+1
(M+1<i<M+N-1), (©)
i—1 1 o
. dl j - d21 _
X%2) = _7’]_1(171-1,} (2) — Fl’]ﬂL( )) + 7(}?5% (2) — Fff(Z))
(C] q )Z (q q )
j=1
M d3 5 3+ MA4N
©,J — , 3
" Z (q_qil)Z(Fz—’j (2) - F Z d,J m
=i j=M+1
(1<i<M-1), 7)
Mol ) - By o ) i
X_’MZ: »J F~ _ s P2 F,+ B
(2) Z (q—q*l)z( M, (2) — 1 5(2)) G—q - (Fria(2) — Fajne(2))
M+N 3
M, 3,— 3
T Z (q_q—Jl)Z(FM,j( ) FMj;( ) (8)
J:M+2

i—1 1
d+ .
1 1 i,5 1,— 1,4+
Zdlszj + Z (qiqfl)Z(F‘i,j (Z)_Fi,j (2))
j=M+1

i, 2,— 2,+ ey i 3,— 3,+
+m(ﬂ,¢ (2) — F;; (Z>)+j§|_2m<F (2) = F;;7(2))
(M+1<i<M+N-1). 9)

We set Eli](z) as follows.

Ei ( ) (b+c)] z(qy 1z)+b] z+1( Jj—1 ) (b+0)j’i+1(qulilz)-&-z:{;ll(A]_%bii)(qlz) :
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(1<j<i<M-1),
B (2) = : M@0k T ST AW (1< < i< M- 1),
+ (Z) . e_bii,'H»l(q2M+17iz)_(b+C)i,i+1(q2M+1;1,iz)

x e~ T ARV T TITh i (ARD@N T L (M 11 <i< M4+ N - 1),
Eli](z) _. e(b+c)j,i(q2M+1—jZ)7b§;i+1(q2M+1—jZ)7(b+c)j‘i+1(q2]bf+1¥1—jz)
x e~ Tt (ARMI@ T =S (ARD@Y T L (11 <j<i< M4+ N—1).
We set E; ;(z) as follows.
Eapj(z) = et @ 00 M@ T RIS AR @) (1 < j < M- 1),
Eyvou(z) = MMM T ) =M (AR M) (¢'2) (1<j<M-—1),
B (z) = : P @7 D=0 @407 @ T ) - AR )

(M+1<i<M+N-11<j<M).

We set leji(z),Fllj(z) as follows.

bEGR) = e (a7 E D) (e T (I 2) b (g ) — (b (g R )
2} '
% eXimgar (AR (@ T ) =M (AT (@ T ) R (AT B (¢ R TRV T )
(I<j<i<M-1),
FLE(2) = 1 o207 2 )bl (a7 00— (e M (a7 T ) b (g M (g
sJ
x e~ TS AR (T RSN (AR @ F TN T L i< ),
FL(2) = ¢ 007 80 mb2 N b g b T - T (AR )
2] !
s e~ Sioarpa(Agbh) (@ kM) F N (AR (¢ 7R M)
(M+1<i<M+N-11<j<M),
FYE() = e (0 D) (e T (7 M ) b (R M ) (b (M )
2] :

o~ iz (ARbi) (¢ F M) 4 N (A bR (¢ P M) |
(M+1<j<i<M+N-1).

We set Ffli(z) as follows.

F2E(2) = ook 2 40l T (@ T 24 by (g 0H02)
7,1 °
x e~ it (ATPEN (@D ST (AT (@M g << ),

M, +Ete M, M+1 & (k+M—1) M+N 0 My, 4 (k+2M+1—1)
FJ%[‘J:W(Z) =t 7 A7 (g 2)+2 242 (AL0L ) (g 2) 5
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FzQ,zi (2) =: eait(qi$z)*byﬂ(qi(k+2M_1_i)z)+(b+c)i'i+l(qi(k“M_i)Z)
X eXIni (AT TNy < < M N - 1),
We set Fl?’Ji(z),Ff’](z) as follows.

