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Scrgenings and vertex operators of quantum superalgebra
Uq(sl(N]1))

Takeo Kojima?
Faculty of Engineering, Yamagata University, Jonan 4-3-16, Yonezawa 992-8510, Japan

(Received 31 January 2012; accepted 18 July 2012; published online 9 August 2012)

We construct the screening currents of the quantum superalgebra U, (;l (N|1)) for
an arbitrary level k # —N 4 1. We show that these screening currents com-
mute with the superalgebra modulo total difference. We propose bosonizations of
the vertex operators by using the screening currents. We check that these ver-
tex operators are the intertwiners among the Fock-Wakimoto representation and
the typical representation for rank N < 4. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4742125]

. INTRODUCTION

Bosonizations are known to be a powerful method to construct correlation functions not only
in conformal field theory,' but also in exactly solvable lattice model.? In the previous paper® we
constructed a bosonization of the quantum affine superalgebra Uq(ﬁ (N|1)) for an arbitrary level k €
C. Bosonizations for an arbitrary level k € C (Refs. 3, 5-11) are completely different from those of
level k = 1.'272! This paper is a continuation of the paper.’ In this paper we focus our attention on the
screening currents that play an important role in level £ bosomzatlons We construct the screening
currents that commute with the quantum superalgebra U, (sl (N|1)) modulo total difference, for an
arbitrary level k # — N + 1. Using the screening currents, we construct the screening operators
that commute with the quantum superalgebra. The screening currents are useful to study level k
bosonizations that is not irreducible representation. For instance, (1) the screening currents balance
the “background charge” of the vertex operators,”>!1-23-25 and (2) the irreducible representation is
constructed from the Felder complex by the screening currents.?* 262830 In this paper we focus our
attention on the background charge problem. We propose bosonizations of the vertex operators’!
that are the intertwiners among the Fock-Wakimoto module and the typical representation, by using
the screening operators. We check the intertwining property of these bosonizations of the vertex
operators for rank N < 4. The screening currents and the vertex operators have been constructed only
for U, (sl (N), U, (sl (2]1)) (Refs. 7-9,and 11) by now. This paper gives a higher rank generalization
of the screenings and the vertex operators in U, (sl (2|1)) paper.'! The representation theories of the
superalgebra are much more complicated than non-superalgebra and have rich structures.’?-3437

This paper is organized as follows. In Sec. 2 we recall the Chevalley realization and the Drinfeld
realization of the quantum affine superalgebra U, (sl (N|1)). In Sec. 3 we give the bosonization of the
quantum affine superalgebra U, (sl (N|1)) for an arbitrary level k. We propose the Fock-Wakimoto
module by the £-n system. In Sec 4 we introduce the screening currents that commute with the
superalgebra modulo total difference, for an arbitrary level k # —N + 1. In Sec. 5 we propose
bosonizations of the vertex operators of U, (sl (N|1)). We give the level zero representation of the
Drinfeld generators for U, (sl(3|1)) in thls section (respectively, U, (sl(4|1)) in Appendix B). We
check that the vertex operators are the intertwiners among the Fock Wakimoto realization and the
typical representation of the quantum superalgebra U, (ﬂ (N|1)) for small rank N < 4. We show
non-vanishing property of the correlation functions. In Appendix A we summarize useful formulae

®Electronic mail: kojima@yz.yamagata-u.ac.jp.
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of the normal orderings. In Appendix B we summarize the level-zero representation of the Drinfeld
generators for U, (s/(4]1)).

Il. QUANTUM AFFINE SUPERALGEBRA U,(sI(N|1))

In this section we recall the definition of the quantum superalgebra U, (57 (N|1)). Throughout
this paper we fix a complex number 0 < |g| < 1.

A. Chevalley generator

We recall the definition of the quantum superalgebra Uq(ﬁ (NID) (N = 2, 3,...) in terms of
the Chevalley generators.* The Cartan matrix of the affine superalgebra s/(N|1) is given by

0 =1 0 .- ... 0 1
1 2 =1 e el 0
0 -1 2

(Aiposijen = | o oo oo e o] 2.1)

2 -1 0

0 -1 2 -1

0 0 -1 0
We introduce the orthonormal basis {e;li = 1, 2,..., N + 1} with the bilinear form, (¢;|¢;)
=v;8;j, wherev;= +(=1,2,....,Nand vy . | = —. Define & = ¢; — 5 iv:+11 €;. Note that

Z?’:l €; = 0. The classical simple roots &; and the classical fundamental weights A; are defined by
@ = Vi€ — Viy1€i41, Aj = Zi.:l €;(1 <i < N). Introduce the affine weight A and the null root §
satisfying (Ag|Ag) = (6]18) = 0, (AglS) = 1, (Agle;) =0, (8]l€;) =0, (1 < i < N). The other affine
weights and the affine roots are given by ap = 6 — ZI]-V:, aj, o =a;, A= A+ Ay, (1 <i<N).
Let P = @Y | ZA; ®Z5 and P* = &_,Zh; & Zd the affine sI(N|1) weight lattice and its dual
lattice, respectively.

Definition 2.1 (Ref. 35): The quantum affine superalgebra Uq(Q(N [1)) is generated by the
Chevalley generators h;, e;, f;(1 < i < N). The Z,-grading of the generators is |eg| = |fo| = |enl
= |fy| = 1 and zero otherwise. The defining relations are given by the Cartan-Kac relations and the
Serre relations.

The Cartan-Kac relations: For N > 2, 0 < i, j < N, the generators subject to the following
relations.

hi _ ,—h;
i hi1 =0, [hi,ejl = Avje;,  Thi fil = —Ai; f), [ei,.f,»]=sf,j%. 22)

The Serre relations: For N > 2, the generators subject to the following relations for 1 <i <N — 1,
0 <j < Nsuch that |A; ;| = 1.

[ei9 [eia ej]q’]]q = 07 [flv [.fls fj]q’]]q = 0. (23)
For N > 2, the generators subject to the following relations for 0 < i, j < N such that |A; ;| = 0.

lei,ej1=0, [fi. fj1=0. (2.4)
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For N > 3, the Serre relations of fourth degree hold.

len, leo, [en, en—1]4-1141 =0,  leo, [e1, €0, enlgly—11 =10, 25
Lfw, Lfo, Lfws fv—1lg—11gl =0, [fo, Lf1, [fo, falglg-11=0.
For N = 2, the extra Serre relations of fifth degree hold.
[e2, [eo, [e2, [0, e1]41114-1 = [eo, [e2, [eo, [e2, €1]41114-1, 2.6)
Lf2, Lfo, Lf2, Lo, filg)g— = Lfo, Lf2, Lfo, Lf2, filg]1]g—.
Here and throughout this paper, we use the notations
[X,Y]e = XY — (—D)X Mgy, 2.7

We write [X, Y]; as [X, Y] for simplicity. The quantum affine superalgebra Uq(Q(N [1)) has the
Z,-graded Hopf-algebra structure. We take the following coproduct

Ale)=e,®@14+¢"®e;, Af)=fi Q¢ "+1Qfi, Ah)=hQ1+1Qh;, (2.8)
and the antipode
Ste)=—q "ei, S(f)=—fig", Shi)=—h;. (2.9)

The coproduct A satisfies an algebra automorphism AXY) = AX)A(Y) and the antipode
S satisfies a Z,-graded algebra anti-automorphism S(XY) = (— DXMS()S(X). The multipli-
cation rule for the tensor product is Z,-graded and is defined for homogeneous elements
X, Y, X,Y € Uq(Q(NH)) and veV,weW by XY - X' Y =(D"WYIXX' @YY and
X®Y - vew=(—D"MXv® Yw, which extends to inhomogeneous elements through linearity.

We sometimes use the anti-commutator {X, Y} = XY + YX =[X, Y], for |X| = Y| = 1.

B. Drinfeld realization

We recall the Drinfeld’s second realization of the quantum affine superalgebra U, (s/(N [1)).3%3
The Drinfeld realization is convenient for constructions of bosonizations. We use the standard symbol
of g-integer

q“—q

[a] = —.
q9—q

(2.10)

Definition 2.2 (Ref. 35): The Drinfeld generators of the quantum affine superalgebra U, (Q (N|1))
are Xfm, him,c (1 <i<N,meZ). The Z,-grading of the Drinfeld generators are: |Xf,’m| =1(m

€ Z) and zero otherwise. Defining relations are

¢ : central, [h;, hj,,] =0, (2.11)
(i hjnl = M"”"ZM&WO(% n # 0), (2.12)
[hi, X7 (@] = £A; ;X7 (2), (2.13)
U, X @] = 2™ st () 2 0), (2.14)
Ui, X5 () = — 2tz =y 2 0), 2.15)
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(21— ¢ M )X @)X (22) = (g7 21 — )X ()X (2)for|A; ] # 0, (2.16)
[X;"(z1), X (z2)] = Ofor| A; ;| =0, (2.17)
8i j —c < . —, _c
X7 (), X] (@) = 0 (8¢ 21 /2)¥ (P 22) = 8@ 21 /)% (g5 2) , (218)
’ (g —q Dz1z2
[X,.i(zl), [ X, X5 )] 1} +(z1 < z2)=0for |A;| =1,i £ N, 2.19)
7 g

where we have used 8(z) = Y < 7Z". Here we have used the abbreviation h; = h; o. We have used
the generating function

Xf@) =) X7,z (2.20)
meZ
V() = ¢" exp ((61 - ) hi,mz‘"’) : (2.21)
m>0
Ui (z) =g " exp (—(q -9 H) h,-,_mz’"> : (2.22)
m>0
The relations between the Chevalley generators and the Drinfeld realization are given by
hi =hio,e; = X[y fi =Xy for 1 <i <N, (2.23)
ho=c—(hio+-+hno), (2.24)
eo=(—D[Xy o [X50. [X50, X7 lgm ]yt - gmag o7 hom=wo, (2.25)
o= gmortot oL IXT XS0l X olas - X ola- (2.26)

Ill. BOSONIZATION OF U,(sI(N|1))

In this section we recall the bosonization of U, (57 (N 1)) for an arbitrary level k € C.?

