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Abstract: A bosonization of the quantum affine superalgebra U, (sl (M|N )) is presented

for an arbitrary level k € C. Screening operators that commute with U, (sl(M |N)) are
presented for the level k 2 —M + N.

1. Introduction

Bosonization is a powerful method to study representation theory of infinite-dimensional
algebras [1] and its application to mathematical physics, such as calculation of correlation
functions of exactly solvable models [2]. In this article we give a bosonization of the
quantum affine superalgebra U, (sl (M|N))  M,N =1,2,3,. ) for an arbitrary level
k € C, and give screening operators that commute with U, (sl (M|N)) for the level
k # —M + N.For level k = 1, bosonization has been constructed for the quantum affine
algebra U, (g) in many cases g = (ADE)" (BC)WD, G(l) sl(MlN) osp(212)? [3-
11]. Bosonization of an arbitrary level k € C is completely different from those of
level k = 1. For level k € C, bosonization has been constructed only for U, (sl (N)) and
Uy (sl (N|1)) [12-20]. In this article we give a higher-rank generalization of the previous
works for the quantum affine superalgebra U, (Q (N|1)) including the construction of
screening operators [19-23]. Representation theory of the superalgebra is much more
complicated than non-superalgebra and has rich structures [24—29].

The text is organized as follows. In Sect. 2, we recall the Chevalley generators and the
Drinfeld generators of the quantum affine superalgebra U, (sl (M|N)).In Sect. 3, we in-
troduce bosons and give a bosonization of the quantum affine superalgebra U, (sl (M|N))
for an arbitrary level k € C. We realize the Wakimoto module as a submodule of this
bosonization using the & — 1 system. In Sect. 4, we give screening operators that com-
mute with U, (sl (M|N)) for the level k # —M + N. In Sect. 5, we prove the main
results. In Sect 6, we give concluding remarks. In “Appendix A”, we summarize normal
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ordering rules of bosonic operators. In “Appendix B”, we recall a g-difference realiza-
tion of U, (s/(M|N)). In “Appendix C”, we summarize useful formulae to take the limit
qg— 1.

2. Uy sL(M|N))

In this Section we recall the definition of the quantum affine superalgebra U, (37 (M|N)).

2.1. Chevalley generator. Throughout this paper, g € C is assumed tobe 0 < |¢g| < 1.
For any integer n, define

n —n

q
T

— 2.1
q9—4

[n]q =

We begin with the definition of the quantum affine superalgebra U, (Q (M|N)) for
M,N =1,2,3,...1in terms of Chevalley generators. The Cartan matrix of the affine
Lie superalgebra s[(M|N) is

0O —-10 --- e 001
-1 2 —=1... .. 0 0
0 =1 2 --- .
cee =12 =1 ...
(Aij)o<i,jsM+N-1 = e =10 T - (22
1 =21
......... . =21 0
o 0 --- 1 -2 1
1 0 --- e 0 1 =2
M—1 N—1
where the diagonal partis (4; ;)o<i<m+n—-1 = (0,2,2,...,2,0, =2, =2,..., =2). Let

&, A; (1 <i <M+ N — 1) be the classical simple roots, the classical fundamental
weights, respectively. Let (+|-) be the symmetric bilinear form satisfying (a;|oa ;) = A;
and (1_\l'|5lj) = §;jforl <i, j < M+N—1.Letusintroduce the affine weight A and the
null root ¢ satisfying (Ag|Ag) = (8|8) = 0, (Aold) = 1, and (Apla;) = (A0|1_\i) =0
for 1 <i < M + N — 1. The other affine weights and the affine roots are given by
Ai=Ai+Ag,o;=aforl <i<M+N—lLanday=35—Y "N,

The quantum affine superalgebra U, (Q(M |N)) [28] is the associative algebra over
C with the Chevalley generators ¢;, fi, hi,d i = 0,1,2,...,M + N — 1). The Z»-
grading of the Chevalley generators is given by p(eg) = p(fo) = plem) = p(fu) =1
(mod 2) and zero otherwise. The defining relations of the Chevalley generators are given
as follows.

[hi h] =0, (2.3)

[hi,ejl = A;jej, [hi, fij1=—Ai;f) (2.4)
g"i —q7"

lei, fil=20ij———— (2.5)

qg—q!
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[ej, [ej, ei]q—l]q = 0, [fj, [fj, fi]q—l]q =0 for |Ai,j| = l,i 75 0, M, (2.6)
lei,e;1=0, [fi, fj1=0 forlA; ;|=0, 2.7)

lem. lem+1, [ems em—11g-11g) =0, [fm, [fmsr, [fms fu-11g-11q1 =0, (2.8)
leo, [e1, [e0, emsn—1lqly-11 =0, [fo, [f1, [fo, fmen—1lqly-11=0, (2.9)

where we use the notation
[X,Y], = XY — (=1)PXOrDgyx, (2.10)

for homogeneous elements X, Y € U, (Q(M |N)). For simplicity we write [X, Y] =
[X,Y),.,If M = 1 or N = 1, we have extra fifth order Serre relations. As for the
expljgit forms of the extra Serre relations, we refer the reader to [23,28]. Moreover,
U, (sI(M|N)) is a Hopf algebra over C with coproduct

Ahi) =h; @1+1Qh;, @2.11)
Ale)=ei ®q" +1®e, (2.12)
Af)=fi®1l+qg M ® f, (2.13)
and antipode
Sthi) = —hi, S(e) = —eiqg™", S(fi) = —q" fi. (2.14)

The multiplication rule for the tensor product is Z>-graded and is defined for homoge-
neouselements X1, X2, Y1, Y2 € Uy (sI(M|N)) by (X1®Y1)(X2®Y2) = (—1)PTDpX2)
(X1X2 ® Y1Y2), which extends to inhomogeneous elements through linearity. The co-
product is an algebra automorphism A(XY) = A(X)A(Y) and the antipode § is a
graded algebra anti-automorphism S(XY) = (=1)?XrM) §(y)S(X).

2.2. Drinfeld generator. In [28] was given the second realization of the quantum affine
superalgebra U, (sI(M|N)) which is more convenient for the concrete realization given
in this article. We recall this realization that we call the Drinfeld realization [30]. The
quantum affine superalgebra U, (s/(M|N)) is isomorphic to the associative algebra over

C with the Drinfeld generators X,f’i i=12,....M+N —1,m € Z), H,’; (i =
L2,....M+N —1,n € L), H (=1,2....,M+N— 1), and c. The Z,-grading
of the Drinfeld generators is given by p(X%’M) = 1 (mod 2) for m € Z and zero
otherwise. The defining relations of the Drinfeld generators are given as follows.

¢ : central element, (2.15)
[H', H}] =0, (2.16)
(H),. H]] = wamm,o, (2.17)
[H, X5 ()] = £A; ;X (2), (2.18)
[Hy,, X* ()] = i%ﬁ%'m‘zmxi’f ). (2.19)

(z1 — ¢FMI ) XE () X (22) = (¢F Y21 — 22) XF I (22) X F (21),
for |A,~,j| # 0, (2.20)
[X*' (). X5/ (22)] = 0. for |A; ;| =0, @21y



606 T. Kojima
81,‘]

(¢ —q Duzn

(30 z2/20Wiia® ) = 8™ /)W P ). 222)

(X5 (z0), [XF (22), X (2)]y-1]g + (21 > 22) =0,

[X™(z1), X/ (z2)] =

for |[A; ;| =1, i # M, (2.23)
XM @), XM ), (X5 (20), XM W), -1]4]
+(z1 < 22) =0, (2.24)

where we set §(z) = ),z 2. Here we use the generating functions

XEi(g) =Y Xl (2.25)
meZ
Wi (¢F2z) = g™ exp (i(q —q Y. H;mz*’"> . (2.26)
m>0

The Chevalley generators are obtained by

hi=H (=12,....,M+N—1), (2.27)
=Xy, fi=Xy' (=1,2,...,M+N—1), (2.28)
ho=c— (H' +H>+ ..+ HM*N-1), (2.29)
eo = (=N XMLy M

[Xo 2 Xg Ngmt - 1-11g -+ g, (2.30)

1o g2, ggM+N—1

fo= g T L X X

XMy XM e XM (2.31)

Let V (A) be the highest-weight module over U, (57 (M|N)) generated by the highest
weight vector |1) # O such that

Hi L) = X5 =0 (m > 0), (2.32)
Xg'n) =0, (2.33)
H'|A) = 1;]1), (2.34)

where the classical part of the highest weight is A = ZiﬂiﬁN_l i A;.

3. Bosonization of U, (s/(M|N))

In this Section we give a bosonization of U, (37 (M|N)) for an arbitrary level k € C.
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3.1. Boson. In order to construct a bosonization of Uy, (Q (M|N)), we introduce bosons
ai meZ 1 <i<M+N-1),by meZ1<i<j<M+N)c, (me
Z, ViV =+1,1 <i < j < M+ N), and zero mode operators Q’ 1<i<M+N-1),

ij (1<i<j<M+N), 0 (vivi =+1,1 <i < j < M +N). Their commutation
relations are

o 1 o
la),. an] = Z[(k'i'g)m]q[Ai,jm]qamHl,Oa lah, Q4] = (k+g)Ai ., (3.

I L o PO bl O = s 8 (32
(O > bn™ ] VlV] [m] i,i'8j, j"Om+n,0,  [Dg 7Qb 1= —viv;é;indj j, (3.2)

o 1
Ly )
lew’sen” 1= Vlv] [m] 3 1/5] j’8m+n 0s [C() > Qc ]:Vi‘)j(si,i/aj,j’ (viv;=+H),

(3.3)
[0}’ T=nv=1 (Wiv; = vpvy = —1). (3.4)

The remaining commutators vanish. Here g = M — N stands for the dual Coxeter
number of s/(M|N),andv; = 1forl <i <Mandv, =—1forM+1<i<M+N.

. . . . ij
For instance, we have a minus sigh by exchanging operators =95,
P e Y ;o
i,j 1At rnt sl L]
9 e = D" % (= vivy = —1,€,€ = ). (3.5)

We define free boson fields ai(z) b (z) b (z), ¢ (z) as follows.

ai(z) =+(g—q ") ak,z™" +ajlogg, (3.6)
m>0
by (@) =+g—q7") Y b,z £ by logg, (3.7)
m=>0
o pird L
by =-Y" T E " Q7+ g logz, (3.8)
m#0 4q
. b S
==Y T d " 0 i logz. (3.9)
m#0 4

We define free boson fields (A§ b )(z) (A% b )(z) (¢ = &, 0) as follows.

. i (P2 — b (@) (e = ),
(A5 b)) = . (3.10)
T+ @) (e=0),

. ””<q )= b () (e =),
AgbH@ =1 = (3.11)
bY@ +bY @) (e =0).