k+tg

BE (1) = 1 ¢80 2 DHOH) (@I (¢ T~ (b)Y (¢ )
2, !
— il — i, —
X e~ Zi’\ij(ALb+ )(qk+lz)*2£jrwji1(ALb+ )(qk+2M+1 lZ) . (]_ S i< ] S M — ]_)7
. k+g - . P41 _ ; . .
F2j(2) = : 4(a 5 200 (@ 2T bl (g ) b (g N )

x e” T ALD@ S < M- 1L, M +1<j <M+ N),

3,+ . aM(qk;rg z)_bj\f,j(qk+2M7jz)_biI+l,j(qk+2M+1*jz)_(b+C)M+l,j(qk+2NI+1:F1—jz)
Fyii(z) = e+

M+1,5, k4+2M+1—j M+N (A0 p M, k+2M+1—1
€b++ ](q M T2)+3 T (ALb+ )(q M z) .

x 1=j+1 (M+2<j<M+N),
F-S’-i(z) _. eai(q%c"Z)+(b+c)i,j(qk+21%+1—jz)_bii+1,j(qk+2M+1—jz)_(b+c)i+1,j(qk+21w+lq:1—jz)
0.

x DI ATN@ M ) 1 <i<j—1< M+ N-1).

The coefficients ¢; ; € C and d} ;,d?,,d? . € C satisfy the following condi-

4,97 510 7,

tions.

1 I1<i<M-1,1<j<i-1),
ORI SV B (i=M1<j<M-1),
w gt M4+1<i<M+N-1,1<j<M),

1 M+1<i<M+N-1,M+1<j<i-1),
d?:y-ﬂlx{Mll(léi#MSM+N_1)’
B ’ Cii q (i=M),

i 1 . (I1<i<M-1,i+2<j<M),
i = V¢+1i Citlitl | q(k];i/l)z;l:;) (1< ISM-1LM+1<j<M+ N),
" Cii 37 Citli q (i=M,M+2<j<M+N),
1 M+1<i<M+N-1,i+2<j<M+N).

Theorem 1.  The bosonic operators Wi (z) defined in (1)-(3), and X*7(z)
defined in (4)-(6) and (7)-(9) satisfy the defining relations of the quantum
affine superalgebra U, (sl(M|N)) with the central element ¢ =k € C.

3.3 Wakimoto realization

In this Section we introduce the £ —n system and give the Wakimoto realiza-
tion. We set the boson Fock space F(pqy, py, pe) as follows. The vacuum state
|0) # 0 is defined by a?,]0) = b%7|0) = ¢%7|0) =0 (m > 0). Let |pq, pp, pe) be
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|Pa> Db, Pe)
M+N-1 _1
_ (A7ij i i (yisd i3 (i
= exXp k-'— paQa_ VlVpr Qb + pc Qc
3,7=1 9 1<i<j<M+N 19<jgﬁw
Vv =

then |pq, py, pe) is the highest weight state of the boson Fock space F(pq, py, pe)-
The boson Fock space F(pa, py, pe) is generated by the bosons a’,, b7 ¢t on

m’¥m

the highest weight state |pq, pp, pe). We set the space F(p,) by

F(pa) = . F(pas v Pe)-

iyl =—pid ez (=)
pyl €2 (vivj=-)

Here we impose the restriction pi’j = —piJ (vv; = +), because X' change
Qy’ + QL. F(pa) is Uy(sl(M|N))-module. Let [X) = |p4,0,0) where p, =
li (1<i< M+ N —1). The generators H*, H. , X7 act on |)\) as follows.

m

H N = X2\ =0 (m>0),
XaA) =0, HIN) = L|\).

We have the level-k highest weight module V()) of Uy (si(M|N)).
V(A) € F(pa)-

Here the classical part of the highest weight is A = E?QFNA 1; A;.

We introduce the & — 7 system We set bosonic operators 457, nid (vv; =
+1,1<i<j <M+ N) as follows.

ni,j(z) _ Z nﬁljz—m—l —. eci,j(z) ; gz](z) _ Z §fhjz_m —. e_ci,j(z) .
meZ meZ

Fourier components

. dz . . dz ey

are well-defined on the module F(p,). The Zy-grading is given by p(£57) =
p(nid) = +1. We have direct sum decomposition.