A. Boson

We introduce the bosons and the zero-mode operators a,{“ Q'[’; meZ,1 <j<N), bf,;j , QZj R
e, Qc'(m e Z,1 <i<j<N + 1). The bosons a’,, by, c;’, (m € Z,) and the zero-mode
operators aj, Q1, by’, 0,7, cg’, Q¢ that satisfy

A k+ N — DmllA; im o
[, aj1 = 1 0l Q1= G+ N = DA, G
(b, bl ] = o s s 8 b2, 01 = —vv;8.48; 3.2)
m *Yn - iVj m i,i’9j,j'9m+n,0, LYoy » &y = —ViV;0;;0j j, .
2 P [
[/, e/ T = vj%&,yaf, F8mano: e, QLT = w1085 (33)
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and other commutators vanish. We impose the cocycle condition on the zero-mode operator Q;;j q!
<i<j<N+ l)by

[0}, 0471 = 8) 18y v /=1 for G, j) # (', j). (3.4)

We have the following (anti)commutation relations
[exp(07) exp(0)7)] =0 (=i<j=N1si<j =N, (35)
{exp( gN“) ,exp( ;’N“)} —0 (1<i#j<N). (3.6)

In what follows we use the standard normal ordering symbol . We set bi(z), ¢*i(2), by (), al(z),
and (f}%;—i e ;—:ai> (z]a) by

al()=%(g—q") Y alz " +ajlogq. (3.7)
+m>0
- biJ S
b (z) = — Z oz 0 + byl logz, (3.8)
o [m]
by =H(g—q") Y bz + by’logg, (3.9)
+m>0
. c,i,‘lj . P
@) ==Y =" 4 0h + ¢pllogz, (3.10)
o ]
ny: Y yim]---lyiml @by it o | Vi Ve i
D2 ) ey ==Y e gl P (06 4 aldlogz).
(m B B ) m;[ﬁlml---[ﬂrm] m1? Biopy 0
(.11)

B. Bosonization of Uq(gl(N|1))

We recall the bosonizations of the quantum superalgebra U, (57 (N|1)).

Theorem 3.1 (Ref. 3): A bosonization of the quantum affine superalgebra U, (37 (N|1)) for an
arbitrary level k € C is given as follows. For 1 <i <N — 1 we set

1 d : ,
X+(z) = xtUDey _ xtU2 , 312
FQ= = ;< TP = X)) (3.12)
N .
X5 =q"7> X3, (3.13)

j=1
- 1 G o » »
X: ) = X J.D —X. (J,2) . X. i1 ) — X: (i,2)
i @) G—a JE_I( @ =X @)+ X @) - X))

N-1
. Z (Xi—(.lql)(z) _ Xi_(Jvz)(Z)) + qk+N—1Xi—(N~0)(Z)’ (314)
Jj=i+1

Xy@) =

1 N . > o
=) DU S CRRORS R C) § (3.15)
(¢ —q7 )z
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i
V(q*i) = exp (afi(qi“?'z) + BT @) Bl ) (316
=1

N
+ Z (bii,l(q:t(k+l)z) _ b;:_lql(qﬂ:(k#»lfl)z)) + biin+1(q:t(k+N)Z)
I=i+1

i+1,N+1 +(k+N—-1
—by (g™** )z)>,

N—-1

k k+N—

Wii(q*2) = exp (aiwi BEED :wiN(qﬂ“”z)+b§;”“<qﬂk+”z>>). (3.17)
=1

Here we have used the auxiliary bosonic operators X li U ’S)(z) as follows.

For1 <i<N — land1 <j<iwe set

X:r(j,l)(z) — . exp ((b F oY) + biﬂrl(qulz) — (b + )t (gl2)

j—1
+Z(le,ri+1(ql—lZ)_bii(qlz))> . (3.18)

=1

XU = rexp (b + 0@/ + 627 (@) — b+ Mg )

Jj—1
+> B g ) - bl (qlz))) . (3.19)
=1
For 1 <j < Nwe set
. j71
X390 (@) = s exp ((b +MN @)+ NG ) = Y 0 g + bi;Nm’z») :.(3.20)
=1

For1 <i<N — land1 <j<i — 1 weset

N—1

X VP() = exp (a"_(q‘”Tz) + b+ ey N g ) — b (g ) — (b + o) (g )

i N
D G e e A U R ) B R By A U )
I=j+1 I=i+1

HBNH (N = BV TN ) (3.21)

N-1

Xi_(j’z)(z) =:exp (ai(q_HTZ) + b+ c)-i’i+1(q_k_-iz) — bii(q_k_jz) — b+ i@

i N
+ Z (bl_,i+l(q7kfl+1z) _ bl_,l’(q*k*lz)) + Z (bl'_,l(qfkflz) _ bi_+1,l(q7k71+lz))

I=j+1 I=i+1
+bi_,N+l(q—k—NZ) _ bi_+l,N+1(q7k7N+1Z)> . (3.22)
Forl1 <i<N — 1 we set
N
—(, i, —kEN=L ii —k—i il —k— i+1,0, —k—
X, “P@) = exp (a_<q R S R o Eal S G Ut B AR Vi)
I=i+1

+bi;N+l(q—k—NZ) _ bi+1,N+1(q—k—N+lZ)) . (323)
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N
=(, i, B ii i i i+1, -
X7 D) = exp (a+(q T+ G+ G )+ Y0 g — BT @)
I=i+1
BV (g = B g ) (3.24)

For1<i<N — landi + 1<j<N — 1we set

N—-1

X;790(@) = s exp (aﬂr(q ) 4 0+ NG )+ BT G ) — (b o) T (R )

N

+ Z(b:,_l(qk#»lz)_bi+1,l(qk+lflz)) + biN+1(qk+NZ) _ bi:—l.N+1(qk+Nflz) .
I=j+1

(3.25)

k+N—1

X U2 = exp (a (g D+ b+ 0T @ B (@ D) — b+ o g )

N
+ Z (bl_[_l(quZ) _ bf'_-‘r],l(qk«l»lflz)) 4 blN+1(qk+NZ) _ bi:—],N-ﬁ-](qk#*Nflz)
I=j+1

(3.26)

Forl1 <i<N — 1 we set

k+N—1

X, M0 = exp (a’;(q 2 g) — BNV (RN gy — N (RN ) b"“’N“(qk*Nz)) L
(3.27)
Forl1 <j<N — 1 we set

N—

X90(@) = exp (az_v(qf%z) — "N = b+ )N (g ) (3.28)

N—-1
=" g b g = Y e g T+ g |
I=j+1
X392(2) = : exp (ay(qf“ﬁ*‘ )= bN g — b+ N (g ) (3.29)
, N-1
R e R e R DY A (b R A ()l
I=j+1
X;/(N,l)(z) — - exp (ay(q7k+1;'—lz) B bN,N+1(q7k7N+1Z)> : (3.30)
XM = exp (al (T 9 = bV GHN) - (3:31)

The Z,-grading is : |X§(j’s)(z)| = 1 and zero otherwise.
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Very explicitly, we have

i
Bim = —%|m|a;‘n + Z(q—(§+z—l)\z71\b£),1i+l _q—(§+1)|m|bﬁy,li)
=1
N
k . k .
+ Z (q*(§+1)|m|b;»11 _ q7(§+171)\m\b;n+1,1)
I=i+1
+q—(§+N)|m|b;",1N+1 _q—(§+N—1)\m\b£n+1,N+1(] <i<N-—1, (3.32)
N-1
Nt —(k —(k
hN,m =g 2 \m\a’i\ll _ Z(q (2+l)|m|bir,lN +C] (2+1)|m|bf7,1N+1). (333)

=1

C. Fock-Wakimoto module
We introduce the vacuum state |0) of the boson Fock space by
al 10y = b5710) = c-710) = O(m > 0). (3.34)
Forpi e C(1<i<N),pi’ eC(1<i<j<N+ 1),pi/ e C(1<i<j<N), weset
|Pas Pbs Pe) (3.35)

Y. MinG, j)(N — 1 = Max(i, j)) ; i i L7 g
ai PV s e T LD DR S W [

i,j=1 I<i<j<N+1 1<i<j<N

It satisfies

a5\ Pas Pos Pe) = PLlPas Pos Pe)s B | Pas Pos Pe) = Py’ |Pas Pos Pe)s €47 1 Pas Pbs Pe)
= P |Pas Pb, De)- (3.36)

The boson Fock space F(p,, pp, pe) is generated by the bosons a’ , b/, ci/

pc)- We set the space F(p,) by
Fip)= @  Fpa: po. po). (3.37)

py! =—pe! et1zi<j=N)
PN

on the vector |p,, pp,

€Z(1<i<N)

We impose the restriction pZ’j = —pi’j € Z (1 <i<j<N),because the Xfm change Q;’j + Qi’j.
The F(p,) is Uq(ﬂ(N |1))-module. We set the vector |[A) = |p,, 0, 0) upon the specialization p,’;’
=0l<i<j<N+Dandp =0(1<i<j<N).