We define further free boson fields with parameters L1, Ly, ..., Ly, M1, M2, ..., M,, o
as follows.

LiLy L 0\ 5 Lmlg[Lomly - [Limly @ gy
( “)(Z’a) ;[Mlm]q[Mzm]q Momly Tl
LiLy---L,
MM, --- M,

(Q' +ablogz). (3.12)
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Normal ordering rules are defined as follows.

i J
Jo— i) @pan (m < 0),
dn = =1 " l" (3.13)
apa;, (m > 0),

byl bl (m < 0),

AL (3.14)
by by (m > 0),

Sy g
. l’-] l'.] Py— l’.] l’-] Lp—
Sby by i=by by = {

ool =00 0l =00l (i>iori=ij>j). (3.15)
Normal ordering rules of ci;lj and Qi’j are defined in the same way. For instance we have
. al al P
rexp(a’(2) == exp | Y —z" |exp (=D 2z | @iz, (3.16)
m>0 [m]q m>0 [m]q
: eQ;;jeQ;;’j = eQZ’j eQ;;j = eQZjeQL'j = v,-vjeQi"j eQZj

(i>iori=i,j>j. (3.17)

3.2. Bosonization. In this Section we fix a complex number k € C.
e We define bosonic operators H'(z) (1 <i < M + N — 1) as follows.

i ! i % S dy e, Kt
H'(z) = G—qNz Ha+(q2z)+2(ARbi )(g?*2)

=1

M _ . M+N _ .
- Y @heitn - Y <ALbil><q2*2M”"Z>}

I=i+1 I=M+1

- [ai_m‘%z) £y (appHgT T

=1

M ' . M+N ' .
= 2 @ipthe o = Y <A2b"l>(q22M“’z)“

[=i+1 [=M+1
(I<i<M-1, (3.18)
1 g Ml k
HY (@) = ——— HaM (@22) = Y (A%BE")(g72)
(@—q )z =

M+N .
+ Z (A%by,l)(q2+2M+llZ):|
[=M+2

M—1
- [ay (¢ %) = Y @R Mg i)

=1

M+N .
+ @Y *’)(q—z—m—“’z)” : (3.19)

[=M+2
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M
. 1 ;g Liy, K41—
th - - a 37) — A+b,l 5+ lZ
@) @_T%{PW) E(Rnw )
i . M+N . .
= > (ARBH@TM I + Y (Azbi*l)(qz”M—’z)}
I=M+1 [=i+1
. g M : k i ; k
-—[ai(q‘zz)—-}j(A;bﬁU(q‘z‘“*z>—- Y (ARbH(gT M)
=1 I=M+1
M+N ) .
+ Z(A;b’_”)(q‘z‘m”z)“ (M+1<i<M+N-1). (320
I=i+1

We define bosonic operators H,ﬁl meZ,1 <i <M+N —1) as follows.
Hi(z) = Z Hz™ ! 1<i<M+N-1). (3.21)
meZ
e We define bosonic operators LI/jt(z) (1 <i<M+N —1) as follows.
e } . K, ; k.
Wi (g%17) =: @ DT (B - (AT )
: K _
xe~ DIt ATHO@ T gy, (3.22)
k k

WM (g 2y oS DTl A D a0y

)

(3.23)

. . g : kg . : kopm—
Wi (gFh7) = @ T DT AR @ T DTy (ARHD @ T

+ i, Kyom—
e DT A T i << MaN — 1), (324)
e We define bosonic operators X i) (1 <i<M+N —1) as follows.

i

+.0 Ci,j + — .
GO EDY m(Ei’j(z) —E (@) (Il<i<M-1), (329

j=1
M

x*M@) = "enjEm.j (), (3.26)
j=1

' M i o

X @) =) B @+ Y oo EL@ — E@)
j=1 j=m 4 T4 R
M+1<i<M+N-1). (3.27)

Herec; j € C, (1 <j<i <M+N —1)and we set Efj(z) and E; ;(z) as follows.
Forl<i<M-—1land1<j<i—1weset

EE (2) = eBr0M @b @/ vy g e DT A L (3.08)
i,j ? ’

EE(z) = P @ T =) (T T E DT (AR ') L (3.29)



610

Forl <j <M —1weset

Ey.(2) =: o+ M (@I b M (@I ST (AGB N e)

Ey m(z) = PR LRt W N O O I

ForM+1<i<M+N — 1 weset

Ei (Z) _. e_bii.iﬂ(q2M+1—iZ)_(b+C)i,;+1 (q2M+1:F1—iZ)
1,1 N

o~ LI (ARBN@ ™ D= Ty (ARMD @M )

ForM+1<i<M+N—1land1 < j <M we set

Eij(2) = o @b @ G - apelhie )

ForM+1<i<M+N-—-landM+1<j<i—1weset

Ei ) = e(b+c)j,i(q2M+1—jZ)7bif+l (gPMH1=0 2)— (be) i+ (g 2MHIF 1= )
i,] .

i — j—1 i —
e~ LIt AORbNG ™ )=y (ARBDEGM )

e We define bosonic operators X ~/(z) (1 <i < M + N — 1) as follows.

i—1 1 2
. d; . 2.
X" =)y — = (FT @ - F @)+ —
2 G e OO
M 43 M+N
, - 3
> (q—lcjl—l)z(F'%}' @ = Fj' @)+ ) dF5@
J=i+2 Jj=M+1
(1<i<M-1),
M—1 djlu )
—M _ 5] 1,— _ bt
x M) = Zl @z i@ = Fa i)
]=
dlzw,M 2,— 2.+
= g0z Frwn @ = Fiy iy (@)
M+N d;/[ )
> mw@’;(z) — Fy),

j=M+2

T. Kojima

(3.30)
(3.31)

(3.32)

(3.33)

(3.34)

- (F7 @ - FH (@)

(3.35)

(3.36)
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) M i—1 dl )
Xl =Y d ;Fl+ Y —L—(F - F @)
j=1 j=M+1 @-g7Dz " ’
d?, _
M( ,-?} (z) — Fff(z))
M+N 3
3,— 3 +
+ Y — = (FT () - F @)
j=i+2 (q q Z l
(M+1<i<M+N—1). (3.37)

Here we set F *(2), F}, ;@) Fi (), Ff’ji(z), F}(2) as follows.
ForlglSM—landlgjfi—lweset

FlE () = o (@™ 5 e T )b (R ey (g )
e li=ist ARP @ =T (AB = (af et M)
(3.38)

Forl <j <M — 1 we set

k+g . . .
Fyi5@) =: e Mg 2 bl (T = (pre) M (g F )b M (T i M (g ki)

o~ T AR @ T g g (3.39)
ForM+1<i<M+N—1land1 < j <M we set
. k+ i . . . . : i
I (2) = a7 2 )b (R b (kI gyl (R M (AbgE)

o= Liopat (ARG =2MH 2 S N (A bl (g 7=2MT) (3.40)

ForM+1<i<M+N-—-landM+1<j<i—1weset

. k+g ., . i . . .
'1":‘: (Z) — eali(q*T Z)+(b+c)/’l+l (q7k72M+]Z)+bi’ (q7k72M+/ Z)_(b+c)j,l (q7k72Mj:l+jZ)
i — iy —k—2M+l M+N A= pisly e —k—2M+l
wo~ Lizjn (Db (g M e TN (AL @72 ) (3.41)

Forl <i <M — 1 we set
iR Litl (ki) Qi+, (k+i)
F2E(7) = edxl@ 2 9457 (q D+(be) (g )
1,1 *
M il M+N il —
e~ LiziraATHE@ D ) =T (AT P (=202 (3.42)
k+g
Ei.as g - M.l _
F[@ilw(z) — ea:At/I(q ) Z)_bM,M+1(qi(k+M l)Z)+ZII‘i‘;/1IV+2(A(2bi )(qi(k+2M+l l)Z) . (343)

ForM+1<i<M+N —1weset

. k+g . . . .
+55 Li+l —1- _
F.zfj:(z) _. ea;(q > Z)_b;H' (q:k(k+2M 1 t)z)+(b+c)t,z+l(q:t(k+2M ')Z)
1,1 :

XeZz’”Tﬁ(Aibi)(qi“‘”M*”z) . (3.44)
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Forl <i <M —-2andi+2 < j <M we set

F3E(g) = ot ? D+b+e) S (¢ )4l (HT ) — by (R 1E )
i,] :

we™ Sy ALPD @ =S (A DM ) (3.45)

Forl<i<M-—-landM+1<j<M+N weset
. k+, .. . : : . . . .
F @) = a2 b (M) b (RN T2y (M)
L] N
— il —

xe™ Zizjn (AL (3.46)

ForM +2 < j <M+ N we set
M, e M,j(, k+2M—j M+1.j  k42M+1—j M+1,j ¢ k+2M+1F1—j
F;,,’i.(z) — % (@ 2 )=b" (g I-by (g T =(b+o)"* (g o)
J

Xebyﬂ’j(qk+2M+17jZ)+ZIIZ;]X|(A%by'l)((ik”MH*lZ) . (3.47)
ForM+1<i<M+N—landi+2<j <M+ N we set

F.?”.j:(z) _. eai(q 5 Z)+(b+c)z,_/(qk+2M+l—_/Z)_b$1J(qk+2M+]—_/Z)_(b+c)z+l,_/(qk+2M+1:F1—/Z)
i,] :

XeZﬁﬁfl(AZhil)(qk”M*’z) - (3.48)
Here we set dil,j’ dﬁi, di3,/' € C as follows.
1 (I<isM-11<j<i-1,
1 =1 G = <j<M-—
[ q (i=M,1=<j=<M-1),
Gi=V T X g Ml =i MeN -1 12 ] < M), G4
1 M+1<i<M+N—-1I,M+1<j<i-1),
1 1 1<i#M<M+N-—1)
d* = vy — x . T - ’ 3.50
i,i i+1 Ci’i {qM 1 (l — M), ( )
1 Ji-l Cinl i
dpy=vin— [] ===
Ci,i =1 Ci+l,i
1 (I<i<M-1,i+2<j<M),
k+3M+1-2j : _ :
L la 1I<i<M-1,M+1<j<M+N), (3.51)

gM=DU=M G =M M+2<j<M+N),
1 M+1<i<M+N-1i+2<j<M+N).

The following is the first main result of this article.

