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Abstract

We introduce the elliptic superalgebra Uq,p(sAl(M |N)) as one parameter deformation of
the quantum superalgebra Uq(sAl(M |N)). For an arbitrary level k # 1 we give the bosoniza-
tion of the elliptic superalgebra qup(sAl(lﬂ)) and the screening currents that commute with

Uq)p(;\l(1|2>) modulo total difference.

1 Introduction

Infinite dimensional symmetry has been an impressive success in conformal field theory (CFT)
[1]. Solvable lattice model is an off-critical extension of CFT and infinite dimensional symmetry
plays an important role in algebraic analysis of solvable lattice model [2]. The lattice counter-
part of minimal unitary CFT is Andrews-Baxter-Forrester (ABF) model [3], whose Boltzmann
weights are elliptic solutions of the Yang-Baxter equation (YBE) of the face-type. Among the

solvable models based on YBE, those related to elliptic solutions occupy a fundamental place.



Elliptic algebras are certain algebraic structures introduced to investigate these elliptic mod-
els. In study of k-fusion hierarchy of ABF model, Konno [4] introduced the elliptic algebra
qup(;l(Q)) and constructed bosonization of the vertex operator by using this algebra. Jimbo-
Konno-Odake-Shiraishi [5] constructed the elliptic algebra U, ,(g) by dressing the usual Drinfeld
currents [20] of the quantum group U,(g) for non-twisted affine Lie algebra g. In this paper we
introduce the elliptic deformed superalgebra qup(sAl(M |N)) as one parameter deformation of
the quantum superalgebra Uq(sAl (M|N)). We give the bosonization of the elliptic superalgebra
Uq7p(sAl(1|2)) and Uq,p(.;\l (2]1)) for generic level k, and give the screening currents that commute
with U, ,(sl(1]2)) and U, ,(sl(2]1)) modulo total difference.

In this paper we aim to contribute mathematical tools for the study of super sAl(M |N)-
family of the ABF model [19]. Mathematical tools are the elliptic algebra qup(sAl(M |N)) and
bosonizations. We give comments on sl (N)-family of the ABF model, where such mathematical
tools have been used previously in analogous, but simpler case. Andrews-Baxter-Forrester [3]
introduced the ABF model, that gives an extension of the hard hexagon model, and derived
local height probabilities by Baxter’s corner transfer matrix method (CTM) [6]. The k-fusion
and higher-rank generalization, that we call sl (N)-family of the ABF model, have been studied
in [7, 8, 10, 11]. Inspired by the vertex operator approach to the 6-vertex model [2, 12, 13, 14],
that originated from CTM, Lukyanov-Pugai [15] studied the vertex operator approach to the
ABF model, and derived integral representations of multi-point local height probabilities. In
study of k-fusion hierarchy of ABF model, Konno [4] introduced the elliptic algebra qu(;l (2))
and constructed bosonization of the vertex operator by using this algebra. The vertex operator
approach to the higher-rank generalization of the ABF model have been studied in [16, 17, 18].
In the vertex operator approach to sAl(N )-family of the ABF model, bosonization of the vertex
operator played important role. In construction of the vertex operator, the current of the
elliptic algebra Uq’p(sAl(N )) and its bosonization played important roles. In order to derive
integral representation of multi-point local height probabilities of super sl (M|N)-family of the
ABF model, we have to construct bosonizations of the vertex operators by using the current
of the elliptic algebra qup(sAl (M|N)), and understand the structure of the space of state of the
model by CTM [6], that has been open problem for superalgebra si(M|N).

Next we give comments on pure mathematical aspects. Through an attempt to understand
solvable models based on elliptic solutions of YBE, various versions of elliptic algebras have
been introduced [4, 5, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30]. It is important to understand
not only themselves but also relations between them. Here we summarize some basic facts on

the elliptic quantum group By x(g) and the elliptic algebra Uy ,(g). The elliptic quantum group



B, a(g), was introduced by twisting the standard quantum group U,(g) [25, 26, 27, 28, 29],
where g is the symmetrizable Kac-Moody algebra. The elliptic quantum group B, x(g) has
quasi-Hopf structure and the elliptic algebra qup(;l (2)) has H-Hopf algebroid structure [31, 32].
The realizations of the L-operators of the elliptic quantum group B, x(g) were constructed in
[5, 21, 22] by using the currents of the elliptic algebra U, ,(g) for g = SAZ(N), Aéz). This suggests
that the currents of U, ,(g) give the Drinfeld currents [20] of the elliptic quantum group By x(g)-
The construction of the elliptic quantum group By (g) has been extended to the superalgebra
g =sl(M|N) [30]. In this paper we introduce the elliptic algebra Uq7p(§l(M\N)). We conjecture
that the L-operator of Bq7)\(;\l(M|N)) is constructed by using the currents of qup(sAl(M]N))
and that there exists H-Hopf algebroid structure for Uq,p(sAl (M|N)). The bosonizations of the
vertex operators give useful information for construction of the L-operator, thorough so-called
Miki’s construction [33] of the L-operator. The above is background mathematical theory of the
vertex operator. Next we give a comment on mathematical phenomenon of the space of state.
Date-Jimbo-Kuniba-Miwa-Okado [8, 9, 10, 11] found that local height probabilities of sAl(N )-
family of the ABF model were expressed in terms of the branching coefficients appearing in the
irreducible decomposition of the character of sAl(N ) [34, 35]. In order to extend this to super
sl (M|N)-family of the ABF model, we have to know the character formulae of the superalgebra
sl (M|N), that gives the affine generalization of formulae [36, 37].

The text is organized as follows. In section 2, after preparing the notations and giving the
definition of the quantum group Uq(sAl (M|N)), we introduce the elliptic deformed superalgebra
Uq7p(sAl(M |IN)). Our approach is based on the dressing procedure of the Drinfeld current of
the quantum group. In section 3 we give bosonizations of the superalgebra U,(g), Uqp(9) (9 =
sAl(l\Z), sAl(Qll)) for an arbitrary level k. We give the screening currents that commute with
Uq(9),Ugp(g) (9 = sl(1]2), sI(2|1)) modulo total difference. In appendix we summarize some

useful formulae of bosonizations and screening currents.