Proposition 3.2: The L) = |pq4, 0, 0) is the highest weight vector of the highest weight whose
classical part is A = Z;V:l pad;.

himld) =0, X: |A)=0, (m>0), (3.38)

i,m

Xl =0, hiold) = piln). (3.39)
Using the highest weight vector |1), we have the highest weight module V (1) of U, (?l (N|D)).
V) C F(pa). (3.40)

The module F(p,) is not irreducible. In Ref. 27 the irreducible highest weight module L(2) for the
affine algebra s/(2) was constructed from the Fock-Wakimoto module on the boson Fock space’
by the Felder complex. We recall the realizations of s/(2) in Ref. 29 and U,(s/(2)) in Refs. 7,8,
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and 24. The realizations of Refs. 7, 8,24, and 29 are different from those of Ref. 27 and are called
the bosonic ghost system. In the bosonic ghost system, the irreducible highest weight module L(A)
was constructed from the similar space as F(p,) by two steps; the first step is the construction of
the submodule by the &£-n system, and the second step is the resolution by the Felder complex. The
submodule induced by the £-n system plays similar role as the Fock-Wakimoto module in Ref. 27.
We call this submodule of the bosonic ghost system the Fock-Wakimoto module. Our bosonization®
is a bosonic ghost system. In this paper we study the £-n system and propose the Fock-Wakimoto
modaule for U, (sI(N|1)).

Definition 3.3: We introduce the operators é,';;j and ni,’,j (I1<i<j<N,meZ)by

N =Y i = e g () =) g = O (3.41)
meZ meZ
The Fourier components nﬁ,;j =¢ Zn‘jzﬁz’" n"i(z), E,iyij =¢ h‘i—zﬁlzm_lé"’j(z) (m € Z) are well
defined on the space F(p,). They satisfy the anti-commutation relations.
! &Y = Smanos (Y = (6,7, 6,71 =0 (1 <i<j<N). (3.42)
They commute with each other
Il &0 = lnyd iy 1= 1857, 6071=0 G, j) # (', ) (3.43)

We focus our attention on the operators 1’ , £ satisfying (15/)> = 0, (£,/)* = 0. They satisfy
Im(ng’) = Ker(ny”), Im(&)7) = Ker(€)”). (3.44)

The products nf]’j Sé’j and Eé’j né,‘j are the projection operators, which satisfy

o g =1, (3.45)
and
(8077 = my” &7, &’ = &7 ng (& gDy’ &57) = 0, (&g )EG ms") = 0
(3.46)
Hence we have a direct sum decomposition.
F(pa) = 06" &y F(pa) @ & ng’ F(pa). (3.47)
and
Ker(ny”) = ng &' F(pa),  Coker(ng’) = &7 ng’ F(pa) = Fa /(1" &) Fa.  (3.48)
We set

[T »' &= J] &’ (3.49)

I<i<j<N 1<i<j<N

Definition 3.4: We introduce the subspace F(p,) by

F(pa) = no§o F (pa)- (3.50)
The operators ’70 , Eo commute with the operators X * (z) \Ili(z) up to sign :t When we set the
operators Xi(z) lIJi(z) by the conditions Xi(z)n = 770 J Xi(z) lI/i(z)no = ng""/\llii(z), the

bosonic operators X (2), \Ifi(z) give a bosonization of U, (sl (N|1)) again.
Proposition 3.5 (Ref. 4): The subspace F(py) is the U, (Q(N| 1)) module

We call the submodule F(p,) the Fock-Wakimoto module. It is expected that we have the irre-
ducible highest weight module L(A) with the highest weight A, whose classical part A = Z?’:l PiA;,
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by the Felder complex. The construction of the Felder complex is open problem even for non-
superalgebra U, (sI(3)). We would like to report the Felder complex of U, (s/(N)) and U, (s/(N|1))
in the future publications.

IV. SCREENING CURRENT

In this section we introduce the screening operators S; (i = 1, 2, ..., N), which commute with
U,(sI(N|1)) for an arbitrary level k # — N + 1. We need the screening operators to construct the
vertex operators.

A. Screening current

We set the g-difference operators with a parameter « by

f(@%2) = flg™%2)

(0. f)(2) = — 4.1
(@—q )z
The Jackson integral with parameter p € C (|p| < 1) and s € C* is defined by
5§00
[ r@az=sa=p 3 s (42)
0 meZ
The Jackson integral satisfies
Neel
| wan@dz=o o =g, (43)
0
For r € C (Re(r) > 0) we introduce the Jacobi elliptic theta function
2, Ogr(g™)
Wl =q " ———-, 4.4
@397 )%
where we have used
o0
0,(2) = (2 Ploo(PT "3 Ploo(Ps Poor (23 P)oo = [ [(1 = p"2). (4.5)
m=0
The Jacobi elliptic theta function satisfies the quasi-periodicity property
[u+rl, =—lul,, [u+r7] =—e " ul,, (4.6)
where T such that Im(t) > 0 is given by g% = e
Definition 4.1: We introduce the bosonic operators Si(z) (i = 1, 2,..., N) that we call the

screening current as follows.

N
5@ = ——— 3 (@) - U@ +gsV O =i <N -1, @)
(¢ -9z 27,

Sn(z) = —¢ 'S0 0z). (4.8)

For2i + 1 <j<2N + 1 we have set

SY9(z) =:exp [ — ;ai z
! k+N—1

% )) §l_<.i,s>(z) . (4.9)
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Here, for 1 <i <N — landi + 1 <j <N, we have set

S0 @) = exp (=B (@D — b+ (VD) + b+ o TGN )

N
+ Z (blj‘l,l(qN—ZZ) _ bi,’l(qN_l_IZ)) + bi+l,N+1(Z) _ bi;N+l(q_1Z) ., (410)
I=j+1

S:Fj’z)(z) =:exp (—bij(qN_l_jZ) — b+ GV T2+ b+ o) (N o)

N
+ Z (bl:Fl,l(qN—lZ) _ bi;l(qN_l_lz)) + bi+l,N+l(Z) _ bl;,N-Fl(q—lZ) . (4] 1)
I=j+1

For1 <i<N — 1 we have set

SV () = s exp (bi’N+1(z) + b () — b”l'N“(qz)) : (4.12)
g;vN-‘r].O)(Z) =:exp (bN,N+1(Z)) . (413)

The Z,-grading of the screening currents is : |S§\,N+1’O)(z)| = 1 and zero otherwise.

:\I‘heorem 4.2: The screening currents S;(z) i =1, 2,..., N) commute (or anti-commute) with
U, (sI(N|1)) modulo total difference.

[him, Sj(2)] =0, 4.14)
[X{(z1), Sj(z2)] = 0, (4.15)
(X7 ). Sj(z2)] = m (sv-19:8) (z2/21)
1 . k+N-—1
. Y | _rrN=- .
x.exp( <k+N—la><Zl > )) (4.16)
The screening currents Si(z) (i =1, 2,..., N) satisfy
Ai,j Ai,j
uy—uy+ —= Si(z)Sj(z2) = |ua —uy + —= Siz)Si(z2).  (4.17)
2 ljen—i 2 ljen—i

The symbol [uly 1 y— | represents the Jacobi elliptic theta function. Here we have used z; = g2,

Definition 4.3: We introduce the screening operators Q; i=1,2,...,N) by the Jackson integral.
Neel
Qi = / Si@dpz,  (p =g ). (4.18)
0

The screening operators Q; are convergent on the Fock space.

Corollary 4.4: The screening operators Q; (i = 1, 2,. .., N) commute with the quantum super-
algebra U (sI(N|1)).

Proposition 4.5: The screening operators Q; (i = 1, 2,..., N) commute with the projection
operator no&q of the &-n system. Hence the screening operators Q; act on the Fock-Wakimoto
module F(py).
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B. Proof

Here we give proof of Theorem 4.2. Direct calculations of the normal orderings show
Theorem 4.2.

e Proof of (4.16)for 1 <i=j<N.

First we show (4.16) for 1 <i=j <N — 1. The commutators vanish, [Xi_(l"v)(zl), S;m’t)(zz)] =0,
for the following condition.

(G, D, G+ 1,DLIG2), G +1,2)] (I<i=N-1
[(,s), (m, )] # [, D, (+1,D],[(,2),d+1,D] I=i<N-1lLi+l=<I<N-1).
[(N,0), (N +1,0)] (I<i<N-1

(4.19)

Hence we have the following relations for 1 <i <N — 1.