F(pa) = Wé’jfé’jF(pa) 2 fé’jﬁé’jF(pa%

where Ker(n?) = 1/ €7 F(pa), Coker(ny?) = &7 F(pa). We set

m= [ =’ = TJ] &

1<i<j<M+N 1<i<j<M+N
vivi=-+1 vivi=-+1

10),



Wakimoto realization of the quantum affine superalgebra Uy (sl(M|N)) 9
We introduce the subspace F(p,) by

F(pa) = no&oF (pa)-
The operators 757, €7 commute with X®7(z), Wi () up to sign +1.
Proposition 1.  F(p,) is Uq(;l(M\N))—module.

We call F(p,) the Wakimoto realization of Uy (sl(M|N)).

4 Screening operator

In this Section we give the screening operators @; (1 < i < M + N — 1)
that commute with Uq(sAl(M|N)) for the level ¢ = k # —g. We define bosonic
operators S;(z) (1 <i < M + N — 1) that we call the screening currents as
follows.

M o M+N
Si(z) = (_%(Sij(z)*sfj(z)wr Y iSig(z)
jmir1 T4 )z j=M+1
(1<i<M-1), (10)
M+N
Sm(z) = Z en S j(2), (11)
Y
(2) = 7&,;‘ . (z) — + z
Si(2) j:ZH:»l (q—q—l)z(sw( ) = 5i75(2))
(M+1<i<M+N-1). (12)

We set Sfj (z) as follows.

SE (2) = 1 e~ (g 0N E) ) I (@M TN )b (M N T )= () (M N )
Y .
XL (AL (@M N DL (AL @MY ) <y o< ),

SE(2) =: o~ (g ) (& 559+ (be) T (¢ M TN HI ) 1 b (¢ M TN H ) (be) T (g7 M TN I )

X

x e DR AT L (] << j < M+ N).

We set S; j(z) as follows.

1 aqﬂ)(z;szrg)+bi,j(q7M7N+jZ)+bi++1,j(q7MfN+jz)7bi+1,j(q7M7N+j+1Z)

Sij(z) = e (7
XL (AR @M L i< M~ 1, M +1<j < M+N),

(g ) (25 552 ) (b ) M (7 M N I ) M (- M N )

X

Suj(z)=:e
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x e~ DR @@ 41 < < M+ N).
Here we set e; ; as follows.

1/d?, (1<i<M-1),
€iitl = —ffNH/d?w,M (i = M),

—1/d?;,  (M+1<i<M+N-1),

1/d?, (1<i<M-1i+2<j<M),
ey i< Mo M 1< <M AN,
i T —g M g3 (i=MM+2<j<M+N),

—1/d3,  (M+1<i<M+N-1,i+2<j<M+N).

The Z,-grading of the screening current is given by p(Sar,;(2)) =1 (mod 2)
for M +1 < j5 < M+ N and zero otherwise. The Jackson integral with
parameters ¢ € C and s € C* is defined by

| s = s -0 X st

neZ

We define the screening operators @; (1 <i < M + N — 1) as follows, when
the Jackson integrals are convergent.

SO0

Qi = Si(w)dqz<k+g)w. (13)
0

Theorem 2. The screening operators Q; (1 < i < M + N — 1) de-
fined in (10), (11), (12), (13) commute with the quantum affine superalgebra
Uy (sl(M]|N)).

Qi Ug(s1(M|N))] = 0.

5 Limit ¢ — 1

Bosonization of the affine superalgebra ;\Z(M |N) for an arbitrary level k have
been studied in [9, 10, 11]. We obtain new bosonization of the affine superal-
gebra sAl(M|N) in the limit ¢ — 1.