2 Elliptic deformed superalgebra Uq7p(sAl(M |IN))

In this section we introduce the elliptic superalgebra Uq,p(sAl(M |N)). Kac [38] introduced the
superalgebra generalization of contragredient Lie algebra. Van de Leur [39] classified the contra-
gredient superalgebra ¢ of finite growth. Yamane [40] introduced quantum affine superalgebra
Uy(g) and constructed the Drinfeld currents. We give elliptic deformation of the quantum affine

superalgebra by developing the dressing procedure [5].



2.1 Quantum superalgebra Uq(;\l(M|N))

In this section we review the Drinfeld realization of the quantum superalgebra Uq(sAl(M |N)) for

M,N =1,2,3,

[40]. We restrict our consideration to M # N. The quantum superalgebra

Uq(sAl(M IN)) in [40] is a g-deformation of the universal enveloping algebra of s/(M|N) [39].

Hereafter we fix a complex number ¢ # 0, |¢| < 1. Let us set

[r,y] = 2y —yz, {x,y}=zy+yz, [a,

a

_a-at
q—q!

The Cartan matrix of the Lie superalgebra sl (M|N) is given by

0 -1 0
-1 2 -1
0o -1 2
—1
-1 2 -1
(Ai,j)0§i,j§M+N_1 = R | 0
1
0 O
1 0
M-1
where the diagonal part is (Aiﬂ')ogigMJqu — (O,ﬁ

1

-2 1

1
-2
1
0

N-1
T3, 09),

(2.1)

(2.2)

Definition 2.1 [40] The generators of the quantum superalgebra Uq(;\l(M|N)), which we call

the Drinfeld generators, are given by

xi[m, Aimy, hiy ¢, (1SS M+ N—-1,meZ,nc ZLy).

Defining relations are

c: central, [hj,ajm] =0,

A;m)glem], _
[ai,myaj,n] = [ L 7‘];[ ]qq Clmlém-‘rn,()a

[hi, 25 (2)] = £A3 527 (2),

a5 (2)] = 8 bl gt (o),
i35 (2)] = 9 )



(21— ¢ z)a (z21)a) (22) = (67921 — z0)2) (22)a; (1), for [Agj] #0, (2.9)

vy (21)7) (2) = ) (22)7; (21), for |4y ] =0, (i, ) # (M, M), (2.10)
{a(21), 23, (22)} = 0, (2.11)
[z (21), 2 (22)] = (q_q(sijl)zm (5(q_021/22)¢;r(q522) - 5((1621/22)1#;((1_522)) ;
for (i,7) # (M, M), (2.12)
{z31(21), 23, (22)} = (q—qll)zle (5((1_021/22)1/};{4(@1%22) - 6(q021/22)¢174(q_522)> ;
(2.13)
(e (et (22)F () — (a+ a7 Daf()ad (2)ar (z2) + 2T (2)af (1) (22) )
+ (21 — 2’2) = 0, for ’Ai,j‘ = 1, 1 7& ]\4'7 (214)
(23 (1)@ (wr)ay (z2) gy (w2) — ¢ g (21) 2y 4 (wn) 2y (w2)ayy (22)
quﬁ(zl)xﬁ(@)xﬁ_l(wg)xﬁﬂ(wl) + xﬁ(zl)xﬁ_l(wg)x}/l(@)xﬁﬂ(wl)
g (wi)ay (z2)ayy_y (w2)ay (1) — ¢ ayy (wi)ay_ (we)ay (z2) ey (1)
—qry(z2)ayy_ (wa)wyy o (i) (21) + 2y (wo)zy (22) w7y (wi)ag, (21))
+(21 < 22) = 0, (2.15)
where we have used 6(z) = ), ., 2™. Here we have set the generating functions
gi(z) = Y @, (2.16)
meEZ
Ui (g22) = ¢"exp ( g—q ")) aim2 m) , (2.17)
m>0
W (g 2z) = ¢ M exp( 9—q Z aj,—m? ) . (2.18)
m>0

We changed the gauge of boson a; ,, from those of [40]. In what follows we assume ¢ € C.

2.2 Elliptic deformed superalgebra qup(sAl(M|N))

In this section we introduce the elliptic superalgebra Uq7p(sAl(M|N)) for M,N =1,2,3,---, (M #

N). Let us introduce a deformation parameter r such that

r,rt=r—c>0. (2.19)
We often use the parameterization.
p=q =T, P =g =, 2= w= g (2.20)



We have r7 = r*7*. Let us set the Jacobi theta functions [u], [u]* by

u? 2u u? * 2u
) = g5 L)y = g OO0, (221)
(p; )% (P*;*)3s
Here we have used the standard symbols.
Op(2) = (P D)oo (2 D)o (P2 D)oo (2:22)
(zit1, o tr)oo = [ (1= 2t 3%). (2.23)
n1,ng =20

Definition 2.2 The elliptic superalgebra Uq7p(§l(M|N)) is generated by the currents (operator

valued function) and elements
Ej(z), Fj(z), Bj,n) h]’, c (1 < i SM+N-1,ne¢e Z#()) (224)

The defining relations are given as follows.