(X7 (z1), Si(z2)] = ¢V X7V Ozy), SYTHO ()]
1 —G i —(@ i
- |[x,. D), STV + X7 P (@), S (2]
- 142

N-1
+ 30 (@ S+ 1 @), S}’“’“(zm)}. (4.20)

I=i+1

Using the relations (A1)—(A6) in Appendix A, we have

(X (z1), Si(z)1(q — g Mz122

g N1z, —(N,0) (N+1,0) —(N-11) (N,2)
=45 (Z—> CX; T @DSTT (@)= X DS (22) )
1

gN—3k2i, —(i+1,2) (i+2,1) —@.2) (i+1.2)
T g L A A GO LD A I A O (“4-21)
1

= gN 3k, —(+1,2) (+2,1) —(+1,1) (+2,2)
+ ) a(z—> C X7 S T @) = X7 T @) ST () 1)
I=i+1 1

N+k—1 —N—k+1
< —G i < —
5 (%) X DS @) - (q—z) R T
1

21

Using specializations (A29), (A31)—(A33) in Appendix A, we conclude (4.16)for 1 <i=j<N —
1. Next we show (4.16) for i = j = N. The commutators vanish, [X;,(l's)(zl), S;(,"")(@)] = 0, for [(/,
s), (m, ] # [(N, 1), (N + 1, 0)], [(N, 2), (N + 1, 0)]. Hence, using the relations (A7) and (A8) in
Appendix A, we have

[Xy(z1), Sn(z)l(g — ¢ Hziza (4.22)
Ntk-1 Ntk—1
< - Z _
=4 (%) : XN(N,I)(ZI)SI(VNJA,O)(ZZ) 5 (%) : XN(N,z)(Zl)SI(VNH,O)(ZZ) .
! 1

Using the relation (A30) in Appendix A, we have (4.16) for i = N. Now we have shown (4.16) for 1
<i=j<N.

e Proof of (4.16) for 1 <i#j<N.

First we show (4.16) fori + 1 < j. In this case the commutators vanish, [Xi_(l’s)(zl), S;m’l)(ZZ)]
= 0, for every [(l, 5), (m, 1)]. Hence we conclude [X; (z1), Sj(z2)] = 0. Next we show (4.16) for j =
i + 1. The commutators vanish, [ X, (l’s)(zl), S(jm’t)(zz)] = 0, for the following condition.

[(,s),m, O] A, D), d+1,2)L[(,2),0+1,1)] A<i<N-=-2,i+1<I<N-1).
(4.23)
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Hence, using the relations (A9) and (A10), we have the following relation for 1 <i <N — 1.

(X[ (z1), Sit1(z2))(g — g 2122

N k—21-2
Z _ _
- Z ( 2)( XS P @) 4 X7 PP s @) :).(4.24)

I=i+1

Using the specialization (A34), we conclude (4.16) for j =i + 1. Next we show (4.16) for 1 <
< i <N — 1. The commutators vanish, [X; (I’S)(zl), S<m")(12)] = 0, for the following condition.

[(j, D, ¢+ 1, DL+ 1, D, G D]
[(,s),(m, D] # (.2, G+ 1LDLIG+HLD,G2] (I1<j<i<N-1. (425
[(.2), G, D], [(, D, G, 2)]

Hence, using the relations (A11)—(A16), we have the following relation for 1 <j <i <N — 1.

[X; (z1), Szl — g Dz122

Ntk—i+j=1,
- (‘I - 2) ( X; —(j, 1)( )S(z+1 1)(Z ) —(]+1 1)(Z )S(z 1)(Z2)
1

SRR CON AR CHEEED AR CHN S ENE
g7 X V@S @) g X @S P ) - (4.26)
Using the specializations (A35)-(A37), we have [X; (z1), Sj(z2)] =0for1 <j<i <N — 1. Next

we show (4.16) for 1 <j <N — 1 and i = N. The commutators vanish, [Xi_([’s)(zl), S;m’l)(ZZ)]
= 0, for the following condition.

[(j, D, (N, 2)], [(j, 2), (N, D]
[(,5),m, )] #  [G,D.(N+LOLIG+LD, WV, DII=<j=N-1. (4.27)
[(j,2),(N+1L,OLI[(+1,1),W,2)]

Hence, using the relations (A12), (A14)—(A18) we have the following relation for 1 <j <N — 1.

Xy (@0, Si(z)Ig —q gV 722122

"\ (G v =2 x 0Dz )§N-D
=4 Z— (q Xy (Z])Sj (z2):—q " Xy (Zl)Sj (z2)
1

S P L R CYEE D AR I CVE
+: X;,(j’Z)(zl)S;NH’O)(Zz) Dt X;,(Hl'l)(zl)S‘(iN’z)(zz) :) . (4.28)

Using the specializations (A37)—(A39), we have [X (z1), Sj(z2)] =0for1 <j <N — 1. Now we
have shown [X; (z1), Sj(z2)] =0for1 <i#j<N.

e Proof of (4.15)for1 <i=j<N.

The commutators vanish, [ X l+ (l"v)(zl), Si(m’t) (z2)] = 0, for the condition

[, ), (m, )] #[G, D, +1,2),[G2),0+1L,DII<i<N-1). (4.29)
We have [X (z1), Sn(z2)] = 0. For 1 <i <N — 1, using the relations (A19) and (A20), we have

[X;F(z1), Si(z)l(q — ¢ Dz122

gN =21z, +(i. 1) (i+1,2) +(i.2) G+L1)
=\ <—:Xi VST (@) 4 XY @S (2) ) (4-30)
1

Using the specialization (A40), we conclude [X;’(zl), Si(z2)]=0for1 <i<N — 1.
e Proof of (4.15)for 1 <i#j<N.
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First we show (4.15) for 1 <i <N — 1,1 <j < i — 1. The commutators vanish,
[Xi*(l’”(zl), 8§D (2,)] = 0, for the following condition.

[, D, GGDLIG+1,2),6+1,1)]
[d,s),(m, )] # 1 [, D, G+ 1L2LIG,2,G+1,D] (I<i<N-1,1<j<i-1).
[(j,2), (D] [(j+1,2),G + 1,2)]
431

Hence, using the relations (A21)—(A28), we have the following relation for | <i <N — land 1 <
j<i-—1.

(X" (z1), $;(z)1(g — g Mz122

" g +GD Qi) HGH12) gL
—s(—= (a1 %9 @nsi @) s =g XIS @)
1

= X VST @)+ X s T @)
—q: XS P @) g XS @) ) (4.32)

Using the specializations (A41), (A43), and (A44), we conclude [X?'(zl), Si(z)]=0forl1 <i<N
— 1,1 <j<i — 1.Next we show (4.15) fori = Nand 1 <j <N — 1. The commutators vanish,
X (z1), " (22)] = 0, for the following condition.

[d,5), m, )] #[(j,0), (N, DL [(j +1,0,(N+1,0)]J(1 < j<N-1. (4.33)
Hence, using the relations (A23) and (A24), we have

(X3 (z1), Si(z)lg "z,

=3 <q - 2) (; X;(J’O)(ZI)SE.N’Z)(Q) — X;\L’(JH,O)(Z])S;N+1,0)(Z2) :) ‘ (4.34)

Using the specialization (A42), we conclude [X,f,(zl), Si(z2)] =0for1 <j<N — 1. Now we have
shown the commutation relation (4.15).
e Proof of (4.14). This is a direct consequence of the relation,

(¥ (z1). 8 (22)] = 0, (4.35)
for every i, j, and (I, s).
e Proof of (4.17). This is a direct consequence of the relation,
Ai j K m Ai,‘ m s
[ul —uy+ —’f} S0 S (z0) = [Mz —u+ —’} S 0(22)8" (21, (4.36)
2 k+N—1 2 k+N—1

for every (i, j) and [(/, 5), (m, 1)].

V. VERTEX OPERATOR

In this section we propose bosonizations of the vertex operators for the quantum superalgebra
Uy (sI(N| 1)).3! We check that the vertex operators are the intertwiners among the Fock-Wakimoto
module and the typical representation for small rank N < 4.