Theorem 3.1. The bosonic operators H = Hé, H,il (meZyp,1<i<M+N-1)
defined in (3.18)=(3.21), Wi.(z) (1 < i < M + N — 1) defined in (3.22)~(3.24), and
XTi(z) (1 <i < M+ N — 1) defined in (3.25)~(3.27) and (3.35)—(3.37) satisfy
the defining relations of the Drinfeld realization (2.15)—(2.24) with the central element
¢ = k € C. Here the coefficients d! ., d?., and dﬁj are given in (3.49)—(3.51).

i,j° 2,0
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This bosonization reproduces those of U, (ﬂ (M|1)) upon the specialization N = 1 [20].
We introduce the boson Fock space F(p,, py, pc) as follows. The vacuum state
|0) # 0 is defined by

al,10) = b7 10) = ¢/ 10) =0 (m = 0). (352)
Let |pav pbv pC) be
M+N—1 (A_l)' ) o
Pa- oo pe) =exp| Y T”P;Qla - > vivipy’ Qp
ij=1 8 1<i<j<M+N-—1

+ E pe’ Q7 | 10), (3.53)
I<i<j<M+N-1
vivj =+1

then |p,, p», Pc) is the highest weight state of the boson Fock space F(p,, pp, pc), 1.e.,

ay|pa, Po. Pe) = by Pas Pos Pe) = i |Pas Pby Pe) =0 (m > 0), (3.54)

ag|pas Po. Pe) = PhlPa. by D)y by’ |Pas Po. Pe) = Py’ |Pas Po. pe). (3.55)

o’ 1Pas by pe) = pé’ |pas Pos Pe) (v = +1). (3.56)
The boson Fock space F(py, pp, pc) is generated by the bosons afn, bi,’,j , ci,’lj on the
highest weight state | p,, pp, pc). We set the space F'(p,) by

F(pa) = P F(pa> Pb» Pe)- (3.57)
p;"/:—pi'jel (v; vj:+)
p;)‘jez (jvj=-)
Here we impose the restriction p;’] = —pi.’j (vivj = +), because X,f’i change QZ] +

047 F(pa) is Uy (sSI(M|N))-module. Let [A) = |p,,0,0) where pi = 1; (1 <i <
M+N—1).

Proposition 3.2. The Drinfeld generators H', H,’;l, X i " act on |x) as follows.
Hip) =XE2) =0 (m>0), (3.58)
X;'n =0, (3.59)
HiL) =12, (3.60)

This property is just the highest weight state condition of the highest weight module
V).

Corollary 3.3. We have the level-k highest weight module V () of U, (57 (M|N)) :
V() C F(pa). (3.61)

Here the classical part of the highest weight is A = Z?SNA i A
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The module F(p,) is not irreducible. In [17] the irreducible highest weight module
of Uq (sl(2)) was constructed by two steps from the similar module as F(p,) : the first
step is construction of Wakimoto module using & — 1 system, and the second step is
resolution by Felder complex using screening operators Q; [31]. Construction of Felder
complex is an open problem even for non-superalgebra U, (sl (3)). In this paper we
propose Wakimoto module of U (sl (M|N)) using & — n system. We would like to
report on Felder-complex of U, (sl (M|N)) in future publication.

We set bosonic operators é,i,;j, n,';,j (vivi=+1,1<i < j<M+N —1) as follows.

.. _ i,j

meZz

§@) =Y gl = O (3.62)

meZ

Fourier components 15/ = ) zﬂ‘f—zﬁzmni'f(z) ghi = § 2n‘fzﬁzm I&tJ(z) are well-

defined on the module F(p,). The Z,-grading is given by p(sm]) = p(nmj) = +1.
They satisfy anti-commutation relations.

[T)m]7 é,-:m ] = 8m+n 0, [nm s nn]] = [Srln] élfl ]] =0. (3.63)

They commute with each other.

i &0 1=l i 1= 1607 607 1= 0 (G ) # (L ) (3.64)

The operators ng’j , Eé’j satisfy

Im(né;")—Ker(no> Im(5)7) = Ker(g)), (3.65)
ngley e’ =1, (3.66)
(ngfs(;’)z:ng’sg", & =g 0l (3.67)
& neHmg gy = b gb ey ng?) = o. (3.68)
Hence we have direct sum decomposition.
F(pa) = 0y €7 F(pa) ® 570’ F(pa), (3.69)
where Ker(n§’) = ni’ £y F (pa), Coker(ny”) = &7 ni’ F(pa). We set
=[] ' &= ] &’ (3.70)
1<z</<M+IN—1 1§i<j§M+]N—l
\}l\l]—+ ])il)j=+

We introduce the subspace F(p,) that gives a generalization of the articles [21,22] by
F(pa) =n0&0F (pa)- (3.71)

The operators 770 , "30 commute with X*7(z), \Di (z) up to sign 1.

Proposition 3.4. F(p,) is U, (sl (M|N))-module.

We call F(p,) Wakimoto module of U, (Q(M|N)).
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4. Screening Operator

615

In this Segion we give the screening operators Q; (1 <i < M + N — 1) that commute
with Uy (sI(M|N)) for the level ¢ = k # —g. We define bosonic operators S;(z) (1 <

i < M+ N — 1) that we call the screening currents as follows.

M
CEDS (q_‘”ﬁ(sgj (@) - 5F;(2)

Jj=i+l

M+N

+ Y €S (1<i<M-1,

j=M+1

M+N
Su(z) = Z em,jSm,j(2),

j=M+1

M+N e B . .
Si(2) = Zlm(si,j(z)—si,jm (M+1<i<M+N-1,

J=i+

where we set

— (gl (g 8y~ — (gl )z Ky~
ST (o) = e T OETEE (o) 1 8 @) = e W OERIE )

Here we set ¢; ; as follows.

1/d}, (I<i<M-1,
eiiv1 =y —q N /dy (= M),
—1/d}, M+1<i<M+N-1),
l/dl.3/. (I<i<M-1,i+2<j<M),

gHIMNE (1<i=M - LM+1S ]S M4N),
—¢/ M N dy ;=M. M+2<j<M+N),

~1/d}, M+1<i<M+N-—1,i+2<j<M+N).

Forl<i<M-—1landi+1<j <M we set
55 ) = o bre)H 1 (qMN I )b (@M NI 2 (bre)' T (M NI
et (AL @M N e I (AT B @M N
Forl<i<M-—landM+1<j<M+N we set

bi.j(q7M7N+jZ)+bi+lvj(q7M7N+jZ)7bi+l,j(q7M7N+j+lZ)

Si,j(z) =e

x eI @Apth gy
ForM+1<j <M+ N we set

Sm.j(@) =:e = (AL

(b+c)M+l.j(q7M7N+jZ)+bM,j(q7M7N+jZ)7ZM+_N (Ang'l)(q7M7N71+lZ) .

4.1)

4.2)

(4.3)

(4.4)

4.5)

(4.6)

4.7

(4.8)

4.9)
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ForM+1<i<M+N—landi+1<j <M+ N we set
=+ L (bro)itli (g M=N+j )+bi».i( —M=N+j 7 _(hac)yid (= M—N+i%l )
S (@) =t e RARC A Db z
xe™ ZIEM LGN (4.10)
The Z,-grading of the screening currentis givenby p(Sy,j(z)) =1 (mod 2) for M+1 <
J < M + N and zero otherwise. The following is the second main result of this article.

Theorem 4.1. The screening currents S;(z) (1 <i < M+ N — 1) defined in (4.1), (4.2),
and (4.3) commute with Uy (sI(M|N)) up to total difference.

[Si(z), H'] =0, 4.11)
[Si(2), Hal =0 (m € Z), 4.12)
[Si(z1), X/ (z2)] = 0, (4.13)
[Si(z1), X7 (z2)] = Si—;’;(a(q“gm/m —8(g7"%22/21))
g—g9 Nz
e O 4.14)

These screening currents reproduces those of U, (:v? (M|1)) upon the specialization N =
1[21,23].
The g-difference operator with a parameter « is defined by

") = fg2)

wdof(2) = A (4.15)
(@—q7 ")z
The Jackson integral with parameters p € C (|p| < 1) and s € C* is defined by
5§00
[ rwdw=sa-pn Y s (4.16)
0 neZ
The Jackson integral of the g-difference satisfy the following property.
Nee)
| et =0 (o =g 4.17)

We define the screening operators Q; (1 <i < M+ N —1) as follows, when the Jackson
integrals are convergent.

500
Ql‘ = / S,-(w)dqz(k+g>w. (4.18)
0

Corollary 4.2. The screening operators Q; (1 < i < M + N — 1) commute with
Uy (sI(M|N)).

[Qi, Uy (SI(M|N))] = 0. (4.19)
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For r > 0 we define the theta function [u], as

2 O (™)

F=q" 4.20
e =0 g 20

where we set

0,(2) = (p; P)oo(@ P)oo(P/2i Poor @i D)oo = [ (1= p"2).  (421)

m=0

The theta function [u], satisfies the following quasi-periodicity condition

/=1
47l = —[ul,, [w+rtl, = —e V50, (4.22)
where 7 € Cis given by g = e~ V=1t

Proposition 4.3. The screening currents Si(z) (1 <i < M + N — 1) satisfy

up —uy+ —= Si(z1)Sj(z2) = |up —uy + —= Si(z2)8i(z1), (4.23)
2 k+g 2 k+g

where g*'i = z; (j = 1,2).

5. Proof of Main Results

In this Section we will show Theorems 3.1 and 4.1.