In what follows we set

Hi(z)=> Hpz""" (1<i<M+N-1).
meZ

We set the parameters ¢; ; = 1 in (4)-(6), (7)-(9), (10)-(12) for simplicity.
In the limit ¢ — 1 we introduce operators a;(z) (1 < i < M 4+ N — 1),
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6i,j(z)w§i,j(z)y'}’i,j(z) (1<i<j<M+N,vy; =+),and wi,j(2)7¢g,j(2) (1<
i <j<M+N,vv; =—) as follows.

a;(2) = 0. (a'(2)), (= ) N CRRON
Bij(z) =: 0: <€7ci"j(z)) O L B(2) = ( 7bi"j(z)> e
ale) = 6 ¢z,j<z> et
They satisfy the following relations.
(k+9)Ai;

a;(2)a(w) = Cow? e

Bii(2)ver jr (w) = % ooy i (2)Bir g (w) = _% T
Bty w) = =208y @) ) = ity
bisl ) = B0ty () = D

In the limit ¢ — 1 the operators a% (z), b (2), (A5b%7)(2) and (A%b7)(2)
disappear. We obtain the following.

H'(z) = a;i(z) + Z 2 (Bi(2)73,0(2) = Brie1 (2)75,i41(2)) :

+ Z /BZ+1,j 71+1,j( ) B\i,j(z)vi,j(zw :
J=i+1
M+N

+ > (@i ) ()WL (2) = @) ()] 5(2)) 1 (1 <i< M —1),

j=M+1

M-1
HM(2) = an(z) + Z (0:95,m+1)(2 )%T-,MH(Z) + B (2)75,m(2)) +
Jj=1

M+N

- Z :(BM+1,j(z)7M+1,j(z)+(6z'(/)M,j)(z)"/)j\/[,j(z>) 5

j=M+2

M
Hi = az ‘|’ Z z%,z+1 )¢;¢+1(Z) - (3z¢]7z)(z)¢;,z(z)) :
j=1

K3

+ 3 B (2) = Bi(2)5(2) -

j=M+1
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M+N N
+ 3 1 (Big (20705 (2) = Bisrj(2)yi14(2) 1 (M+1<i<M+N-1).
j=i+1

Xz Z Biit1(2)vji(2): (1<i<M—1),

M
XTM(z) = Z s (2)Y5 m41(2) 5

M
XH(z) :Zi%,iﬂ Z (B (2)yi(2): (M+1<i<M+N-1).
Jj=1 j=M+1
X_7i(z) = - al( )’71 H—l( ) —hRg az’}/z z+1( )
M+N
+ Z Bj ] 'V] z+1 Z ﬁz+1 ] '72 ] Z '(/)z+1 J ( ) :
J=i+2 j=M+1

Z (Bi.j (2)71(2) = Bis1.j (2)Yi414 (2)) Y41 (2) -
j=i+1
M+N

+ > (@) ()] (2) = (0igr ) ()] 5 ()i (2) -

j=M+1

X~M(z) = aM( Yht,arr(2) s Hrar s 0l pran (2)

M+N
_Z Bjm (2 3M+1 Z DBz 1/JM;()-
j=M+2
M+N
- Z 5M+1g ’Y}/[HJ() (aszJ)(Z)w}L\/[,j(Z))w}L\/I,M—&-l(Z) 5
j=M+2
X7'(2) = 0‘1( VVii+1(2) @ +ki 2 0xviiv1(2)
i—1 M+N
_Z ¥j,i(z ]lJrl () + Z t By (2)vj,i41 (2 Z Bit1,5(2)7i5(2) :
j=M+1 J=t+2
M+N R
+ 3 (Big(2)m5(2) = Bisri (2)7ir1,5(2)7i(2) -
j=t+1

(M+1<i<M+N-1).

Here we have set the coefficients k; by
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k+i (1<i<M-1)
k+2M—i (M+1<i<M+N—1)

In what follows we assume k # —g. In the limit ¢ — 1 we have the following.

M M+N

Si(2) = Z 2 8i(2) 85,5 (2)vit1,5(2) : + Z : gi(z)¢i,j(z)wj+1,j(z) :

Jj=t1+1 j=M+1
1<i<M-1),
M+N
Su(z) = D i m()vas(2)va(2) 5,

j=M+1
M+N

Si(2) = > 15:(2)Bi()viri(z) 0 (M+1<i<M+N-1).
j=it1

Here we have set the boson operator
5i(z) =: e (Fza)=0)

Our bosonization is different from [9, 10, 11].
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