A. Level-zero representation

We discuss level-zero representation of U, (Q (3]1)) in this section (respectively, U, (ﬂ (4]1)) in
Appendix B), that we will use for the investigation of the vertex operator. Let V,, be the one parameter
family of the 2V-dimensional typical representation of U,(sI(N| 1)).37-38 In the case of U,(si(3]1)),
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we choose the basis {v;}<;<g of V, and assign them the Z,-gradings as following.
lvil = lvs| = [vsl = [v7] =0, [v2] = |v3] = |va| = |vg] = 1. (6.1
In the homogeneous gradation, the evaluation representation V,, . of U, (Q (3]1)) is given by

hiy =E33— Es4+ Ess5 — Eg, (5.2)
hy =Ey»— E33+ Egs — E77, (5.3)

hy =a(Ei1+ Exp)+ (@ + 1)(E33+ Esa+ Ess+ Ece) + (@ +2)(E77 4+ Egg), (5.4)

e1 = E34+ Esg, (5.5)
ey = Er3+ Eg7, (5.6)
e3 = VI[elE12 — vla + 1(Es 5 + Es6) + /o + 2] Ev5, (5.7
J1 = Esq3+ Egs, (5.9)
fo=Ezs+ Eqg, (5.9)

fs = VIalEss — VI + 11(Ess + Ees) + v + 21 Es.7, (5.10)
ho = —a(Ey 1 + Ea4) — (@ + 1)(Ean + Es3 + Ese + E77) — (@ + 2)(Es 5 + Egg), (5.11)
—2(ValEs; — I + 1(Eez + E73) + /o + 2] Es 5), (5.12)
fo =" WIelErs — Vo + 1(Ess + Es7) + /[ + 2] Es ). (5.13)

We set the dual representation V;S of U, (57 (3]1)) by

<

€0

y:s(@) = (my, (S@)" fora € Uy(sI(3]1)), (5.14)
where we have used the antipode S and have introduced the supertransposition “s¢” by
(B )" = (=Dl (5.15)
We have chosen the dual basis {v}f}lS j<g of V*$ and assign them the Z,-gradings as following.
il = [vsl = lvgl = lv71 =0, |vz] = [v3] = |vi] = [vg| = 1. (5.16)

In the homogeneous gradation, the evaluation representation V;S of U, (37 (3|1)) is given by

hy = —E33+ E44 — Ess+ Es, (5.17)
hy =—Ey>+ E33— Ege+ E77, (5.18)
hy = —a(Ey )+ Ez2) — (@ + 1)(E33 + Eqa + Ess + Eee) — (@ + 2)(E77 + Es8), (5.19)
e1 = —q '(E43 + Es 5), (5.20)

ey =—q '(E32+ Erp), (5.21)
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es = —(\/[alg ™ Exi + VI + g "(Ess + Ee4) + /[ + 21 * 2Es 7).
fi =—q(E34+ Esg),
= —q(Ex3 + Eg ),

£ =VIg"Ers + /e + 11g° T (Es s + Ese) + V[ + 21¢* 2 E7 5,

ho =a(E1 + Es4) + (@ + 1)(Exp + E33+ Egg+ E77) + (o +2)(Es 5 + Egg),

eo = —z(/[01g* Era + v/l + 11g° T (Ea6 + E37) + VI + 21 Es g),

fo=—2""lalg™Es1 +VIa + 1lg7* (E2 + E73) + Vo +2]1g ™ *Eg s).

We give the level-zero realization of the Drinfeld generators.
Proposition 5.1: On V,, , the Drinfeld generators of Uq(ﬁ(3| 1)) are realized by
[m] o my . —m m —m m
hym = 7(6] *22)"(q " E33 — q"Es4+q " Ess — q" Eee),

[m] ey
hay = 7(qa+2Z)m(q MEyy — E3z+ Egs — q*"Eq7),

1
h3m = ;Zm([am](El.l + Ezp) 4+ [(o + Dmlg™ (E33 4+ Ess + Ess + Ee)

+(a +2)mlg* (E77 + Ess)),

X = (q“"2)" (Es 4 + Esg),

X, = @) (g " Exs + q"Ee 7).
x5, =@ )" Vlalg " Ery — Ve + 11(Ess + Eqg) + o + 21g”" Ezg),
Xy = (@“T*2)"(Es3 + Eg 5),
- _ a+2 _\n; ,—n n
Xy, =@ D) (G " Esa + q"Eq6)s

X5, = (q*2)' (Jlalg " Exy — Ve + 11(Es3 + Eea) + /o + 21g7" Es 7).
On V3, the Drinfeld generators of U, (Q (311)) are realized by

o,z

(mly . _ _
hipm = Tq(q 2 (—q™Ess+q " Esq — q"Ess +q "Egg),

[m],
m

(q,afzz)m(_qbﬂ E2,2 + E3,3 _ E6,6 =+ q72m E7,7)’

h2,m =

—1
h3m = 72'"([“'”](&,1 + Exp) + [(a + Dmlg " (E33 + E44 + Es s + Egp)

+(e + 2)mlg " (E77 + Egg)),

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)
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+ _ -1 —a—=2_\n E E 541
X1, =—q (g7 "2)"(Es3 + Eg ), (5.41)

X, =—q"" (¢ 2" (¢"Es2 + g "E7e), (5.42)

x5, = —(q )" Vlalg " Eyy + e+ 117 (Es 3 + Ee4)

+V[e +21g7** " Eg ), (5.43)
X1, =—9(q “2)"(E34+ Esp), (5.44)
X5, =—q(q 2" (q"E23 4+ q " Eg7), (5.45)

X5, = (g )" Welg* " Erp + Ve + 11g° (35 + Ese)
+v[o +21g“ 2" Eq ). (5.46)

In Appendix B, we summarize the case of Uq(ﬂ(4| 1)). The case of U, (57(2| 1)) is summarized
in Ref. 11.

B. Vertex operator

Let F and F' be level k highest weight U, (Q (N|1))-modules. Let V,, and V;S be 2V-dimensional
typical representation with a parameter .8 The representations V,, and V*S are irreducible if and
onlyifawe #0, —1, —2,..., =N + 1. Let V,; and V;f be the evaluation module and its dual of
the typical representation. Consider the following intertwiners of Uq(ﬁ (N|1))-module.?!

D) F—> F @V, ) : F — F @V (5.47)
They are intertwiners in the sense that for any x € U, (;l (N11)),
D(z) - x = AXx) - D(2), D*(2) - x = A(x) - D*(2). (5.48)

We expand the intertwining operators.

2N 2N
P2) =Y (D)@, ) =)y IRV (5.49)
j=1 j=1
We set the Z,-grading of the intertwiner be |®(z)] = |®*(z)| = 0. In what follows we focus our

attention on rank N < 4 case.

Proposition 5.2: For a # 0, — 1, —2, the operator ®(z) for U, (Q(3| 1)) is determined by the
component ®g(z). More explicitly, we have

D3(2) = [P4(2), f1ly, Ps5(2) = [Ps(2), f1lg> (5.50)
D5(2) = [P3(2), f2lg: Po(2) = [P7(2), f24> (5.51)
‘D()—L[q’()f] ‘b()—_—l[q’()f] (5.52)
IZ_\/E 202), J3lg«> 32—\/m 5(2), J3lg—e-1, .
— 1
Dy(z) = m[q’s(z)a flge1, @1(2) = ﬁ[q’s(z), f3lg—e—2. (5.53)
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For a #£ 0, — 1, —2, the operator ®*(z) for Uq(ﬁ(3|1)) is determined by the component ®3(z).
More explicitly, we have

Oy(2) = [fi, D3]y, i) = [f1, P52y, (5.54)
D3(2) = [/, P31, Pi(2) = [fo, P2y, (5.55)
1 -1
D3(z) = \/ﬁ[ﬁ’ DIy, Pi)= ﬁ[f% D32y, (5.56)
-1 1
(o) = —— (oW —am1 o = — (o) —a-2. .
6(2) \/m[fa (DG, 3(2) m[fa 2@y (5.57)

Proposition 5.3: Fora # 0, — 1, —2, — 3, the operator ®(z) for Uq(ﬁ(4| 1)) is determined by
the component ®4(z). More explicitly, we have

Dy(2) = [D6(2), fily,  P7(2) = [®s(2), fily, (5.58)
Do(2) = [P10(2). fily:  P11(2) = [@13(2). filg. (5.59)
D3(2) = [4(2), folg.  Ps5(2) = [@1(2). folg (5.60)
Do(2) = [P10(2). Loy P11(2) = [@13(2). folg (5.61)
Dy(2) = [3(2), filg,  P7(2) = [Po(2), f3g. (5.62)
P5(2) = [P10(2), filye  Pra(@) = [@15(2). folg (5.63)
D(2) = %][@z(z), filger ®3() = h[%(z) flg-e, (5.64)
D4(2) = J—][ 7). falgar,  @e(2) = \/;][4’8(@, flgot, (5.65)
Do(2) = m[%(z) Sl ®1o(2) = m%(z), filgoa. (5.66)
Dpa(2) = m[dm(@ [l @15(2) = \/—1[%@ filge. (5.67)

Fora #0, — 1, —2, — 3, the operator ®*(z) for U, (Q(4| 1)) is determined by the component ®7(z).
More explicitly, we have

e(2) = [, P4@]g1. Pg(2) = [f1. P7(2)]g1 (5.68)
o) = Lf1, Po(@)]g1. P3(2) = [f1, @112y (5.69)
Q3(2) = [f2, P3@]g1,  P3(2) = [f2, P5(2)]g1, (5.70)
Pio(@) = [/2, P51, P13(2) = [ /2, P (@D)]g-1. (5.71)
Q3(2) = [fs, P31, P5(2) = [ f3, P32y, (5.72)

Pio(2) = [f3, P31, Pi5(2) = [ /3, Piu(@)]g-1. (5.73)
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* — __1 * * _ ; * ,
D;3(2) = m[fm D]y, P5(2) = m[ﬁb D3(2)]go-1, (5.74)
1 1
Pi(z) = WrES)] [fa, P4()]gea1, Pi2) = ﬁ[ 4 PE(2)] e, (5.75)
o7(z) = \/—][f4: D5(2)]g2, D3(2) = \/—][ﬁ" D7p(2)]ge2, (5.76)
®T4(Z) m[ﬁh 12(Z)]q*“*2a CDT6(Z) \/—][fm 15(Z)]q’“’3' (5.77)