5.1. Proof of Theorem 3.1. We will show
(X" @), X7 (z2)]

= Ty BEeieie) -8 e/l a ) G

forl<i<M+N—1.
eForl <i <M — 1 we have

[Ef, (), T (@)] = —(q — a7 )8 22/21) « Ef @D F ) (5.2)

(£ G, FE @)l = Fg — g7 D36 2 T /2 EE G F ) -
(I<j<i-, (5.3)

[E;; (). F (@] = (g — ¢ )8 22 0/20) 1 ELGOF () 1. (5.4)

The remaining commutators vanish. Hence we have

X" (z1), X (2] x (¢ — ¢ a1z
i—

= 8(g7" /) (Ci,jd,-l,j : EI,-(Z1)F,-{}+(Z2) :

j

1 . 1,— .
—Ci j+1d; 41 Ei,j+1(11)Fi,j+1(Z2) )

38

Il
-
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+8(q * %225 /21) (Ci,i—ldil,j_l : Effi_l(m)F,-{}:l(zz) :
—ciid?;  Er @) £ (22) :) +8(q*2a/20)ciidl;  EF () T () -
—cind!\8(g 7 22/21)  E @D F (@) + (5.5)
Forl <i <M — 1 we have
ER (@ YR @ = B, @ YR ) 12 <i—2), (56)
EL @ TR () = BT TR @) (5.7)

. k _ _ _ : _k
EL (G OF @) =g ), (EL (g OF (@) =g, (58)

and
cijdl;=cijndlj, (1<j<i=2), (5.9)
ciiodl = ciid};, (5.10)
ciidl = cindl = 1. (5.11)

Hence we have (5.1)for 1 <i <M — 1.
e Fori = M we have

1
[Evom (@), Fijhy ()] = maq%/zo CEmmG@)Fy @)L (5.12)

[Ej(z0), Fyis ()] = 8(q7 M F /20 ¢ B () Fy ()

g/ 1z
(I=<j=M-1, (5.13)
_ 1 g
[Ev.m(z1). Fyj ()] = el K220 121)
Enm(20)Fy; 1(z2) < . (5.14)

The remaining anti-commutators vanish. Hence we have

(X*M(z1), X" M(z)] x (¢ — ¢ Hz1z2

M-2 1

ki CM,j+1dM,' 1 1.—

= Z 8(q " z/z1) (q—jjJr CEuM (1) Fy e (22)
j=1

1
CM,de,- 1 .
m T B G Fy () | + G 2220 f20)
CM,Md]%/[M 2.—
X W CEMmm () Fyy o (22)
1
em.mM—1dy g 1
——qM_z’ 1EM,M—1(Z1)FM’TM_1(ZZ):

cmmdiy
—5(qk22/21)qM—_1’ Epom @D Fyhy(22)
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+8(q ¥ z2/z0)emadyy ) - Ema@)Fy (2) <
Moreover we have
Ck—2i ol —k—2j \ -
CEm i@ YD F, @) = Ep (@ ) FY L ()
(1=<j=M-=2),
ke 1, —k— 2,—
tEma—1(q M @) = B (T M) Fy ()
2, k
CEma (@ D) ity () o= Wi (g72),
. —k L=~ ._ yM, -5
CEMa(qg ) Fy () =W (g 22),
and
CICM,jd}V[,j = CM,j+1d11v1,j+1 (I=j=M-=-2),
CICM,Mfld}VLM_l = CM,Mdjzu’M,
CM,Mdjzw’M = —qM_l, CMyldI{l,l = —1.

Hence we have (5.1) fori = M.
eForM+1<i <M+ N — 1 wehave

[Ef;(20), Fi (@)1 = (g — ¢ 8" 22/20) B 20 Ft () 2
k+1 ) .
[Eij(z1), Fi{j(Zz)] = qfl(a(q_k_zﬁza/m) —8(q Y z/n))
(¢ —g97)z122

X EijGDF () (<)< M),

619

(5.15)

(5.16)
(5.17)

(5.18)

(5.19)
(5.20)
(5.21)

(5.22)

(5.23)

LB ). @)l = g — g7 )(q ™ M2 g p2y)  BE 0 FE (o)

M+1l=j=i-1,
[E;; (20, F{i ()] = —(g — ¢ H8(q M 22 /2)
LEL(DFS ()5
The remaining commutators vanish. Hence we have

(X" (z1), X (221 x (¢ —q¢ Hz1z2

M—1
= Z 5(517k72j12/11)qk+1 (Ci,j+1d,‘1,j+1 : Ei,j+1(Zl)Fifj+1(ZZ) :
j=1

—Cl',jdilyj : E[J(Z])E{j(z2) :) + 3(q—k—2MZ2/Z1)

(5.24)

(5.25)

(Ci,M+1d,»1,M+1 : E,TMH(ZI)F,'{};;H(ZZ) : —Ci,Md,-l,qu+1 : Ei,M(Zl)FifM(Zz) 1)

i—2
—k—4M+2j 1 . 1,— .
+ > 8 “@/m)(ci,md,.,m.Ei,j+1(Z1)Fi,j+1(zz).
j=M+1

—cijd} ;  Ef ;) F (22) :) +8(q M2, /2)

_ 2.~
(Ci,idi%i CELG@DFL (@)t —ciiadl iy Ef @D FL(z2) 5)
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~8(¢"22/z1)ciid; -2~' -+-(21)F,-2§+(Z2)'
+Czld11qk+18(q kZZ/Zl) Ei1(z1)F} 1(z2)

ForM+1<i<M+N — 1 we have

Eije1(q Y F 1) = Eij(q YD F )
(1<j<M-1,
CE (@ M F L () = B D@
l]+1( —k— 4M+2]Z)F i (Z) _ E (q—k—4M+2]Z)Fi{}+(Z) .
M+1<j 5 i — 2)

EZi(qkz)Fff(Z) = wqu), 1Ei,1(61 “)FL () = (g k),

—k—2M
DF

and

Ci’j+1dil’j+1 =Ci,jdil,j I<j<M-lorM+1<i-2),

1 k+1
CiM+1d; o1 =4 ciomdim,
2

ciidi; = cii- 1d}

ii—1°

2
Ci,idi,i = q Ci,ldi,l = —1.

T. Kojima

(5.26)

(5.27)
(5.28)

(5.29)
(5.30)

(5.31)

(5.32)
(5.33)
(5.34)
(5.35)

Hence we have (5.1) for M +1 <i < M + N — 1. Now we have shown (5.1) for all
1 <i < M+ N — 1. Other defining relations of the Drinfeld realization (2.15)—(2.24)
are shown in the same way. We summarize useful formulae for proof of theorem in

“Appendix A”.

5.2. Proof of Theorem 4.1. First, we will show

[Si(z1), X " (22)]
1

(-9 Huzn

forl<i<M+N — 1.
eForl <i <M — 1we have

(3 52220 — stg™ 2/ () (15)

(5.36)

[S7 i1 0. FiF @] = (g — g8 M2 2 20y 1 ST @D FL (20)

(5.37)

[Sii1 G0L F @) = —(q — g7 8" ™MV zp/z0) + 87 @D (22)

(5.38)
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—k—M+N—1
q

(g —q Hziz2
(8(qk+3M+N—2jZ2/Z1) _ a(qk+3M+N+2—2jZ2/Zl)>

X8 j@DFj(z): (M+1<j<M+N). (539)

[Si.j(z1). Fj(z2)] =

Forl <i <M —2andi+2 < j < M we have
(87500 7 (@)] = £(q — g7 Hs(gh M 2
LS E () - (5.40)
The remaining commutators vanish. Hence we have

[Si(z1), X ' (z)] x (¢ — ¢ Dz1z2
M—1 '
= Y 8(g" MNPy /z) (ei,jdi%j : S;fj(11)Fi?’]-+(zz) :
Jj=i+2

3 . 3,— . k—M+N+2i+2
_ei,j+1diyj+1 : Si)j+1(ZI)Fi’j+1(22) ) +48(g e 22/21)

2 . 2.+ . 30 . ¢— 3,— .
(6i,i+1d,-,,» ST @OFT(@2) t —eiinad; 4 1 S; (21 Fii 5 (22) )

48 M N 2 /20) x (enudyg + STy O ()

—k—M+N—1 3 . 3 .
—q N e a1 gy Sime1 (210 F 4 (22) )
M+N—1
k+3M+N—-2j —k—M+N—1
+ > 8 T22/21)q
J=M+1

L,

X (ei,j+ld'3j+1 : Si,j+1(Z1)F3j+1(Zz) : —ei,jd,?fj : Si,j(Z])Fi?j(ZZ) 1)

k 3 —k—M+N—1 3
+8(q" " z2/21)ei MaNd; py N T SN @D F (@)

—8(g 7" 820 /z0)ei i d?; ¢ St @DF (22) 1 (5.41)
Moreover we have
LS @ TN LT (@) = Sen (@) PRy v ()
e @O iMoo, (542)
L SE (g TN RI F (2) = S, (@MY F ()
I<i<M-=-2,i+2<j<M-1), (543

. ot k—M+N+2i+2 2,+ . QT k—M+N+2i+2 3,— .
S (g TOFT(R) =8, TOF L)

(I1<i<M-2), (5.44)
LS @ F @) = S (@M FR @)
(I1<i<M-2), (5.45)

: Si,j+l (qk+3M+N—2jZ)F'i:”)j+1 (Z) p— Si,j(qk+3M+N_2jZ)I73j(Z) .
(l<i<M—-1,M
+1<j<M+N-1), (5.46)
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and
€i,i+1dl-2,,< = ei,i+2d3i+2 (I<i<M-1), (5.47)
o3 3 1<i<M-2,i+2<j<M+N -1
e”/di,j_elﬁl+ldi,j+] <0r1§l§M—1,M+1§J§M+N—1 , (5.48)
eimd; = eimnid; g ML i M-, (5.49)
eimandi g N =g d? =1 1 <i<M-1). (5.50)
Hence we have (5.36)for1 <i < M — 1.
eFori=Mand M +2 < j <M+ N we have
2.+ g 1F1
[Su.m+1(21). Fypy(22)] = (g M N F gz
SM,M+1(21)F1%4’§4(12) n (5.51)
3.+ gt aMaN—2)a1E]
(S, @0: Fij G2)] = ———8(g HBMINZ24 T 2 /21) -
S (21 Fiy5(22) (5.52)
The remaining anti-commutators vanish. Hence we have
[Su(an), XM (@)1 x (¢ — g Hazn
— 8(qk+M+N_2Z2/Z1)
X (qN_2€M,M+2d13VLM+2 : SM,M+1(ZI)F1%/1’TM(ZZ) :
—qN_leM,MHd/Zu,M : SM,M+1(11)F1%[M(12) I)
M+N—1
+ Z 8(qk+3M+N—2/Z2/Z1) % (qM+N_"_1€M,j+ld13u,j+1 :
j=M+2
SO EY @) " el SO ) )
—8(q"* 8 22/ 20)em mendig yo © SMen (@D Fap oy (22) :
+enr mr1dyy 8@ 422/21) 1 S (@) Fay p (22) : - (5.53)
ForM +2 <i <M+ N — 1 we have
t St (@ M) F (@) = Suaen (@M TV D F @)
=: e_(ﬁaM)(Zl_k%) :, (5.54)
LS (@ PN Pt @) = S (@ PN P @) (5.55)
FSune (@ TN D FE @) = S @Y TN PO B n @ s (5:56)
and
6M,M+1d12‘,1,1;,1qN_1 =-1, 6M,M+Nd13v1,M+N =-1, (5.57)
61€M,M+1d,2w,M = 6M,M+2d/3w,M+2, (5.58)

qu’jd;\)d,j = eM,j+1d13V[’j+1. (5.59)
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Hence we have (5.36) fori = M.
eForM+1<i<M+N—1landi+2<j <M+ N wehave

[S;:i_'_] (Zl), F;Q).;+(Z2)] — _(q _ q_l)s(qk+3M+N_2i_2Z2/Zl)

LSPGO F (@) (5.60)
[Siim1 @D F @)1 = (g — g7 )8(q M N 25 21)
S GDE (@) 5 (5.61)
[SE (20) FE ()] = Flg — g~ (g MV =241 5 )
LT EDF () (5.62)