For1<i4,5 <M+ N — 1, the relations are

c: central, [h;, Bjm] =0, (2.25)
(B, Bjn) = [Ai,jﬂ’;]j [em]q [[T:WT]]q Srtns (2.26)
[hi, Ej(2)] = Aij Ej(2), [hi, Fj(2)] = —Ai; Fj(2), (2:27)
B By (2)) = LB ), (B (2] = — P T ). (229
For1<i4,5 < M+ N —1 such that (i,7) # (M, M), the relations are
|:U1 — U9 — 142ZJ:| ) Ei(zl)Ej(ZQ) = |:’U,1 — U + A;’j:| ) Ej(ZQ)Ei(Zl), (229)
{ul — Uy + AQJ] Fiy(z1)Fj(z2) = [ul — Uy — AQ"J] Fj(22)Fy(z1), (2.30)
[Ei(21), Fj(22)] = (q_;i_’{)M (6(q C21/22)Hi(q 22) — 6(q°21/22)Hi(q "22)) . (2.31)
{Enm(z1), Epi(22)} =0, {Fm(z1), Far(22)} =0, (2.32)
{Epm(z1), Fapr(22)} = (q—(]—ll)zle ((5(q70z1/22)HM(q7"22) — 6(q021/22)HM(q7T22)) )
(2.33)

For1<i,5 <M+ N — 1, the relations are

Az‘,j * Ai,j
Uz — Uy — Ug — U + —5+
[ ' ; .]Hj(22>Hi(Zl), (2.34)

Hi(zl)Hj(Zg) =

A;
[ug —u1 + =52 *[ug —uy — =3



HL(2) B (22) = © 3 g o), (2.35)
[u1 uo + 5 = 2’
A. .
uy —uz + 5 + 57

Hl-(zl)Fj(zQ) = [ i A?j]Fj(ZQ)Hi(Zl). (236)
[u1 — U2 + 3 = 2’ ]

For1<4,j S M+ N —1 (i# M) such that |A; j| = 1, they satisfy the Serre relations

{g" 2y {qh I ZY (27

{g4i 2y {q A 2} < >

{ga 2} {q"i 2}

{g4 2y {q A2}

{gh o2} gt 2y oyt (a2 a4

{g= Ay {q Ao 2} (7) ) {a~ A“Q}*Z1

+(z1 < 22) =0, (2.37)

{ah 2 g M2} 12\t

<F¢<Z1>Fi<z2>F< e (2

{g M 2 g 2}

{g%i Z Hati 2}

{2 g ””}( > >{q A”Z’}Z (Aii+Aiy)

{¢hi 2 ghi 2} \ {gAiiz2} ™

+(21 > 22) =0, (2.38)

(Ei(21)E( 2) Ej(2)

—(q+q ) Ei(21)E;j(2) Ei(22)

+E;(2)Ei(21) Ei(22)

—(q+q ) Fi(21)Fj(2) Fi(22)

+Ej(2)Fi(21) Fi(22)

and

{C {2 E Y (wQ>1
Gy ey (Y
[y g2y 2y
ey G ey
_qEM(Zl)EM(ZQ)EM_l(wg)EM+1(wl)ggj}g}} ?22151}} {{ihi {{ ZZQZ } ( )w

{Zr{Er ey <g>
{Cer e {E ) \w
o r{easr ( >
G T Gy
B B ) B o) S e (1)
nt=dat-d b
(e e

{Ga S g ey (z2>1>
Gy

(EM(Zl)EM—H (w1) En(22) Ep—1(w2)

—q " En(21) Exrga (w1) Enr—1(w2) Eag (22)

+En (21)Evi—1(w2) Ep(22) Engg1(wr)

+En1(w1) En(22) Enr—1(w2) Enr(21)

—qEr (22) Epi—1(w2) Engg1 (w1) Enr(21)

+ En—1(w2) En(22) Enrg1 (w1) Enr(21)



+(21 — 22) = 0,

(2.39)
(FM<Z1>FM+1<w1>FM<Z2>FM_1< DR ey (2 )
~ ™ Far(a) Fara (1) Fag 1 (102) Py (22) }1}}{{%}:}} {{Zi
—Far (1) Far(22) Fas 1 () Py (1) i?}}gﬂ}}{{q&: i{{;i}} ()
Rttt CEIENEHED ()
PPt PP 5 G B 5 (2)
0 Paea(00)Faa- (02) e (2) i) }:}}{{Zi:}}{{ﬁ (=)
0P (22) Par1 (w2) Fars (w1) Fas () {:;}}{{q::iZZQ}}{{%‘lfl}
e Bz Fa ) P () fi‘;i?}f{f}{i}} (%) i)
+(21 < 22) = 0. (2.40)
Here we have used the abbreviations
{2} = 0" %0 )00, {2} = (07 D)oo (2.41)

2.3 Dressing construction

In this section we construct Uq,p(sAl (M|N)) from Uq(sAl (M|N)) by developing the dressing pro-
cedure [5].

Definition 2.3 Let us introduce the dressing operators u; F(z,p), 1<j<M+N-1) by

uj (2,p) = exp (Z m}axm(q%)m) ; (2.42)

m>0

uj (2,p) = exp <— > Viz]qaj,m(f%)_m) : (2.43)

m>0

Straightforward calculations show the following propositions.



Proposition 2.4  For1<4,7 < M+ N — 1, we have

ul (21, p)wj (22) = éﬁ:gﬁ;ﬁi{;;;?{: x;r (z2)uf (21,D), (2.44)

ui (21, p)7 (22) = (fz;‘f;:j:fjj//j; pp)Zj’ 25 (2)uf (21, ), (2.45)

o Gupla o) = BB Dy ), (2.46)

- B
(pg= 49721/ 22, D)o (D" ¢3¢ 21 [ 225 P o

uj (22, p)u; (21, p)-
(2.48)

u;r(zlap)u;(z%p) = A

(pgAii=Cz1/ 22, D)oo (P*q~ 441 C21 /22, ") oo

Definition 2.5 We define the dressing currents ej(z,p),fj(z,p),wf(z,p), 1M+
N—1) by

ej(z,p) = uf (z,p)a} (2), (2.49)
fi(z:p) = z; (2)u; (2, p), (2.50)
Ul (z,p) = uf (q22,p)¢] (2)u; (¢ 22,p), (2.51)
U5 (2,p) = uf (¢ 22,p)ib; (2)u (¢22,p). (2.52)

Proposition 2.6 The currents e;(z,p), fi(z,p) and a;n, hiyc, 1 =i = M+ N —1,n € Zy)

satisfy the following relations

¢+ central, [hi,ajm] = 0, (2.53)
[@ims ajn] = W(J—C'ml%mm (2.54)
[his ej(z,p)] = Aijej(z,p), [hi, fi(z,p)] = —Ai; fi(z,p), (2.55)
[aim.ej(z,p)] = Mzmej(z,p) X [’[Zﬁfq’ (m>0) , (2.56)

m ¢, (m<0)
o fy(ep) =~ gy g B 2O (2.57)
Tl 4 (m < 0)