The case of U, (EZ (2]1)) is summarized in Ref. 11. Next we determine the relations between the
components ®,~(z), ®7(z) and the Drinfeld generators. We use the coproduct

Ah)=h; @1+ 1® h;, (5.78)
Alhi) =him ®qT +q % @him (m > 0), (5.79)
Ahio) =him ®q™ % +q" 7 @hi—m (m>0). (5.80)

Proposition 5.4: The component ®on(z) associated with U, (s7 (N|1)) satisfy

[hi, Pov(2)] = =8 n( + N — 1D (z)(1 < i < N), (5.81)
i, ®20()) = —5; g DI Z D g ) 01250, 68)
i @201 =~ g V0 IR DM g ) 012 i <) 589)
(X (z1), Pov(z2)| =0 (1 <i < N). (5.84)

The component ®1(z) associated with Uq(ﬁ (N|1)) satisfy
[hi, ®1(2)] = & yadPi(z) (1 <i<N), (5.85)
. w, lam] .
[Rim, ®T(2)] = 8;ng 2 P ®i(z) m>0,1<i=<N), (5.86)
(i, D5(2)] = ;. q—f'"[m] Pz) (m>0,1<i<N), (5.87)
[X(z1), ®i(z)] =0 (1 <i <N). (5.88)

We have checked this proposition for rank N = 2, 3, 4.

In order to construct bosonizations of ®,~(z) and ®j(z), we introduce a bosonic operator
¢ (z|B).

Definition 5.5: For l, = (l1 12 <+, 1INy € CN and B € C, we set the bosonic operator dla(z|B)
by

N

[ Min(i, ) N =1 —M i)
P (IB) = exp Z(kH{‘,_l ) s J)a’)(ZIﬂ) L (5.89)
ij=1

We call the operator ¢'(z|B) the “elementary vertex operator.”
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Proposition 5.6: The highest vector |\) = |l,, 0, 0) of Uq(Q(NH)) is created from the Fock
vacuum |0) and ¢"(z|B).

) = lim ¢'(218)|0). (5.90)

Here |A) is the highest weight vector of the highest weight whose classical part A = Z,N:1 I A;.
The elementary vertex operators ¢“(z|8) give rise to the following map.
¢"zIB) : F(pa) —> F(pa + La). (5.91)

Using the inversion relation,

=94

i [A[,-,,m] (Min(r, jmIl(N = 1 = Max(r, jml _ o (5.92)

" m] [(N — Dm][m]

we have the following proposition.

la

Proposition 5.7: The elementary vertex operators ¢*(z|B) satisfy the following relations.

[him. ¢"(2IB)] = %[lgm]q*ﬂ*”T")‘m'z%’ﬂ<z|ﬂ> (1<i<N), (5.93)
[X'(z1). ¢"(z2lP)] =0 (1<i <N), (5.94)
(1 — 42X (2" <zZ —’#)
= (¢"z1 — z2)¢" (Zz —H—Z—l) X (@)1 <i<N). (5.95)
Proposition 5.8: Fork =a # 0, —1, —2,..., —N + 1, bosonizations of the components

®on(z) and OT(2) associated with U, (Q(N| 1)) are given by

» k -1 P k —1
Dy (z) = ¢! (q“”‘lz ‘—%) , D) =¢ (qkz ‘—%) . (5.96)

where we have set [ = —0,---,0,xa+ N —1)and P = 0, -+, 0, @). The other components ®;(z)
and ®3(z)(1 < j < 2Ny are represented by multiple contour integrals of Drinfeld currents (cf.
Propositions 5.2 and 5.3). We have checked this proposition for N = 2, 3, 4.

These bosonizations of the vertex operators are determined from the commutation relations
with the superalgebra Uq(Q(N [1)). The construction is completely independent of which infinite
dimensional modules the vertex operators intertwine. In what follows we shall clarify on which
space these vertex operators act. We balance the “background charge” of the vertex operators by

using the screening currents. For x = (x|, x2,...,xy) € NV, we set the screening operator
QW —. Q7 QY- 0w - (5.97)
The screening operator Q%) gives rise to the map,
QW 1 F(py) — F(pa + %). (5.98)
Here x = (X1, Xo, - -+, Xy), Where X; = Z;V:l A; jx;. The QW commute with the projection operator

no&o. Hence we have the map on the Fock-Wakimoto module.

QW F(pa) — F(pa +2). (5.99)
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Definition 5.9: Fork=o #0, — 1, —2,..., — N, we set the bosonic operators
2N 2N
V() =) @@y, @ =) e (5.100)
J=1 j=1

Here we have set

(@) = noko - Q- ©,(2) - modo, (5.101)

077 (2) = moo - Q- @3(2) - Moo, (5.102)

where x = (x1,x3,...,xy) € NV andy = (y1,y2, . . ., yv) € N. We call the operators D) (z), DW*(2)
the “projected vertex operators” for U, (sl(N|1)).

Eroposition 5.10: Fork=a #0, —1, —2,..., —N + 1, the projected vertex operators &”(z)
and ®O*(z) are the intertwiners among the Fock-Wakimoto module and the typical representation.

DD(2) : F(pa) —> F(pa +1+3) @ Vi, (5.103)

() : F(pa) — Fpa+F+5) @ V5. (5.104)

Here we have set [ = —0,---,0,0a+N—1) and [ = ©,---,0,a). Here we have set X
= (®1, %, -+, £y) and § = ($1, $2. -+, Hn) where £ = Y| Ay jx; and 5, = Y ), A jy;. We
have checked this proposition for rank N = 2, 3, 4.

C. Correlation function

In this section we discuss an application of the projected vertex operators ®®(z) and ®*)(z).
We study non-vanishing property of the correlation function which is defined to be the trace of the
vertex operators over the Fock-Wakimoto module of U, (s/(N|1)), that is

Trrq,) <qLo E);Tu))(zl)a;:(z))(zﬁ o &5(]?”))(%)) . (5.105)

Here we propose the g-Virasoro operator Ly for k =« #% — N + 1 as follows.

Z Y m> [MinGi, ym][(N — 1 = Max(i, pym] ;
o lmllk+ N = Dim] (N = Dm][m] "

lj 1 meZ

XN: Min(i, j)(N — 1 — Max(i, j)) ;
ij=1 (k+N—-DN -1 “

D DD SCEEREED Sl SPRL

1<l<j<NmEZ 1<1<]<Nm€Z
b N+l m’ pisN+L . iN+1
+ b, + bs (5.106)
1<1<N meZ ] l<1<N

The Ly eigenvalue of |I,, 0, 0) is m(ﬂi +2p), where p = ZlN:l A;jandX =N IIA

i=1"a
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Proposition 5.11: The correlation function of the vertex operators,

Trrq,) (q“5§f(”)(zl)€>jj”)(m) s cT>§.j<"’)(zn)) £0, (5.107)
ifandonlyifk=a #0, — 1, —2,..., =N + land x5 = (X5, 1, X(s). 2 - - » Xs.5) € NV (1 <5 <)
satisfy the condition,

Zx@, = e tn-il <i < N). (5.108)

We note that there does not exist non-rational solution k = o ¢ Q of the relation (5.108). Next, we
consider the correlation function involving also dual vertex operators.

Proposition 5.12: The correlation function of the vertex operators and the dual vertex operators,

Tr]-'([a) (qL[J éjl(y(l))(wl)&S;‘;(y(Z))(wz) .. E)ny(m))(wm)as(])lcll))(zl)E)(])zcll))(zz) . as.(]j’:(n»(zn)) # O, (5.109)

ifandonly ifk=a #0, =1, =2,..., =N 4+ 1, x5 = (X(), 1, X(5), 2> - - - » X(s), N) eNV (1 <s<n)
and Yo = V), 15 Y, 25 - - - » Yo, n) € NV(1 < t < m) satisfy the condition
Zx(x),JrZy(,),:—_ml)l +n-i(1<i<N). (5.110)

We note that there exist non-rational solutions k = o €Q of the relation (5.110). Upon
k= a ¢ Q, the relation (5.110) is equivalent to

n
m=n and Y (xi+yo)=n-i (1=<i=<N). (5.111)
s=1

We conclude that the screening operators Q; are needed to ensure non-vanishing property of correla-
tion functions. In other words, we have to balance the “background charge” of the vertex operators
to construct non-zero correlation functions. We can write down integral representations of the cor-
relation functions by using bosonizations of the vertex operators.?” It is open and nontrivial problem
to deform these integral representations to convenient formulae for physical applications.
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APPENDIX A: NORMAL ORDERINGS

" 1 . k+N—-1
exp <a+(q 2 Zl)) 1 exp <_ (ma1> (Z2 T)) :
=iq° A _h— ’

(1 — g A F=NFT

In this appendix we summarize formulae of normal orderings. In order to get the following
a, (= A j—k—N+1
1 ; k+N—1
: - —————a’ _ 2 1,
exp( <k+ N — 161 ) (Zz ) )) (a+(q Zl))

delta-function formulae, the following normal orderings are useful.
q 22/21)
1 ; k+N -1 ( - kNt )>
cexpl—( —— _ :ex
p CEN 74 21 2 plal(qg 22
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. 22/21)
(1 — g A==V iz

i - 1 ; k+N-—1
ol ) oo (- () (571 o

In order to get the following specialization relations, the following formula is useful.

b (g2) — b (g™'2) = b () — b (2).