The remaining commutators vanish. Hence we have

[Siz1). X721 x (¢ —q " Hz122
= 8(q N2 1)) (ehinadiing S @D F ()
—eiind}; S;f,-H(Zl)Ff,TJr(Zz) 1)

M+N—-1

k+3M+N—2] 3 e 3,— )
+ Z 3(gq JZ2/ZI) (ei,j+1d,‘,.,'+1 . S,',j+1(Z1)F,"j+1 (z2) :
Jj=i+2

—ei,jdgj : S;fj(zl)FS}.+(zz) :)

—5(61k+gZ2/Z1)€i,M+Nd,~3,M+N : S:M+N(21)F3}t;+1v(12) :

+8(q 820 /2)eiim1d?; 1 S GDF (22) ¢ (5.63)
Moreover we have

_ e 2,—
FS @ TN FRT @)

= S @M N @)
R e Ve s S :
= ¢ U ). M+1<i<M+N-—1), (5.64)

574 lIMEN=2] 7y Fl%]+ )
— Sijj+1(qk+3M+N_2jZ)Fi?}':1(Z) :
M+1<i<M+N-1,i+2<j<M+N —1), (5.65)
. S;Hz(qk+3M+N_2i_2Z)Ff;»:2(Z)
=1 Sh @MV A () (M1 <i <M+ N —2). (5.60)
ForM+1<i <M+ N — 1 we have

ei,i+ldi%i =-1, ei,M+ngM+N =—1, (5.67)
ei,i+ldi%i = ei,i+2d,§,'+2, ei‘jd,'%j = ei,j+]d,'3:j+1 i+3<j<M+N-—1).
(5.68)
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Hence we have (5.36) for M +1 <i < M + N — 1. Now we have shown (5.36) for all
1<i<M+N-—1.
Next, we will show

[Si(z), XPi(z)]=0 (1 <i<M+N-—1). (5.69)
eForl <i <M — 1we have
(S5 @), S @)1 = F(q — ¢ 8™ N o /1) S5, GDES (z2) -
(5.70)
Hence we have
[Si(z1), X* ()] = 8(g* " M**Nza/z1)ei i cii
(: St @DE (@) = £ S @DEL ). (5T
Moreover we have
LSS @ TN ES () = S @ TN ES () (5.72)

Hence we have (5.69)for1 <i < M — 1.
e For i = M all anti-commutators vanish. Hence we have (5.69) fori = M.
eForM+1<i<M+N — 1 we have

(S50 @0, Ef (2] = £(g — g7 8@ N " 20/21) S5, GDES () 1. (5.73)
Hence we have
[Si(z1). X™' (2] = 8(¢*M™N " zp/z1)ei i
(: St GDE(2) - = 5 S (2D E (22) ) (5.74)
Moreover we have
S @M T B () =S @ T OB () (5.75)

Hence we have (5.69) for M +1 <i < M + N — 1. Now we have shown (5.69) for all
1<i<M+N-—1.

Other commutation relations of the screening currents are shown in the same way.
We summarize useful formulae for proof of theorem in “Appendix A”.

6. Concluding Remarks

In this article we found a bosonization of U, (Q (M|N)) for an arbitrary level k €
C. Our bosonization is obtained from a g-difference realization of U, (sI(M|N)) (see
“Appendix B”) by the replacement

7" £ @) (6.1)
e () T
te : (vivj =+),

. © L 2
T Lo V@ L o et @) (viv; = —), 62
g — Q) (6.3)

e:tbi_’j(z)_eibi,’j(z) o
[0l = 1 @g Nz Vivi=H, (6.4)
1 (Uil)j = —).
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For instance, we have

O R G I ORI )
Ju i (gq—q Mz
xe aM (@) —b" M (@)= MH () - M ,+1<A0b’_M)(z)+Z;‘4;§V+2(A%by,z)(z):
— ;1 . (eib'{',M(qikijZ)*(b+c)j’M(q7k*j*lz)
(g—q7 )z

Mg hi z>7<b+c>f~M<q*k*f“z))

_ktg i . . .
xe®a™ 7 9=l (TR g —pi M g Rt

— —k—, ] —k—2M—
xe~ Zl”i,-ll(AOb’_*M)(q il (BT g M)

- .
= m(F () — Mj(z)) I=j=M-1. (6.5)

Taking the limit ¢ — 1 we obtain a bosonization of the affine superalgebra si(M IN)
for an arbitrary level £ € C. Bosonizations of the affine superalgebra si(M|N) for
level k have been studied in [14,32-39]. We compare our bosonization with those
of [39]. In the limit ¢ — 1 we introduce operators «;(z) (1 <i < M+ N — 1),
Bi.j(@), Bi.j(@), vij(2) A =i < j <=M+ N,vivj =+),and ¢; ; (2), IPIJ(Z) (I=i<
J <M+ N,vjv; = —) as follows.

@i(2) = o (a" (z)), 6.6)
Bi.j(z) =, (e_"’i’j“)) @B () =0, ( "’i’j(Z)) @ (6.7)
Vij(2) =t @@ (6.8)
Vi@ =@yl @ = e (6.9)

They satisfy the following relations.

(k+g)A; ;
ai()aj(w) = (z——w)lzj - (6.10)
11/5” 8i,ij,j
Bij @y W) = ="+ oy @By (w) = —— =" e (6.11)
—w —w
8 i10 i ~ 8;.ir8; i
Bri@yijw) = ==Ly @B ) = =L v (6.12)
—w Z—w
LIN i 81 i 3;/
ViU w) = fw+--- Y@y (w) = + (6.13)

In the limit q = 1 our bosonization becomes simpler because the operators ai (2),
(z) (Aéb )(z) and (A% b )(z) disappear. In order to resolve a singularity in
denommator (g — g~ "), we take the limit of — _])Z(E+ (2) — Ef/ (z)) instead of

= l)z E (z) In “Appendix C” we summarize useful formulae to take the limitg — 1
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upon the condition k # —g. Taking the limit g — 1, we obtain the following bosoniza-
tion of the affine superalgebra s/(M|N). In what follows we set the coefficients ¢; ; = 1
for simplicity.

H(2) = i@+ Y 1 (Bj.i(@)y.i(@) = Bin1 @)ir1(2)) :

j=1

M
+ Y 1 Bir1j@Yinn i) — Bij @71 () :

j=i+l
M+N
+ > (@Y D@V @) = @Y Y] ()
j=M+1
1<is<M-1), (6.14)
M—-1 . .
HY(2) = am(@+ Y (W ms) V] 101 (@D + B @y m () :
j=1
M+N .
= Y B j@yme j @)+ @ NV, (@) 5 (6.15)
Jj=M+2

M
H' (D) = i@+ Y (09,0 @V 11 (@) — @00V (2) :

j=1

+ Z : (Ej,iﬂ(Z)Vj,iH(Z) — Ej,i(Z)Vj,i(Z)) :
j=M+1
M+N =R .

+ Z 2 (Bi,j(@vi,j (@) — Biv1,j(@DYi+1,j (2)) =
j=itl

M+1<i<M+N—1). (6.16)

XH@) =Y B @yi@: 1<i<M-1), (6.17)
j=1

M
X*M@) =Yy m @V M (@) (6.18)
j=1

M i
XM=Y @y @ = Y By :

j=1 j=M+1
M+1<i<M+N-1). (6.19)
X2 = — 1 i@yiin (@) —ki 3 viin (2)
i—1 M

+Y B @Y (@) = Y B (@YD)

j=1 Jj=i+2
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M+N

_ Z :¢i+l,j(z)1ﬂzj(z):

j=M+1

M
+ Y B j @i () = Bis1 j (@i j(@)Yiin () :
j=i+l
M+N

Y (@Y D@V ) = Ot DRV @i () :

j=M+1
(I=i=M-1),

XM @) =t am @V g0y @) 14w 2 Yy 1y @) ¢

M—1 M+N

=Y B @Y @ = D By j @Yy (@) :
j=1 j=M+2
M+N

627

(6.20)

= Y Buit j @y @+ @ DOV, gy i @

j=M+2

X7 (2) = (D) Yiie1(2) ki 2 0yyiien (2)
il

M
=Y @Y @ Y BV (@) :

j=1 j=M+1
M+N M+N

= B @y @+ Y (B @i @)
Jj=i+2 j=i+l

—Bis1j@Vie1 ;@)@ (M+1<i <M+N—1).
Here we have set the coefficients «; by
k+i <is<M-1)
ki=33k+M—-1 (i=M) .
k+2M —i M+1<i<M+N—-1)

For k # —g we have a bosonization of the screening current as follows.

M
Si@) =Y 5@BL@Yie(@)
j=i+l
M+N
Y E@YL @Y, @ =i M=),
j=M+1
M+N
S@ = Y Sm@yme j@¥m; @)
j=M+1
M+N

Si@) =Y 5B @Yin @ (M+1<i<M+N-1).

j=i+l

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)
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1 i .
~ —| ==a' )(z:0 . . ...
Here we have set the operator §;(z) =: e <‘+g )( ) :. Our bosonization is similar as

those of [39], because both bosonizations are based on the same differential realiza-
tion of sI(M|N) (see “Appendix B”). The bosonization of [39] is reproduced from our
bosonization by the following “formal replacement”

Bii(@) = Bij(2), 8.2 — Vi (2),
k+i—1 (1<i<M-1)

ki —>33k+M—1 (i=M) , (6.27)
k+M+1—i(M+1<i<M+N-1)

with o;(2), B, (2), vi,j(2), ¥i,j(2), wiTj (z) fixed. Of course the map satisfying both
0., j(z) — Vi j(z) and ¥, j(z) — Vi j(z) is impossible. This is the reason why we
used the word “formal replacement”.

In order to calculate correlation functions of exactly solvable models, we have to
prepare the vertex operator CIJKEZ))VK (z) that satisfies intertwining property [2]. We will
propose a bosonization of the vertex operator. In what follows we assume k + g # 0
and g # 0. We define a bosonic operator ¢*(z) for the weight A = Ziﬂlefl ;i A; as
follows.