210, (¢4 22/ 21)ei(21, p)e; (22, p)

— —zQG)p*(qu»iZQ/zl)ej(ZQ,p)ei(zl,p), for |A; ;| # 0, (2.58)
lei(21,p), €j(22,p)] =0, for |4 ;| =0,(i,j) # (M, M), (2.59)

{em(z1,p), enm(z2,p)} =0, (2.60)

210,(q" Y 29/ 21) fi(21,p) fi (22, D)



= —290,(q¢ Yizg)21) fj (22, D) fi21,p), for |A; | # 0, (2.61)

[fi(zlap)?fj('zZap)] =0, for |Ai,j| =0, (Za]) 7£ (Ma M)a (2'62)
{fr(21,p), fru(22,p)} =0, (2.63)

ei(21,p), f3(z2,p)] = (q_j) (3(a~"=1/22)9 (a3 22,p) = ("1 /22005 (475 22,1))
for (i,7) # (M, M), (2.64)
{ear(z1,p), far(z2,p)} = (q_ql) (8(a721 /22001 (a5 22, p) = 8(a°1/22)6, (4 22,p))
(2.65)

{gh7 Yy {qhi 2}

{ads 23 {q A Z 1

{q ]Zzl} {qA ]zz}*

{ —A;, Zzl} {q A, 22}*

{a*z1/2) {gMim/2)" ) gty

(B By ) e ay

+(21 & 22) =0, for |A; | =1,1# M, (2.66)
{4 2 2}

(fl(zlap)fz(z%p)f](z’p) {in‘ji}{in’j%}
_ {a4 2 g M2}y
—(a+ ¢ ") filz1,0) fi(z,p) fi(22,p) T e )

(g2 gt 2) | (0 2)
eGP R D)y ) Wz

+(2z1 < 22) =0, for |Ai,j| =1,i# M, (2.67)

(61\4(21,p)€M+1(wbp)@M(Zz,p)@M—l(wz, ){{g}}{{q%j}} {{qqg;i }gzu:z}}
(T {2y
{ e { e
{2 {2
(A
{2 {2 {e ey
{2 {e2 i ik
S I b A el M g o
{oz s P
(T { e {a
{2 e
{2 ey
S e e bt A b

(61'(2171?)61'(22,17)63(2 p)

—(q+q Yei(z1,p)ej(z, p)ei(22,p)

+ej(z,p)ei(z1,p)ei(22,p)

—q Yerr (21, p)enrs1(wi, penr—1(wa, p)enr (22, p)

—qen(z1,p)en (22, p)enr—1 (w2, p)en+1(wi, p)

+en (21, p)enr—1(wa, plenr(z2, p)err+1(we, p)

+enr+1(wi, plen (22, p)enr—1(we, p)ens (21, p)

—q tenry1(wi, p)enr—1(wa, p)ear (22, p)enr (21, p)

—qenr (22, p)err—1(wa, p)enr+1(wi, pen (21, p)

10



{;32} R ata

+ enr—1(wa, p)enr (22, p)erry1(wi, p)err (21, p) {3522} {;Uzll} {3521} {qul} )

(e ) =0, (2.68)
{ Han HEEHEE
S

—q " far (21, p) farsa (wi, p) far—1 (wa, p) far (22, )}%l}}{{qé; ﬁi%}}{{qgi
—qfu(21,p) far (22, p) frr—1 (w2, p) far+1 (w1, p igig}}{{%} ; E% ;

+fu (21, p) -1 (w2, p) fur (22, p) farn (i, )ig}}{{g 2}}{{q§j}}}§%}}

+fare1(wi, p) far (22, p) far—1 (w2, p) far (21, ){{q%ig}}{{gﬁi% }}

—q " fara (wi, ) frr—1 (w2, p) far (22, ) far (21, p) gl?}}{{%z i Z:%l}}{{ngi i
—afa(z2,p) frr—1(wa, p) fr1 (w, p) far (21, ){:;;i:;}{{%; i%}}{{qg}}

+ far—1(wa, ) far (22, 0) far1 (wi, p) far (21, p) {{qq%: i%}}}{{%i {‘%}})

<fM(Z17p)fM+1(w17p)fM(Z%p)fM—l(wQ,p)

+(Zl d 22) =0. (269)
We have used the abbreviations (2.41).

Proposition 2.7 The currents 1/in (2) (1= 5 <M+ N —1) have the following formulae.

c Bm
ch(q:F(T_?)z,p) =qThiexp | — Z DT (2.70)
20 [r*mlq
Here we have set
[rtmlq g m >0
Bjyn = [mla ( ) (1<Sj<SM+N-1). (2.71)
™ a (m < 0)
Definition 2.8 We define elliptic currents Ej(z), Fj(z), Hj(z),(1 S j =M+ N —1) by
Ej(z) = ej(z,p)emjz_%*Pj, (2.72)
L(Pith,
Fj(2) = fi(z,p)z-Fths), (2.73)
HY (2) = Hj(¢*""2)2), (2.74)
Bim _—m 2Q; ,— % Pj+1h;
Hj(z) =:exp —Z =z D e* i TR (2.75)
20 [r*m]q

11



Here we have used the zero-mode operators P;,Q;, (1< j <M+ N —1).

A
Joo (1<, S M+ N—1). (2.76)

[Pi’Qj]:_ 9

SJEM+N-1,ne
Zzo) satisfy the defining relations of elliptic superalgebra Uq,p(s/,\l(M|N) (2.25), (2.26), (2.27),
(2.28), (2.29), (2.30), (2.31), (2.32), (2.33), (2.34), (2.35), (2.36). They satisfy the Serre
relations (2.37), (2.38) and (2.39),(2.40) for 1 < i,5 < M+ N —1,(i # M) such that |A; j| = 1.