. (1 _ in,.i7k7N+l

1. Delta-function

X, V), SV ()]

1 —N—k+1 —N—k—1
= - (5(‘1 Zz)—&(" Zz)) S(l<i<N—1), (Al
(qg—g Hg"*Nz1z0 2 71

—G,1) Gi+1,1) —1 gVt 1z, .
[X; (=), S; (@)=(@—q ) E— (I<i<N-1, (A2)
1
—(N=1,1) (N,2) P g Vg, B .
[X; (1), 87 (@) =@ —q) )¢ (I<i<N-1), (A3)
1
—(+1,2) (142,1) -1 gV, . .
[X; (z1), S; (z2)]=(@q—q )8 - t(1<i<lI<N-=-2), (A4)
1
—(+1,1) (1+2.2) ~1 gV, .
[X; (z1), S; @)]=@  —q) E— (I1<i<l<N-=3), (AS
1
—(3i,2) (i+1,2) 1 gV 3k, . .
[X; 7 (z1), S; (@)= —q) )" (1<i<N-=2), (A6)
1
1 N+k—1
—(N,1) (N+1,0) _ q 2\ .
[Xy " (z), Sy (z2)] = q_N_kHerS( - ) (AT)
B 1 —N—k+1Z
Xy V2@, SY 0z = T (" - 2) 2 (A8)
D (+1,2) _ e (4T P . .
[X; (), §;0 @) =(@—q ) — D1 <i<N-=-2i+1=<I<N-1),
1
(A9)
—(1.2) (+1,1) -1 " - -
[X; "7z, iy (@) =@ —q) o D(1<i<N-=-2i+1=<I<N-1),
(A10)
‘ , Ntk—i+j—1
1%, 9@, S0 @)l = (g — 718 (‘] - Zz) s(l<j<i=N—-1), (AlD
—(j+1,1) @i.1) 1 gNTETirIiTl, ..
[X; 7 (@), S ()l = (g —g)8 - t(l=j<i=N), (A12)
’ 1
) . N-th—itj-1,
[X; V2 @), S )l = (g — g 718 (q - 2) s(l<j<i<N—1), (Al3)
1
—(+1.D) i.2) -1 A P
[X; Tz, ST @Dl =g —q)é - s(I<j<i=<N), (Al4)
1
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D ; N+k—i+j IZ
(X, V@0, 8P @) = (1 - g7 (—q 2) (I=j<i=N), (A9
XUz, SO0 2 gNHly o
70Dz, SUD()] = (72 - s H(1<j<i<N),  (Al6)
(X> (G (g,y, SN+ g1z, )
21), (z )]— i 5 s =j=sN-1, (A17)
(X9 (N+1,0) gti- 112 .
Ve, SO @) = S(=j=N=D, (A8
+(i,1) (i+1,2) -1 qN 2= 122 .
[X;7 7 (z1), S; (z)l=(@—q ') t(1<i<N-1, (A19)
. . N-2i—1
(X @), $T el = (g7 - g)8 (qz—> s(l<i<N-1, (A20)
1
. ) N—i—j—1
(X902, S92 (2] = (1 — ¢7)8 ("Z—Zz) s(l<i<N,1<j<i—1), (A2l)
1
1(j+1.2) G+1,1) 2 AW . L
[X; (z1), S} @)]=@ -1 ——)=2(U<i<N,1<j<i—-1), (A22)
21

(X590, SV P(20)] = (1 — ¢2)s <qj—22) s(1<j<N-1,
21

-1 —Jj—1
a(" Zz)::(lsjszv—l),

X0, SN0 7)) =

qurlZl 21
[XUD(z), §E+1D _ g (g
D @), ST @)l = (g —q )8 -
1
. . N—i—j—1
(X2, ST = (g7 = ¢)8 (q -
1

N—i—j—1

X 9P(z0), 892z = (1 — g8 (" -
1

(A23)

(A24)

—Z2>::(15i51v—1,15j5i—1),

(A25)

—Z2>::(1§i§N—1,1§j§i—l),

(A26)

—Z2>::(1§i§N—1,1§j§i—1), (A27)

. . N—i—j-1
XU (2)), 8YT2(z))] = (¢ — 1)s <q—zz) s(I<i<N-1L1<j<i-D,
21
(A28)
2. Specialization
. X;(N,O)(Z)Si(N+l,0)(qN+k—lZ) = Xi—(i,1)(Z)Si(i+lql)(q—N—k+lZ) .
1 : k+N -1
=: —| ————« - (1<i<N-1 A
exp( <k+N—1a)<Z‘ > )) (I<i<N-1), (A29)
. X;](N,1)(Z)S§VN+1,0)(q—N—k+1Z) - X;,(N,z)(z)SI(VN+1,0)(qN+k—IZ) .
ox 1 ; k+N—-1 (A30)
= —_ _—a S — :
PU7kev 1) ¢ 2 ’
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. X;(N,O)(Z)Si(Nle,0)(qN+k+1Z) — X;(N*I,1)(Z)S;Nq2)(q1\/+k+lz) .

(I=<i<N-1D,

—(i+1,2 i+2,1), — i —(i,2 i+1,2), — i
. Xi @i+ )(Z)Si(l“‘ )(q N+3+k+21z) p— Xi (@, )(Z)Si(H' )(q N+3+k+21z):

(I=<i=N-1,

.y —U+11 142,2) 0 —N+3+k+21 \ .__. y—(+1,2 I+2,1) o —N+3+k+21 y .
'Xj( )(Z)S,( )(q +3+k+ Z) — Xi( )(Z)Sl( )(q N+3+k+ Z)-

(I1<i<N-1Li+1<I<N-=2).

—(.1 1+1,2), — —(,2 I+1,1), —
:Xi( )(Z)Sz'(+l )(q N+k+21+zz) i Xi( )(Z)Sl(:l )(q N+k+2/+2z) :

(I1<i<N-=-2i+1<I<N-1,

. y—U.D i+1,1), —N—k4i—j+1 _~ . . v—0+1,1 i), Nk it
s XY (Z)S;l )(q Tty =X U )(Z)S;l V(g Nkt gy

(I=<=j<i=N-1,

. v—0.2) i+1,1 “Ne—kti—i+1 L w—G+1.1 ) N )
. Xi G (Z)S;l )(q N—k+i—j+ Z) - Xl' (] )(Z)S;l )(q N—k+i j+1z) .

(I<j<i=N-1,

. Xi_(j,Z)(Z)S;i,1)(q—N—k+i—j+lZ) — Xi—(j«1)(Z)S;iq2)(q—N—k+i—j+lZ) .

(I=<j<i=N),

. X;/(ja])(Z)S;N‘f‘l,o)(q—k—j-‘rlz) p— X]T](.f+l»l)(Z)S.(]ANsl)(q—k—j-ﬁ-]Z) .

(I=<=j<i=N-1,

—(j,2 N+1, —k—j —(j+1,1 R —k—j
:XN(J )(Z)S; +1 0)(q k j+1Z) - XN(]JF )(Z)SﬁN 2)(q k J+1Z):

(I<j<i=N-1,

. Xi+(i,1)(Z)Sl(i+1,2)(q—N+2i+1Z) - Xi+(i,2)(Z)Si(i+1,1)(q—N+2i+1Z) :

(I<i=N-1,

+(1 i) Nt itl o . (12 i+1,1), —Ntit) ]
:Xi @ )(Z)S;l )(6] N+i+j+ 7) 1= Xi 0] )(Z)S;l )(q N+I+J+IZ)~

(I<i=N-lLl=j=<i-D,

X O8NP (g ) = XU () SO (g )

(I=j=N-1D,

. Xi""(j,1)(Z)S;i+1,2)(q—N+i+j+lZ) e X;‘F(jaz)(z)S;iJrl,1)(q—N+i+j+lZ) .
(I<isN-Ll1=<j=<i-1,
: X;"‘(.fyz)(z)S;i,z)(q—N+i+j+]Z) pp— X;'F(./."F]vz)(Z)S;i+la2)(q—N+i+j+lZ) .

(I<i=N-lLl=j=<i—-D,

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)

(A37)

(A38)

(A39)

(A40)

(A41)

(A42)

(A43)

(A44)
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APPENDIX B: LEVEL-ZERO REPRESENTATION OF Uq(§I(4|1))

In this appendix we summarize the level-zero representation of U, (37 (4]1)). Let V,, be the one
parameter family of the 16(= 2*)-dimensional typical representation of U,(sl(4]1)).>"*® In the case
of U,(sl(4[1)), we choose the basis {v;}i<j<i6 Of V, and assign them the Z,-gradings as following.