M+N—1

i L aij Bij k+g
¢*(2) =: exp Z (— === ad ) z-——)]" (6.28)
Pyt k+g g 1 2
where we have set
. _ | minG, j) (min(Z, j) < M +1),
i) = { 2(M +1) — minGi, j) (minG, j) = M +2), (6.29)

B = { M — N —max(i, j) (max(i, j) < M +1), 630)

—M — N — 2 +max(i, j) (max(i, j) > M +2).
The bosonic operator ¢>x(z) satisfies the following relations for 1 <i < M + N — 1.

i x — l . —klm\ m
[H,,, ¢"(2)] = m[hiﬂ]qq 29 (2) (m € Zyo), (6.31)

[X*(2), ¢*(2)] = 0, (6.32)

(z1 — ¢"2) X (21)$" (22) = (@21 — 22)¢* (22) X (21). (6.33)

We set the bosonic operators ¢§1,i2 _____ i () (I <iy,ip, - ,inp < M+N —1) as follows.
¢i);ai25-<~»in (Z) = |:¢i)tlﬁi2a~--vinfl’ Xo_’lniqu ’ (634)

whe{ex = (- Z?;ll @; |a;,)). The Z,-grading is given by p(qﬁx(z)) =0 (mod 2) and

p((ﬁi)‘l iy (D) = > p(X,;’is) (mod 2). Let QDKEZ))V’\ (z) be the vertex operator sat-

isfying the intertwining property : @g&;))vk V() = V(w)®V,,.Here V(u) and V (v)

are highest weight modules. V; and V; ; are a typical module and its evaluation module,

. Vv) V; VinV, Vv V;
respectively [29]. Let @VEZ)) i?,iZ,--~‘i/1 (z) be QVEIVL)) @D =i (DVE/VL)) i?yi2,-~~sin @)
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Vi g, ..in Where {vjy i, .
operator as follows.

} is a basis of V. We propose a bosonization of the vertex

wln

M+N—1

\%4 V;

oy @=mg0 [ QY bk @D ke, (6.35)
j=1

where n; € N (1 < j < M+ N — 1). Here noép is the projection operator on the
Wakimoto module (see Sect. 3) and Q ; are the screening operators (see Sect. 4). In order
to balance “background charge” of the Wakimoto module, we multiply the screening
operators. Trace of the vertex operators vanishes if we do not multiply the screening
operators. For small rank we have checked this conjecture by direct calculation. For
2 <M < 4and N = 1, the intertwining property of the vertex operator was checked
[21,23]. We would like to report on this conjecture in future publication.
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Appendix A: Normal Ordering Rules

In this Appendix we summarize normal ordering rules that are useful for proof of main
results.

AL [X*(z1), X (z)] 1 <i<M+N-2).
eForl <i <M — 1 we have

[Ef 0, Fliy @)l = +(g — g7 8@ 2z /z0)
CESG@DFL (@) (1<j <), (A1)
Ef (g N @ = @ TR @) (1<) (A2)

e Fori = M we have
[Em. 1), Fyp jG@)] =0 (1<) <M. (A3)

eForM+1<i<M+N —2we have

[Eij(z1). FlYy j@)1=0 (I=j=M), (A4)
[Ef (20, Fip ()] = Flg — g Hsq 1 22
L E (zl)F+1](12) M+1<j<i). (A.5)

( —k—4M— 1+2j )FH_IJ(Z) _ El](q_k —4M— 1+2]Z)Fl+1](z)

(M+1§J <i). (A.6)
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A2 [XP(z1), X7 z)] @Q<i<M+N-1).

eFor2 <i <M — 1 we have
LEF 120, F o (2] = —(g — 7 )8(q" 22/21)
Ef;_ 1(ZI)F'3'j1Ei+1(12)'
[EE G0, F @] = (g — g 8@ 2a/z0) 1 EEG@OF, _ (2) -,
[E*(zo FT @) =g — g7 8" /20« ELGOFT 4 () 1
Efi (@ DF T L () = ES (@ O @)
Ef (@ ) F ] @) = @ L)

e For i = M we have

[Emm—1210)s Fiyp_y a1 (22)]

- 8" 22/21) 1 E (z1)F; (z2) :
_qM_ZZ1 q 2/21) P EM M1 20y p41(22) 55

[Em.m(z1), F,%f] m—1@2)]
=(q—q 8" 22/21)  EmmGOFy 1 (z2)

(Ev.m(z1), Fyy_ Mm+1(22)1=0.

CEMo—1(@ D FY gy @) =t Evon (@ ) Fyt

e Fori = M + 1 we have

[Ep+1,m(21), F,?j)iMJrz(Zz)]

= @ /o) Er D iy ()
_qM71Z1 q 2/21) - EM+1,M LX) Epp pr42122) -5

[E3 a1 pra1 (1) Faphy (22)]
-1 k—1 .t 2,+ .
=—(q—q )8(q" " z22/21) t Eypyy 1 @D Fpy(22) 1,
3
[E3gar, ma1 G0: Fy g (22)]

=Fq(q —q8(q* "22/21)  Ejjpy 1 GO Fy hpin(@2) 1 -

D EMm (@ D F 0@ = v @ O F (D) 5
b1 @ D F i a0 () = By g @ D Fi (D) -
eForM+2<i<M+N — 1 we have
(Efi ). Fo oy (22)]
=(q—q 8" /) Ef L GOFT @)
[EL ). F2 (2]
=—(q —q 8" 22/21)  EL@DFY (@)

Mo1m-1(@) 1
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(A.7)
(A.8)
(A.9)

(A.10)

(A.11)

(A.12)

(A.13)
(A.14)
(A.15)

(A.16)

(A.17)

(A.18)

(A.19)
(A.20)

(A21)

(A.22)
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[EE (2., FT 14 (@)

=Fq(g —q 8" "22/20)  Ef @D FT ) 1
Eii_l(q"*lm @ = ESG@T F )
EL @ T DR 0@ = EL @ T DR L@

A3 [XH(z1), X (z2)] B<i<M+N-1,1<j<i-2).

eFor3<i<M-—1land1<j <i—2wehave

[Ef (21), F)ig @)l = —(g — ¢ )8(q" T 2a/21) : B} 2D F; ,+1(Zz)
[Ef @0, Fif )] = (g — g D8@" oz s B @D F )

[E ”+1(Z1) 7 l+1(zz)]
=2(q —q 8@ T na/z) B G FT ()
E-Jr»(qk“'_jz)F l+1(Z) = E; j+l(qk+i—j )F.S’.+ @) :
Ef @ TF) (@) =B (@R @)
eFori=Mand1 < j <M — 2 we have

[Em,j+1(21), F iy (z2)]
=(q—q 8@ z/z1) EM,j+1(Zl)Fj3,’;,(Z2) 5
[Em.j(z21), F; pe1(22)]

1
= = 25(qk+M Iz22/21) 1 Em j@DF; M+1(zz) 5

[EM ]+1(Zl) M+1(ZZ)] =0.

L Ey (@M F @) = B (@ T FD ()

eForM+1<i<M+N—1landl < j <M — 1 we have
[Eij+1(z1), F;(z2)]
= —qu}lZlS(qkﬂM_i_sz/Z]) LEijnDF}(22) 5
[Eij(z), F 1+1(12)]

5(q"+2M_’_jzz/11) : El»,j(Z1)Fj3,i+1(Zz) 5

gl
[Ei j+1(21), F} 141 (22)] = 0.

Eijr1 (@M P @) = B (@M TR L @)

eForM+2 <i <M+ N —1and j = M we have

3
[y @) Fyy(22)]
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(A.23)
(A.24)
(A.25)

(A.26)
(A.27)

(A.28)
(A.29)
(A.30)

(A.31)

(A.32)

(A.33)
(A.34)

(A.35)

(A.36)

(A.37)
(A.38)
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=—(g— g 8@ 2a/21) By D) Fy(z2) (A.39)
LEim(z1). Fyj iy (22)] = T (@M 20/ s By FyE, () 5 (A40)
[Ef a1 G). Fap iy (22)]

=Fq(q —q 8@ M 2a/z1) 1 By D Fyphy (22) 1 (A41)
L Ef @M T F @) = B (@ T ) P () (A42)
CE @M T F () = Ey (@M T Fy () (A.43)

eForM+2<i<M+N—-landM+1<j <i—2wehave

[Ef1 (20, Fi (22)]

i, j+l

=—(q—q 8" M na/z) B GOF) ) 5 (A44)
[Ef (1), Fiipy (22)]

= (q—q 8" /) B DFE ) (A.45)
[Ef (), Fril (2]
_ -1 k—i+j .t 3,F .
=Fq(q —q )iq /20 E5 @DF; U (22) - (A.46)
E @R @) = BT F @) (A47)
B @ O F) L @ = B @ O @ (A48)

A4 [X7z), X ()] @Q<i<M+N-1).
eFor2 <i <M — 1 we have

1, 2,+
[F,'J':El (z1), Fi—1,5—1(12)]
= (g —q 8@ )z Y GOFPT () (A.49)
CF @RS @) = BT @ RS () (AS0)

1

e Fori = M we have

1, 2,
[FMTMfl(Zl)a FMi],M,] (z2)]

— (g — g 8@ M 1y 2y FII{M_I(zl)Ff,I’iLM_I(zz) : (A.51)
[FI%/I’,_IVI(Zl)* Fl%/[—l,M+1(ZZ)]
M 2 _
= S(gHM=175/21) FM’,M(ZI)FI%/I—I,MH(ZZ) s (A.52)

1, 1, 2 _
@ TR @) = Fay oy @Y T F @) 1
(A.53)
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e Fori = M + 1 we have

2
[Farar @0 Fypy(22)]
k+M

q _
== 3@ /) Firorm @D Fyty(@2) . (A.54)
[yt me1 @D Fij a10(22)]
— — 2.— 3
=(q—q 8@ 22/21) : Fiiiy a1 GO Fy a0 @2) < - (A.55)
L P @M ) P (2) = Ff,;:LMH(q2k+2M_lz)F,?,jjw+2(z) i, (A56)

eForM+2 <i <M+ N — 1 we have
[F1T (). F2Y L (2)]
— —2i 2
=F(q — g H8@ M gz F @O FY () ks (A.57)

L, —2i . 1— —2i 2,—
. Fi,itl(qzk#tM 21+1Z)Fi—41—,i—1(z) = Fi,i_](q2k+4M ZH—IZ)FZ'_],[_](Z) .
(A.58)

A5 [X(z), X ()] B<i<M+N-1,1<j<i-2).

eFor3<i<M-—1land1<j <i—2wehave
[FH @), Fi )l =q(q — g H8@™  za/21) @D F) ) 1 (A59)

1 3,—
[Fli G0, iy (22)]

=—(q—q 8@ a/2)  Fl @DF) () 5 (A.60)
[F @0, Fii ()]

=F(q —q 8@ /2 i GOF) () 1 (A61)
F @ PR = B @ P (@) (A.62)
: Fif’jil(q2k+"+"'z)F;”i+(z) = El”].:l(qZkJr”jz)Fi’;(z) ;L (A.63)

eFori=Mand1 < j <M — 2 we have

1 +
[Fyi (@), Fiyg(22)]