Proposition 2.9 The currents Ej(z), Fj(z), Hj(z) and Bjy, hj,c, (1
)

We have constructed the elliptic deformed superalgebra Uq,p(sAl(M |N)) from the quantum su-
peralgebra Uq(Q(M|N)).

3 Bosonization

In this section we give new bosonization of the superalgebra Uq(§(1|2)),Uq,p(Q(1\2)) for an
arbitrary level k, and their screening currents. Wakimoto [41] constructed bosonization of affine
algebra ;l(2) for an arbitrary level k. We call this-type bosonization based on the flag manifold
[43] the Wakimoto realization. Feigin-Frenkel [42] generalized the Wakimoto realization to the
higher-rank affine algebra si(N). Shiraishi [44] constructed the Wakimoto realization of the
quantum algebra Uq(sAl(Q)) and its screening currents. Awata-Odake-Shiraishi constructed the
Wakimoto realization for the quantum algebra Uq(sAl(N )) and its screening currents [45]. In
the case of Uq(;\l(Q\l)) Awata-Odake-Shiraishi [46] constructed the Wakimoto realization and

Zhang-Gould [47] constructed the screening currents.

3.1 Uy(sl(1]2)), Uyy(si(1]2)), Screening

In this section we give new bosonizations of Uq(sAl(1|2)), Uq,p(sAl(1|2)) and their screening currents.
In this section we assume the central element ¢ = k # 1. The Cartan matrix (A;;)o<; j<o of

57(1\2) is given by
(Ai7]')0§i,j§2 = -1 0 1 . (3.1)

The Cartan matrix of the classical part sl(1|2) is written by

(Aijh<ij<e = (Wi + vig1)0ij — Vibij41 — Vit16i1,5)1<i j<2s
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where we have set vy = +,15 = v3 = —. Let us introduce the bosons and the zero-mode
operators aly, Q) (meZ,j=1,2) bi}bj,Qz’j, QY (meZ,1<i<j<3) by

[(k — 1)m]q[A; jm]

[a},, al)] = - Lmtn0, [an,, Q1] = (k — 1)A; j6m,0, (3.2)
2
b 59 = —vw; mlg FY S bid QI = —v;6;.46;.46 (3.3)
'm 1 Yn Yy m 4,4’ 95,5 Ym+4n,0, m s p 1V504405,50m,0, .
2
.. o m . Y
[end e ] = Vil/j[ﬂjq5i,z'/5j,j/5m+n,0, el Qe ] = viv0,505 j16m.0- (3.4)

Let us set the bosonic fields a(z), a4 (z) and (% a) (z]ar) as follows.

a(z) = — Z [;Ln—"fz_m + Q4 + aplogz, (3.5)
m70 q
ax(2) = +(¢—q") Y azmz™™ £ aglogy, (3.6)
m>0
(1 a> (zla) = — Z aimq_o"m'z_m + l(Qa + aplogz). (3.7)
5 22 Tom 5

We impose the cocycle condition to the zero-mode operator.

9”@’ = —eQ;ﬁeQ;z7 9”@’ = eQiygeQég, Qe — @0 (3.8)
Straightforward OPE calculations show the following propositions.

Proposition 3.1  Bosonization of the quantum superalgebra Uqﬂp(sAl(HQ)) is given as follows.

c=k, hy=ab—b> —by? hy=ad+ 2007 +by° — by, (3.9)

ag.m = agnq—%\m\ + bg:b3q—(k—1)|m|(qm + q—m) + b7lq:L3q—(k—2)|m| o b'}#?q—(k—l)|m|’ (311)

i (2) = cilmfl(z) + ciQmIQ(z), (3.12)

1

x;(z) = m(cilxil(z’) - ‘3;237;2(2))7 (3.13)
_ 1 - - _ _

zy (2) = m(cl,lxm(z) — €197 (%) — €1 327 5(2) + €1 477 4(2)), (3.14)
_ 1 _ - -

Ty (2) = m(czﬂm(z) — Cy0Ty5(2)) + ¢y 325 3(2), (3.15)

where we have set

xil(z) o P31 (g7 ) b2 (g 2) ) (3.16)
wiy(2) = e P (3.17)
.%3:1(2) —. M@+ ) : (3.18)
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23 y(2) = T EHOH@) (3.19)
xy4(2) = e“i(q%z)"'bm(qk_lz) : (3.20)
x] 9(2) =: eal—(qi%szl’z(q_kHZ) 5 (3.21)
Ty 4(2) = eal(q’k:flZ)*bQ_’S(q"“HZ)Jr(HC)Qﬁ(q"“Z)*bl_’S(q"““Z)+b1’3(q"“2) . (3.22)
xy4(2) = (AL (@ T 2) b () bR ) 4 (b e) 2 (g )10 (3.23)
vy () = 030" T 2 P03 (22— (o) 2 (g2 4 (g 22) b (gE 1) (3.24)
x5 4(2) =: ea%(q—’“:rlz)+b2;3(q*’“+2z)—(b+c)2’3(q*kﬂz)+b1;3(q*k“z)—b&z(q*’cﬂz) . (3.25)
134(2) = €A T AW B ) (3.26)
Here we have set the coefficients as follows.
(cf1s s 31, 60) = (@, ,7,7) (3.27)
- 111111qk_1a>
C 7C 7C 7C 7C ,C 7C - Ty T oy Ty Ay Ty Ty T 5 . 328
(€115 €195 €135 €1 45 C21,Ca 2, Ca 3) <qa W BB B (3.28)

Here o, B,v # 0 are arbitrary parameters.

Next we give bosonization of the elliptic superalgebra Uq,p(sAl (1]2)). Our construction is based

on the dressing procedure of the quantum algebra developed in this paper.