[vi] = Jvs| = [v7] = |vg| = |vo| = |viol = |vi2| = |v16| = O,
[v2| = |v3] = |vs] = |vg| = |via| = |viz| = [vig| = |vis| = 1. (B1)

In the homogeneous gradation, the evaluation representation V,, ; of U, (ﬁ (4]1)) is given by

hi =FEs4—Esg+ E77— Egg+ Egg9 — Ejg 10+ E11,11 — E13,13, (B2)
hy = Es3— Esa+ Ess — E77+ E910 — E12.12 + E13.13 — E14.14, (B3)
hy = Eyy — E33+ E77— Ego+ Egg — Eo10 + E14,14 — Ei5,15, (B4)
2 8 14 16
hi=a) Ejj+@+DY Ejj+@+2)) Ejj+@+3)) Ej; (BS)
=1 =3 =9 =15
e1 = E46+ E78 + E9 10 + Eq1,13, (B6)
ey =E34+ Es7+ E,12+ Ei3,14, (B7)
e3 =Ey3+ E79+ Eg 10+ E4.15, (B8)

es = —/IalEi2+VIoe+ 11(Ess + Es7+ E¢3)
—V ot +21(Eo.11 + E10.13 + E12,14) + [ + 31 E 5,16, (BY9)

Ji=Ees+ Eg7+ Ero9+ Ei3,11, (B10)
fo=Es3+Ers+ Eo+ E4,13, (B11)
f3=E3p+ Eg7+ Eios + Eis,14, (B12)

fa=—VIxlEy1 + I+ 11(Es3 4+ E74 + Ese)
—VIoe +21(E110+ Ei3.10 + E1a.12) + Vo + 31E6.15, (B13)

ho=—a(E11 + Ese) — (@ + 1)(E2p+ E33+ Esa+ Ess + Ei0.10 + E12.12)
—(+2)(Ess5+ E77+ Eoo+ Ei313+ Eia14 + Ei15,15) — (@ + 3)(E11,11 + El6,16),
(B14)

eo = z(v/[a]Es 1 — e+ 11(Esa+ Eio3 + Ei2.4)
+v I +21(Ei35+ Eia7 + Eis9) — /o + 3]1E16.11). (B15)

fo=—2"WIalE1 6 — I+ N(Ess + E310 + Es12)
+V o +21(Es 13+ E714 + Eg,15) — /ot + 3]1E11.16)- (B16)
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We choose the dual basis {v;f}lf j<16 Of V5 and assign them the Z,-gradings as following.
loil = vs| = [v7l = lvg| = lvgl = lvjpl = vi,| = |vjgl =0,
lv3l = o3| = [zl = lvgl = Ivf; | = vjs] = vyl = vjs] = 1. (B17)

In the homogeneous gradation, the evaluation representation V;g of U, (57 (4|1)) is given by

hy=—E44+ Ess— E77+ Egg — Ego + E10,10 — E11,11 + E13,13, (B18)
hy = —E33+ Es4 — Ess+ E77— E 10+ E12— E3,13 + E4,14, (B19)
hy = —Esp+ Ez3— E77+ Egg — Egg+ Eio,10 — Er4,14 + Ei5,15, (B20)
2 8 14 16
ha=—-aY Ejj—(@+D)Y Ejj—(@+2)Y Ej;j—(@+3) )Y E;j (B21)
j=1 j=3 j=9 j=15
er=—q "(Eea+ Es7+ Eio0+ Ei311), (B22)
er=—q "(Es3+ E7s5+ En1o+ Eia3), (B23)
es = —q (E3»+ Eo7+ Eios + Eis,14), (B24)

es =/ Ielg " Exy + I+ 11g7* (Es3 + E74 + Es)

Vo 421G 2(Eng + Eisi0 + Era2) + Ve + 317 Eig15, (B25)
Ji = —q(Es6+ E78 + Eg 10 + E11,13), (B26)
fo=—q(E34+ Es7+ E10,12 + E13,14), (B27)
f3=—q(Ex3+ E79 + Eg 10 + E14,15), (B28)

fa=—=VIalg“E12 — e + 11g*(E35 + Es7 + Egg)
—Vla +21¢°*(Eo 11 + E1013 + E12.14) — V[ + 31¢° P E 15,16, (B29)

ho =a(Ey 1+ Esg) + (o + 1)(E2p + E33+ Ess + Egg + Eo,10 + E12,12)
+o+2)(Ess+ E77+ Ego+ Ei3,13 + Era14 + Ei5,15) + (o0 + 3)(E11,11 + E16,16),

(B30)
eo = 2(/[21q“E1 6 + VI + 11g° T (Exs + E3.10 + Ea12)
+v/[e 4+ 21¢“ 2 (Es 13+ E7,14 + Eo.15) + /[ 4+ 31¢° P Eq1.16), (B31)
fo=272"/lalg ¥ Es1 + Ia + 1lg* "(Egs + E193 + Ei2.4)
+VIa +21g7 2 (E35 + E147 + Er59) + VI +31g * 2 Eg.11). (B32)

We give the level-zero realization of the Drinfeld generators.
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Proposition B.1: On V., the Drinfeld generators of U, (Q (411)) are given by
_ @ a+3 _\m —m . m —m . m
him = . G" " 2)"(q " Esa —q"Ees+q "E77 —q" Ess
+ ¢ "Eo9—q"Er,10+q "Ei.1 —q"E3.13).

[m] _ _
hym = 7(61“3@'"(61 ME33— Egq+q " Ess — E17

+ Er0.10 — ¢*"E12.12 + E13.13 — ¢*"E14.14),

h3pm = 7((] B™q " Esy —q "Ess+q "E77—q"Eo o

+ ¢ ™Egs —q"Er.10 + 9" E1414 — ¢°"E1s.15),

2 8
1
ham = —2" EE--+ +1 ’"EE
n —z [am] j.j + @+ Dmlg ji

j=1 Jj=3
14 16

+ [( +2)mlg™" Z E;;+[(ax+ 3)mlg>" Z E;;|.
j=9 j=15

X, = (@* 2" (Es6 + E1s + Eo 10+ Enn,13),

+ _ a+3 _\ng,,—3n —n n n
Xy, =@ (q " Esa+q " Es7+q"Ei0,12 + q" Er3,14),
X3, = (72" (g " Ess + E79 + Es 10+ ¢ E14,15),

X, = ("2 (=g " Ei 2+ Ve + g " (Es 5 + Ea7 + Eo8)

— Vo +21¢"(Eo. i1 + E10.15 + Er2,14) + Ve + 31¢%" E15.16),
Xy = (@ 2)"(Egs + Eg.7 + Ero0 + E13.11),
X3, = (@72 (g " Esz+q "E7s+q"E10+ q"Eia13),
x5, = (") (q " Esp + Eo7 + E1os + g7 Es,14),

Xyp = @ P2 (= Ialg ™" Esy + VI + 1lg ™ (Es3 + E7.4 + Es )

— Vo +21g"(E11.9 + E13.10 + Era.12) + /[a + 317" E16.15).-
On ij, the Drinfeld generators of U, (;"? (4|1)) are given by
[m] —a—3_\m m —m m —m
him = 7(6] )" (—q"Esa+q "Ess—q"E77+q "Egg
—q"E99+q "Ei0,10—q"En,n1 +q "E3.13),

[m]
hym = 7(4 Y (—q*™Ess + Egqg — q*"Ess + Eq7

—E10+q " Enn — Eiziz +q " Es14),

(B33)

(B34)

(B35)

(B36)

B37)

(B38)

(B39)

(B40)

(B41)

(B42)

(B43)

(B44)

(B45)

(B46)
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[m] _
h3m = —(61 )"(—=q*"Erp +q"Ess —q"E17+q "Eo

—q"Ess +q "E1010 — ¢ "Eis1a +q " E15.15), (B47)

2 8
—1
ham = —2"(lam] Y Ej Dmlg™" S Ej,
4, = 2" ([am] R (] < o

=1
14
+(et 4 2)mlg~ " Z E;;+[(a+3)mlg™™" Z E; ), (B48)
Jj=9 j=15
X, =—q""(q"" 2" (Ees + Es7 + E100 + E13.11), (B49)
X, = —q (@2 (q"Es3+q"E75+q "Epni0+q "Eis13), (B50)
Xy, = —q (¢ 2" (¢ Esp + Eo7 + Eros + ¢ " Eis,14), (B51)

xf =@ )" Vlalg " Eyy + Vo + 11g ™ (Es s + E74 + Esg)

+V I +2lg ™ (Ei19+ Ei310 + E1a12) + e + 31 " Ej615),  (B52)

X, = —q(@ 2" (Eq6 + E18 + Eo.10 + E11.13), (B53)
Xy, = —q(q " )@ "Es 4 +q"Es7+q "Ew012 + ¢ "E13.14), (B54)
X3, = —q(@ 2" (@™ Eas + E79 + Es 10 + ¢ " E14.15), (B55)

Xy, = —(q )" Wlelg” ™ E1 2 + Vo + 11¢* T (Es s + Eq 7 + Es)

+V[a + 21T (Eg.11 + Ero13 + E12.14) + VI + 31¢° " Ejs.16). (B56)
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