=q(q =g 8@ M za/z0) By 2O F () 5 (A.64)
[FI%/I’,:‘;H(Zl)» F?,MH(Zz)]
! 2k+M+j 1,4+ 3
= 8(g™ M zafz1)  Fyps o @D F} i (22) (A.65)
[ani,ﬂ;ﬂ(zl)’ Fiﬁ(Zz)]
=F(g —q 8@ ™Mz /) : FJ:/i,j;ﬂ(Zl)F;,’Aﬂ;(Zz) i (A.66)
LRy @M @) = RS @O F @ s (AT

1, j 3, . opl,— j 3,— .
PR @O @) = By @D @ s (A)
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eForM+1<i<M+N—-landM+1 < j <i—2wehave

[F 20, i (z2)]

=—q"'(q—q @M )z B DF )
[F ), Fiipy (z2)]

= (¢ — g 8@ M g0 L FE D F ()
[Fln @), Fl ()]

=+(q —q 8@ M /) B @DF) ) -

Ll 2k+dM—i—j 3,+ ol kv dAM—i—j 3,— .
LF (g TIF (@) = (g TF @)

1, —i—j 3, . pl- —i—j 3,— .

i,j+1
eForM+2<i <M+ N —1and j = M we have

k+M—1

q i 3.+
[Fy 20). Fiﬁ(Zz)] = —T3(42k+3M ‘22/21) t Fly @D Fy (22)

[Fi{}liltﬂ(zl)» Ffj;“(zz)]

= (g —q Hs(gHBM=iz 0y Fﬁﬁﬂ(m)Ffj;H(zg) :
[Fi{}lj:ﬂ(zl)’ Fi/if(zz)]

==+(q — q—l)(S(qZk+3M—izz/Z1) : Fifﬁ+1(zl)F,?4’f(zz) .
L FL @M FRE ) = Bl @Y L (@)
: Fl.f}‘}+l(q2k+3M—iZ)FiI’;(Z) P Fi{h;+l(q2k+i+jZ)Fij;(Z) .

eForM+1=<i<M+N—landl=j=<M-—1wehave
ketj—

1
q i
[F) @0, FL @) = = 3@ M 2 B @ F @)

[F} @), F i (22)]
qk+j+1

= Ta(qz'”m*”fzz/m DF i GOF] ()

[F} (20, Fj (2] = 0.
. Fl}j (q2k+2M_i+jZ)Fj3,l'(Z) f— F‘i{jq_] (q2k+2M_l+]Z)F;‘i+] (Z) -

A6 [Si(z1), Xt (z)] 1<i<M+N-=2,i+1<j<M+N-1).
eForl <i<M—2andi+1<j <M —1wehave

[S7;(20), ET (21 = q(g —q~H3(q"™ "M N2y /z0) : S :DET i (22) -,
[S;j_'.l(Zl)s Ejii+l (z2)]
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(A.69)

(A.70)

(A.71)

(A.72)
(A.73)

(A.74)

(A.75)

(A.76)

(A.TT)
(A.78)

(A.79)

(A.80)

(A81)
(A.82)

(A.83)
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=—q(qg—q 8" M N 2a/21) 1 S @DE () (A.84)
[5G0, B (22)]
=F(q —q 8@ M N 2) S GDET (22) 5 (A.85)
[S,'Tj(Zl)v E;,'(ZZ)]
=q(q—q 8" M N2y 1) L S @DE](22) 5, (A.86)
[S:j+1(zl)a Ej_,i+l(Z2)]
=—q(q—q 8" M N 2/z1) S EDE(2) 5 (A.87)
. SZj(C]i+j_M+NZ)E;,j(Z) — S;;+1(qi+j_M+NZ)E,;i+l(Z) 5 (A.83)
LSE i@ TN ET () = S @MY DE () (A.89)
: S;fj(q’“_M+Nz)E;i(z) = S:j+1(q’+f_M+Nz)Ej_’i+l(z) :. (A.90)
eFori=M—-1landM+1<j<M+N —1we have
(St 1@ Emn 1)1 = g7 (g — g~ 8@ N 2a/z0) -
Sy—1.m@DEMm-1(22) (A.91)
M+N—j—1 )
[Sw-1.j @) Ejop-1(2)] = = 8(g*M NI gy )2y
Syu—1,j@DE; m-1(z2) . (A.92)
Fori=M—-1andM+1<j <M+ N —1wehave
[Sy—1. @D Exyg_y a1 @)1 = F(g — g~ 8"V 222/21) :
Syam@Ey |y (A93)
M+N—j—1 '
[Sm—1,j(z1)s Ejm—1(22)] = —TtS(CIZM+N_/_112/Zl) :
Sm—-1,j@DE;m-1(22) © . (A.94)
Fori=M —1and M < j <M+ N — 1 we have
[Sm—1,j+1(z1), Ej m(22)]
gM+N=j—1 )
= —Ta(qm”v—f—lzz/m) t Sm-1,j+1@DEjm(z2) : . (A.95)
: S/T4—1,M(CIM+N_ZZ)E1T/1—1,M—1(Z)
=Sy @ TPOE, |y @) (A.96)

St @ T D Ey 1) = Su—1ma (@ T D Eym () 1 (A9T)

SSu—1, @M D E o (2) = S i @I E (@)
M+1<j<M+N—1). (A.98)
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eFori=Mand M+1<j <M+ N — 1 we have

[Sm,j(z1), Ejm(z2)]
gMHN=i-1 .
= T5(42M+N_’Zz/21) 28w, j(@)Ejm(z2) 5
[Sm.,j+1(z1)s Ej 4 (22)]
=4 (g —a7 @MV T 22/21) : Su jr1 GDE yy (22)
[Sm,j+1(z1), Ej m(z2)] = 0.

2 Sw @MV E () =z Su i (@ TN T DES @)

eForM+1<i<M+N-—-landi+1<j<M+N —1wehave
[S}; 0. ET ;)1 = =g (g —q 8@ ™N /21 :
ST (@E] 1 (22) 5,
(S 1@y Ej @)1 = g7 (g — g~ 8@ N zp/z0)
Si w1 @DE; 14(22)
(S50 @D, EF (@] = £(q — g~ 8@ N2 /z0)
S;f:j+l(Zl)E;|?i(Z2) :

(87 (2. E7,;(22)]

—q7 (g —q 8N 2y )2y

St @DE;;(22) 5,
[S7 410y Ef i @) = g7 (g — g7 8" Nz /21)
ST @DE () 1
. S,-ij(q3M+N_"_jz)E]+-,,-(z) — S;j+](q3M+N—i—jZ)E;i+](Z) .
LS @MY T ET @) = S @MY T E ()
LSO E () = ST @MY T E @) 1

J

A7 [Siz), X Nz)] @Q<i<M+N-1).
eFor2 <i<M—1landi+1<j < M we have
85520, F i (22)]
=F(q —q 8@ N g2 ST @DFT ()
. S;—j(qk+2j—M+N—1Z)Fi3_,4i’j(Z) = S;j(qk+2j—M+N—lz)Fi3_,1j(Z) .
eFori=Mand M+1<j <M+ N we have

[Swm,j (1), Fiy_y ;(z2)]1 =0.
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(A.99)

(A.100)
(A.101)
(A.102)

(A.103)

(A.104)

(A.105)

(A.106)

(A.107)

(A.108)
(A.109)
(A.110)

(A.111)
(A.112)

(A.113)
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eFori=M+1land M +2 < j < M+ N we have

[Sizar,; @1, Fijs(z2)]

=%(g — g 8@ N gy )20) ¢ Sy @O Fi ()

2 3,
— 2 3,— .
f— SM+1’I(qk+3M+N 2j+1Z)FM’J(Z) -
eForM+2<i<M+N—1landi+1<j <M+ N wehave

(S50, Fio 5 (22)]

= 4(g — ¢ N8N 20 SEGDFYT ()

0 3,
:S:j(qk+3M+N 21+1Z)Fi—+1,j(1)

e o (k3MAN-2j+1 3,— .
=:5; (q MF )

A8 [Si(z1), X (z)] 1 <i<M+N-=2i+1<j<M+N—1).

e Forl <i<M—1landi+1<j <M wehave

[8; 1 G0 FliE @] = —(g — g7 s M4y 2y

— 1,+
Si,j+1 (Zl)F]”i (22) 5

157, Fjoipy @] = (g —q sg M =gy 2y

+ 1,— .
Si,j (Zl)Fj,i+l(ZZ) .

(I<i<M-2i+2<j<M),

l)a(q—k—M+N+1

2,— _
1S5 G0 Fp @] = (@ —q 2/21) :

+ 2,— )
St @DF 2 5
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(A.114)

(A.115)

(A.116)

(A.117)

(A.118)

(A.119)

(A.120)

| " i
[5G0, FjT @)1 = Fq7 @ —q7 s M T o 2y

1
S5 EDF;T ()

(I<i<M-2i+l<j<M-1,

(A.121)

(S5 @D Fphy_ @] = £q7 g —q D8 MV g 2

+ 1, .
SM—I,M(ZI)FM,:'IZW—I(Z2) .

.ot —k—M+N+1 2,— . o —k—M+N+1 1,+ .
1Siie1@ DFi (@ =800 DF @

.ot —k—M+N—i+j 1,— . Qo
: Si’j(q Z)Fj,i+1(z) = Sl.’j+1

(I<i<M-2i+2<j<M),

: SZ,'(q_k_M+N_i+-iz)F}’i_(z) =S

—k—M+N —i+j 1.+ .
i DF; @

(g

ke R
(q k—M+N l+jZ)Fj,i (Z)

(A.122)
(A.123)

(A.124)

(I<i<M-=-2i+1<j<M-1),

(A.125)
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:S&_I’M( —k—M+N+1 )F/},IM I(Z) — SM lM(q_k M+N+1 )F M I(Z)
(A.126)
Forl<i<M-—-landM+1<j <M+ N — 1 we have
[Si.j(z1), Fj;(z2)] =0, (A.127)
[Si,j+1(z1), Fj :(22)]
qM+ij7] o
= —Taq*“M*N*’*fzz/zn D Si 1 @D (z2) 5 (A.128)
[S:, j(Zl) H.l(ZZ)]
qM+N Jj+1 o
= Ta(q—k+M+M—’—fzz/z1> LS j@OF] ()t (A.129)
DS j(q T MINTTIFL @) = S (g TN T FL ) s (A130)
eFori=Mand M+1<j <M+ N — 1 we have
[Su.j (z1). Fj (z2)1 =0, (A.131)
[Sm, ]+1(Zl) M(ZZ)]
qM+N j—1
Z_T‘W’ TNz )20) S e @D F) y(22) (A.132)
[Sw.j (20, Fyy4 (22)]
=—(g—q 8N 2/21)  Smj D F 0 (22) - (A.133)
FSm 1@ NI FL @) = S (@ N T F L @) (A.134)
eForM+1<i<M+N-—-landi+1<j<M+N —1wehave
S G0, Fj @] = (g — g~ (g M2y /2
i_j+1(21)F-’- (z2) = (A.135)
[S75G0), Fiiy @)l = —(g — g 8@ Ny /20) S5 F 7 (2) -
(+2<j<M+N-1), (A.136)
[SE 1 @D Foy @] = —(q — g~ Hsq MV g2y -
zz+1(Z1)F+] iv1(22) 5 (A.137)
[SE,0., FlF )] = 247 g — g~ oMy 2
SE@DF] T () . (A.138)