Proposition 3.2  Bosonization of the elliptic superalgebra Uq7p(sAl(1\2)) is given as follows.

c=k, hy=ab—b> —by? hy=ad+ 2007 + b5 — by, (3.29)
[T*m]q
Qjm, m >0
By = rmla ( ) . (j=1,2), (3.30)

qk‘m‘ajm7 (m < 0)

A1m = a}nq_%‘m‘ — b%%3q—(k—1)|m| _ brlﬁ3q_(k_1)|m|’ (331)

agm = a%qu%\m\ + b%,l3q7(k71)|m|(qm + qu) + bir,13q7(k72)|m| o bTIﬁqu(kflﬂmt (332)

Ej(2) = u} (z,p)a] ()% 27D, (j=1,2), (3.33)
_ _ 1p. . .

F}(Z) = x] (z)uj (Z7p)zT(PJ+hJ)7 (j = 172)a (334)

Hi(2) = Hi(¢*""%)2), (j =1,2), (3.35)

where we have used (3.12), (3.13), (3.14), (3.15) and

*

qr m m )
uf (z,p) = exp (Z Bj—m2 ) (j=1,2), (3.36)

a0 [r*m]q
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_ qm™ _ .
uj (z,p) = exp (— ) TqBj,mZ m) , (j=1,2), (3.37)

m>0
Bjm
[T*m]q

Hj(z) =texp | — Z 27 eQsz_rrL*Pj's'%hj, (1=1,2). (3.38)

m7#0

Here we have used the zero-mode operators

[PLQj] = "2, (1<i,j<2). (3.39)

Proposition 3.3  The bosonic operators sj(z) (j = 1,2) given below are the screening currents

that commute with the quantum superalgebra Uq(sAl(1|2)) modulo total difference.

. G (=) ¢ .
sj(z) =1e T 2755(2): (1 =1,2). (3.40)
Here we have set
51(2) = —apd15(2), (3.41)
- 1 - - -
82(2) = m(—62738273(z) + 62745274(2’)) + 62755275(2’), (3.42)
where
S15(2) = e ) (3.43)
S9 3(2;) = efbi’S(qz)+(b+c)2’3(qzz)*bl_’g(qz)erl_’Q(z) 3 (344)
524(2) - . e—bz,’3(qz)+(b+c)2’3(z)—b17’3(qz)+b22(z) ) (3'45)
S95(2) = : eV (3.46)
Here we have set the coefficients as follows.
(c1,5,C23,C24,C25) = (q@a%% 5;) ; (3.47)

where parameters «, 3,y # 0 have been introduced in (3.27), (3.28) for the bosonizations of

Uq(;l(1|2)). Eaplicitly the bosonic operators s1(2),s9(2) and x7(2), x5 (2) satisfy the following

relations.

[aim, sj(22)] = 0, (3.48)
[z (21),55(22)] = 0, (3.49)
o7 ) sy(ea)] = S (O o) = 86 o)

x e (mra)Eml=tg) (3.50)
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and

{51(z1), 81(22)} = O,

(21 — ¢ M22)51(21)82(22) = (g 2121 — 20)52(20)31(21),

—Az 2 —Az 2

(21 —q "*%22)32(21)32(22) = (¢

By the commutation relation [a;m,s;(22)] = 0 we conclude the following.

Z1 — ZQ)§2(ZQ)§2(Z1).

(3.51)
(3.52)
(3.53)

Proposition 3.4  The bosonic operators sj(z) (j = 1,2) given in (3.40) become the screening

currents that commute with the elliptic algebra qup(sAl(HQ)) modulo total difference. Explicitly

the bosonic operators s1(z), s2(z) and E1(z), Ea(2), F1(2), Fa(z) satisfy the following relations.

[Bim,sj(z2)] = 0,
[Ei(21),85(22)] = 0,
5@'71' k—1 —k+1
[Fi(21),8i(22)] = m@(q z2/21) — (g z2/21))
- 1pip,
N e_(ﬁa )(Zl|_%)ui—(zl?p)zf(P1+hz) .

The Jackson integral with parameters p and s # 0 is defined by

SO0

f(2)dpz = s(1—p) > f(sp™)p™

0 nez

From the above proposition we have
SO0 -~
[ / 53(2)d a1 Uq,p(szum)} ~o.
0

3.2 Uy(sl(2[1)), Uyy(sl(2]1)), Screening

(3.54)
(3.55)

(3.56)

(3.57)

(3.58)

In this section we review known results on bosonization of Uq(;\l(2|1)) [46] and its screening

currents [47]. We give bosonizations of Uq7p(.;\l(2|1)) and its screenings. In this section we

assume the central element ¢ = k # —1. The Cartan matrix (4;)o<; ;<o of gl(2|1) is given by

(Ai,j)og‘,jg: -1 2 -1

The Cartan matrix of the classical part s/(2|1) is written by

(Aijh<ij<e = (Wi + vig1)0ij — vidijr1 — Vis10it1,5)1<i j<o,

16
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where we have set 1 = v, = +,v3 = —. Let us introduce the bosons and the zero-mode

operators al,, Qh, (m € Z,j = 1, )bﬁ,{,Qb,cm, YmeZ1<i<j<3) by

[(k + 1)m]q[A;i jm]

[ af] = - om0, [0, Q4] = (k + 1) Ai jOm o, (3.60)
[bf;f,bﬁlj | = —viv; [77"3 01,1 (5J ' Omtn,05 [bm Qb 7’ | = —vv05440; 1 0m.0, (3.61)
2
L, m
[C%,C;’] ] = ViVj [771] (51 7/(5 5,5/ Om+n,0; [CT;{, Z J ] = Z/Z‘I/j&"i/(sj',j/(sm’o. (3.62)

We impose the cocycle condition to the zero-mode operators.

1,2 1,3 1,3 1,2 1,2 2,3 2,3 1,2 1,3 2,3 23 1,3
€@ @ = e@ T e@ | e e@ T = e@ @ e e = @ e (3.63)

Proposition 3.5  [46]  Bosonization of the quantum superalgebra Uq(sAl(Q\l)) is given as

follows.

c=Fk, hy=a}b+2b5" +by° —b2%, ho=ad — by —byP, (3.64)

a1m = a}nq—%mﬂ + b}r,LQq—(k—&-l)\m\(qm + q—m) + b})%3q—(k+2)\m\ o b%%3q—(k+1)|m|7 (365)

2 —Elm| pl.2
m

a2,m = A g~ rhiml —p gk niml, (3.66)

1

T (z) = i xt(2) — ¢ oxt o (2)), 3.67
1( ) (q_qfl)z( 1,1 1,1( ) 1,2 1,2( )) ( )

T3 (2) = 0;11:;1(2) + ciQmIQ(z), (3.68)
_ 1 _ _ _

Ty (2) = 7((1 — q_l)z(c1,1$1,1(z) — €971 9(2)) + €1 377 3(2), (3.69)
_ 1 _ _ _ _

T4 (2) = 4((] — q_1)2(62,133271(z) - C2,233272(@ - C2,333273(@ + 02,433274(75)), (3.70)

xfl(z) —: b )=+ 2(g2) Y (3.71)
fy(z) = O GRS CO (3.72)
3, (2) = b1 (a2)=b}(a2)+67(2) . (3.73)
x;’Q(z) —: b+ (2)+b12(2) :, (3.74)
z14(2) = eai(q%Z)-‘rbif(qk+2z)+(b+c)1‘2(qk+1z)+b1+’3(qk+2z)—bi’3(qk+1z) . (3.75)
27 o(2) = L (47 T D) HbL (g2 (b+) 12 (R L) 43 (g 22) b2 (g k1) . (3.76)
2T4(2) = (ah (@ E )V (g )b (g ) 0 (g ) (3.77)
Ty, (2) = eai(q#z)sz’g(qkﬂz) 5 (3.78)
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k+1

Ty y(z) = 0 T AT (3.79)
x5 4(2) = ed%(tf%Z)fbl_’g(q*’“*lz)fbl_’?’(q*’“*lz)*(bﬂ)m(q*’%)*bl’?’(q*’%) g (3.80)
Ty 4(2) = eag(q_ﬁrl)_b«l#Q(qfkflz)—bl_’g(Q’k’IZ)—(b+C)1’2(q*’“*22)—b1’3(q*'%) . (3.81)

Here we have set the coefficients as follows.

(Cil7ci27czl7c;—72) = (a7a7/87’7) ) (382)

o 11 4¢"38 ¢ g 11
(€11:€1,2: €13, €215 Co 05 Cogy Cay) = (,’,7,, : (3.83)

Here o, B,v # 0 are arbitrary parameters.

Note. The coefficients of the currents x;t(z) have 4 free parameters in [46]. In this paper we
have only three free parameters «, 3,7, because we assume the commutation relations (3.102),

(3.103), (3.104) with the screening currents.

Proposition 3.6  Bosonization of the elliptic superalgebra qup(sAl(2|1)) is given as follows.

c=Fk, hy=a}+2b5> +by® —b2%, ho=ad by — by’ (3.84)
[rtmlq m > (
Bjm = [rmlq ~TV ( ) (1 =1,2), (3.85)
qk|m|aj,ma (m < 0)
a1m = a}nq—%|m| + b})fq—(k—kl)\m\(qm + q—m) + b}ﬁ3q_(k+2)‘m‘ o b%,@3q—(k+1)|m|7 (386)
pm = aznq—%m — pL2g=(ktDlm| _ pL3o—(k+1)im| (3.87)
Ej(z) = uj(z,p)xj(z)eszz_%*Pf, (j=1,2), (3.88)
Fj(2) = &7 (2)uj (z,p)zr T, (5 =1,2), (3.89)
Hif(2) = Hy(q*""22), (1 =1,2), (3.90)
where we have used (3.67), (3.68), (3.69), (3.70) and
N _ qr*m ' " o
Uy (2,p) = exp <Z mB],fmZ ) , (1=1,2), (3.91)
m>0
_ qgm m .
u; (z,p) = exp <— Z o] Bjmz ) , (1=1,2), (3.92)
m>0 q
B',m —-m . __c pilp. .
H](Z) =: exp —WLE?;O [r”‘]T]qZ . €2QJZ rr¥ PJ+7~ J’ (] = 172) (393)
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Here we have used the zero-mode operators
[P Q)= —=2, (14,j£2). (3.94)

Proposition 3.7 [47] The bosonic operators s1(z), s2(z) given below are the screening cur-

rents that commute with the quantum superalgebra Uq(sAl(2|1)) modulo total difference.

si(z) = : e_(%ﬂaj)(z‘%)éj(z) : (1=1,2). (3.95)
Here we have set
. 1 . . .
51(2) = m(—01,381,3(2) + c1,4514(2)) + c1581,5(2), (3.96)
S$2(2) = —c25825(2), (3.97)
where
Gis(z) = MO P@RYE) (3.98)
Sra(z) = et @A ERIEOHE DG (3.99)
s13(2) = B e e e e (3.100)
S25(2) = NLANORS
Here we have set the coefficients as follows.
«
(c1,3,¢1,4,€1,5,C2,5) = (04704, (175’ q> ; (3.101)

where parameters «, 3,y # 0 have been introduced in (3.82), (3.83) for the bosonizations of

Uq(;l(2|l)). Eaplicitly the bosonic operators s1(2),sa(2) and x7(2), x5 (2) satisfy the following

relations.
[aim, s(22)] = 0, (3.102)
[z (21),8j(22)] = O, (3.103)
[7; (1), 85(22)] = ((J_(ji’{)zm(5(qk+lz2/21) - 5(617]{7122/21))
x e mra)l=5) : (3.104)
and
(21 — ¢ M129)31(21)31(22) = (¢ M 21 — 22)31(22)51(21), (3.105)
(21 — ¢ 1229)51(21)52(22) = (72121 — 29)52(22)31(21), (3.106)
{82(21),52(22)} = 0. (3.107)
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By the commutation relation [a; m,s;(22)] = 0 we conclude the following.

Proposition 3.8  The bosonic operators sj(z) (j = 1,2) given in (3.95) become the screening
currents that commute with the elliptic algebra Uq7p(§l(2|1)) modulo total difference. Explicitly
the bosonic operators s1(z), s2(z) and E1(2), Ea(2), F1(2), Fa(2) satisfy the following relations.