ForM+1<i<M+N-—-landi+2<j <M+ N —1wehave

(q MNPl @) =8N T PR @) L (AL139)

( —k—M+N+i—j )Fli().

z z+1
+ —k—M+N+i—j -
S ( Z)F 1+1(Z) T l]+]

(i+2<j<M+N—1), (A.140)
SHi(q NI F LT () = S (g T MN Y I Fi () s (A4
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Appendix B: Difference Realization of U, (sI(M|N))

In this Appendix we recall a g-difference realization of U, (s/(M|N)) [19]. We introduce
the coordinates x; ; (1 <i < j <M + N) by

zi,j (Vivj =+4),
Xij =15 B.1
b {91‘,]' (ivj = —), ®.1)
where z; ; are complex variables and ¢; ; are the Grassmann odd variables that satisfy
— 0 = —0: 0 i i O
6;,j0i,; =0and 6; ;0; j» = —0; ;+6; ;. We set the differential operators ©¥; ; = x; ; T

We fix parameters ; € C, (1 <i < M+ N — 1). We set g-difference operators k;, e;, f;
(1 <i<M+N —1) as follows.

l
hi =X + Z(wﬁj,i = Vi1 i41) — (Vi + Vi) V041

M+N
Z Wit1Di+1,j — Vit j)s (B.2)
j=i+l
i—1 i—1 M+N
1 2 3
ei:€5,5+28i,j, fi:ViZfi,j"'fi,,'_VHl Z fi,j’ (B.3)
j=1 j=1 j=i+2
where we have set
1 il
eii = [ﬂi,i+l]q q21=1(Vll?[_l—l)z+ll91,1+l)’ (B.4)
Xi i+l
J=le9 )
ei,j — _xj, [ﬂ] l+l]q qZ,=1 Wity V1+]19[,1+I), (BS)
Xji+l

1
fl%j = X}, l+l_[79/ t]q
Xj,i

) 107 i1 =0 D) =i 0D i1+ VL (00— i O
qzl:]H(V"” 1i+1—Vi l,t) i+ (Vi+vig) ii+1 Z[_H.z(Vz il —Vi+l z+1<[)’ (B6)

N+1
2
fi,i = Xii+1 |:)\ Vit vl — Z Wit — vir1Dis1 I):| s (B.7)
I=i+2 q
1 ASNEL e s
fi3j = xi,j+1—[ﬂi+1,j]qq)”+21=i+'(”’“ﬂ’”" viviD), (B.8)

Xi+l,j

For Grassmann odd variables x; ; = 0; ;, the expression — stands for derivative L =
ij

v ——. The g-difference operators h;,e;, fi (1 <i < M + N — 1) satisfy the defining
relatlons of Uy (sI(M|N)).

Appendix C: Limitg — 1

In this Appendix we summarize useful formulae to take the limit ¢ — 1. Using the
following relations

b (2) — b+ ) (qF'2) = —c (T ) — b (z; — 1), (C.1)
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B () = b+ (qF'2) = = (qF'2) — b (z; 1),
. 1 .. 1 ..
by (q*2) = (ﬁ”’) (¢ Mz o) — (ﬁbw) (z; 0 = M),
. o .o M—-—o ..
b (g2 = (7)1 0) + ( b’d) (23 0),
we have
+1 . AW @=bre) (qH2) _ b =40 (T ),
(@—q7 ")z
=:10, <e_ci"j(z)> et @FD 5
1 kg ;. kg
] s (e di(q 2 2) —ttlg 2 z))
(-9 ")z
1 i Lk 1 i ._k
= k+g8z <e<k+g” )(Z’Eg)) e‘(ma )(Zs—¥) :
;1 o O A I Ut
(@—97 ")z

*y

0. (e<lf:éh”)(z;0)) e(%bi’j)(z;O) .

iJ kel ij, —k—I
G T

= k.,.gaz (e(,{L;b"J)(z;kﬂ)) e_(ﬁbi'jyz?l—g) .

Hence we have the following formulae.
eForl <i <M — 1we have

i
PN i, 8 nivt (kN ik
H'(z) =19, {a (Z, 2)+;<b (z, 5+ 1) b <z, 2+l>)

M
. k . k
- _2: (b’*l’l (z; 3 +1— 1> — b <z; 3 +l>>

I=i+1
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(C2)

(C.3)

(C.4)

(C.5)

(C.6)

(C.7)

(C.8)

M+N k ‘ k
— Z <b’+”< +2M—l)—b”l<z;—+2M+1—l>> )
I=M+1 2

e For i = M we have

(C.9)

HM(Z)zlaZ{ ( )lel@’””( +l>+bl’M<z;§+l))

—_

M+N

k
M+1,1
+ E (b ( ‘5 2M+1—l)

[=M+2

k
+oMt (z;§+2M+l—l>>}.

(C.10)
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eForM+1<i<M+N —1wehave

M
iy if..8Y) Li+l ’f gl ]f _
H'(z) =10, {a (z, 2) ;(b <z,2+l) b (z,2+l 1))

i

. k [k
= Y (P ms2M =D+ 1) b (o 2M -
[=M+1 2 2

M+N

; k . k
+ Yy <b’+l'l <z; S+2M =1+ 1) — ! <z; §+2M—l>>}.
[=i+1
(C.11)
eForl <i <M — 1 we have
1 _
o EL@ — B

— 18Z <e_cj’i+1(qj_12)) b/1+1(q/ 1 1)+(b+c)lt(qj IZ)+Z (AEbi’i)(qlz) :

1<j<i. (C.12)

eForM+1<i<M+N —1wehave
1
(@—q Nz
. la <e*Cj'i+l(q2M+17jZ)) eibj,i+l(q2M+lsz;1)+(b+c)j,i(q2M+lij)
. Z

(Ef;(2) = E; ;(2)

we™ Tt ARH @ =X (85D ) M+1<j<i). (C.13)

eForl <i <M — 1 we have

T RO R @)

. . . . . k+, . .
=10 (e‘””‘q_k_m) e"’""(q_"_’z;1>+“?(‘1_ng>+<b+c>”’“W"Z) (C.14)

weli=n ARPD @ =T (AP @ - (AL M

(<j<i-1,

! (F5 @ — F5 ()
_— —F7 (z
(q_q ) ll

o T ((kig pi+l. 1)(z;k+2M1)(kigb'll)(z;kazM+1z>)>

e (k+g )(z —k+g)+(k+g(b+c)”+')(z 0+ Hl((“gb'“ 1)(zz g—D— (kigb'?’)@;l—g))

ettt ((rigt™) @2m—t—0)— (glgb ) @2m—1=g+D) | (C.15)
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1
G—a 2

— laz (e*Cl+l'j(qk+]712)> e*b”l’J(qkﬂ*lz;*l)ﬂli(q ) Z)+(b+c)l,j(qk+jflz)

(z) - (z))

S VA ¥ R S e B S P A ) (C.16)
e Fori = M we have

( Mj(z) M/(z))
Mo ki M, —k—j M~ IMEL M, ket
— (e—cl- G 712))6—17!* (g a2 bl (TR T b/ M TR (C.17)

M—1 0, LMy —k—I M+N 0p Ml —k—2M—1+l
DY LIS A it ¥ kv AN Tl I u<j<m_,

- (Fyi@ = Fyi @)

i eed (e(ﬁaM)c;k;g)f(%igfle,Mu)(zO)
— k+gYz

Xezl M+2((k1 pM+1, I)(z k+2M+1— I)+(ﬁbM‘l)(z:k+2M+l—l))

e I (g oM+t ])(z;k+2M—l)—(ﬁbM*l)(z;k+M+1—l))> (C.18)
o (kg ) e K (ML M1 o0y (e bMHL) btt s M) bt 1)
T O P o)

. . . . k+g . .
0. (e—cM+]'-/(qk+2M+l_-/Z)) e_bM+],_1 (qk+2M+]_-/z;1)+a+M(q 3 z)—bM'-/ (qk+2M—_12)

M+1, — —
b2 + I( k+2M+1 /)"'ZMH](AO[’ )(qk+2M+1 /Z).

xe (M+2<j<M+N). (C.19)
eForM+1<i<M+N — 1 we have
1 1L+ -
m(ﬂ,j (z) — Fi,j (2))
- (e_cfj(q—k—ZM-*-jZ)) e_bf.i(q—k—ZM*'jZ;_1)+ai(q7%£1)+(b+€)f,i+l(qfk—2M+jZ) (C.20)

we™ Ttz b 2R arpha ™2y < <),
2,

@ —a 0% @) - F; (@)

= +g0; <e(k+g >(Z ke )+(k+2M x([H'C)iym)(Z;OHZ}‘S’{\,‘ ((klg . l)(z;k+2M_[+l) <k+g bll)(z kr2M = 1)))

o~ (maa )@= S50 (R vy 1) 0 - N (g b1 ) Gi2M =)= iz b ) G:2M—1 =)
~1

(@—q7 "z
+8

_. |3- (efL‘Hl‘/(qHZM’/.”z)) h1+l/(qk+2M /+lZ 1)+a (qT )+(h+(.)Lj(qk+2M—j+lz)

)

(FH @) = F7 (@) (C.21)

M+N [ A+ il +2M —
Xez i (A7 Dby )(qk M=l z) . (l +2 S] < M+N) (C.22)
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eForl <i <M — 1 we have

@ 5@ = 55
—: 10, (e—c"v-f <qM—N—-fz)> o~ @MV I Dbyt (gMN 7 2)
s it APPSR (ATHD M )

(+1<j<M). (C.23)

eForM+1<i<M+N —1wehave

(¢—q7 ")z (81, @ = 5@
=:10; (e—f""(q*M*N”z)) b @M 2 D)+ (MmN )
xo— S App @ M)

(i+1<j<M+N). (C.24)

In the limit ¢ — 1 ,0,, (%ai) (z; @) and (%bi’j) (z; @) become «d,, %ai(z) and

L bl (2) respectively. Because the operators a’, (z) b5’ (2), (AS b)) (2) and (A%D5) (2)
disappear, our bosonization becomes simpler in the limit g — 1.
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