[Bim,sj(z2)] = 0, (3.108)
[Ei(21),55(22)] = 0, (3.109)
Fila)si(e)] = e (60 20/2) = g™ 20/ 2)
x e @raEIEE) m g ) P (3.110)
From the above proposition we have
[/Omsj(z)dqz(k_l)z, U, (3(211))] = o. (3.111)
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A Bosonization

In appendix we summarize relations of bosonization for Uq(s/,\l(1|2)) and its screening currents

relating to the delta-function 6(2) = 3, ., 2™

{$i1(zl)a 351_1(22)} (A1)

k—1
= i5((11‘:22/21)eai(qﬁr22)—"2+’3(q’“’122)—‘?1’?’((1’“*1@)
21

{271 (21), 21 5(22)} (A.2)

k—1
1(,— 5 2,3 —k+2 1,3/ —k+2
= L5 22 )2 s et (@ 7 22) b )b (T )
Z1

(271 (21), 231 (22)] (A.3)

bl - 1,2, po 2 k-
(g g (g a1 €T T )P ) A )02 )

9
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{HTIQ(%), 951_73(22)}

= i5((1_’622/%)6“1*(q_bfl22)—172!3(tf’““zQ)—bl,’?’(q*’““zz)
Z1 ,

{(L‘i2(21)’ xi4(22)}

1 1

_k—-1 23, _1 1.3, _
—k+2 . a 2 29)—b7’ +225)—b) k+2,5) |
= d(q z)71) : -1 2)=b3"(a 2)=by"(a 2) .,
1

[$f2 z1), 352_3(22)]

(
(g g Y)O(gh L ) ¢ €T )b )b )b 2 )
(

[$;1(21)7$51(z2)]

)eot (@ BT ) 1023 (g 220) 1623 (¢ ) 103 (6 222) b2 (g5 1 22)

= (q—q ")5(q" 22/

)

[532 o(21), @ 1,3(22 )]

[93;2(21) T3 22)]

,_.

(231 (21), 52,3(22)]
)

8(qza/z1) : e~ (1@ FHHI (@) =b L% @)+ (0402 () +(b10) 2 (a%2)

e

[235(21), 52,4(22)]

(
1 k—1 L2 =23 (g2 c)“(z c) z
= (q— g N(gza/z1) s — (72702 (22| 553)+b 27 (2) —b2" (g2)+(b+¢) 23 (2)+(b+¢) 23 (¢22) |
(2

2)]

= L2/ e (PaD G T 0L 2) b am2) b1 ) b3 022)
2

2 1(21) $2,5(2
*)

(27 5(21), s2,3(22)]
— ¢ g — ¢ V)8(gP0/)z) : e (FTa) Rl T+ () b (g22) b1 2 () b3 422)

1

1 (L al) (] - EL
(e sus()} = S0l /) s e EreDEI

1 NS PN AN =
{z19(21),515(22)} = 55@’“*122/2’1) e )@=

[251(21), s23(22)] = (¢ — ¢ ")o(q 22/ 21)

k-1 _ _ 1,3, p— 1,3, p— 1,2, p— 1,2, p_
% - etha 2 2)—(5E7a®)(d¥ 31| E5)+bL % (08 221) =010 (0P 221) =0 2 (0F Lz ) 4012 (0F 3 2) )

[e50(21), 82,4(22)] = —(q — ¢ )3(¢" 20/ 2) s e (ETNEIZED)
—1
(q - q_l)qk_22122

[253(21), 82,5(22)] =

21

s 3, — - 1,3, Ey
— (g — g (g oy zy) 0L T R+ Pq R+ (be)P g R a) bl (T ) 401 (g )

(
(

=(g—q "o(g " 20/2) : 6“5(q_k:Tlzz)+(b+6)2’3(q*’“Z2)+(b+C)2’3(q*’““Zz)—b17’3(q*’““22)+b1’3(q*
(

_k1 2,3, _ 2,3, _ 1,3, _ 1,2, _
=—(qg—q Hs(g* zz/z1)ea2—(q 7 22)+b27 (g P 22) +b2 (T ) b (M ) b (g )

(A7)

b

(A.8)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)
(A.16)

(A.17)

(A.18)
(A.19)



k-1

x(6(q " 2p/z) s e~ (FT) @I (A.20)

k—1
_ 2 B3 N 1 oy k=3, (k=1y 1.3 k=2 \_ pl13( k-2 \ 31.2( k-1 1,20 k-3
~4(q k+322/21) o0t (@ 7 )= (27 @?) (@ P B ) by (6 TP 2) b (@ T2 —b (¢ T )+ (6 P ),

[215(21), 52,3(22)] (A.21)

k+1
— (g — g N)O(qF22/z1) : €@ T )= (ga) (a2l 5017 (22) 012 (a22) b1 (g22) b (g22)+ (b0 (@ 22) |

[215(21), 52,4(22)] (A.22)
= (q— q‘l)é(qkzg/zl) : eal(q'ﬁflzz)—(ﬁtﬁ)(@|%)erlf(zz)+b1»2(qZQ)—b1;3(qz2)—b2;3(q22)+(b+c)2»3(q2zQ) :

)

[275(21), 52,3(22)] = —a(a — 47 ")d(¢" 22/ 21) (A.23)
< - 6a1,(qb}l?«'z)—(ﬁcﬁ)(ml]"2;1)4—171,’2(22)—2171,’3(1122)—1)2,’3((122)—bi’3(q22)+(b+0)2’3(22)+(b+0)2‘3(‘1222) g
[215(21), 82,5(22)] (A.24)

k41 B . E
— ;6(q’“z2/21) L@ 7 22) (@) (S5 4017 (22) 401 (g22) ~b1 % (g22) b2 (g22) + (092 (¢%22)

[274(21), s24(22)] = (g — ¢ ")o(¢ 22/ =) (A.25)

E+1 _ .
w oL@ 2 z2) (g a?) (z2| ) +b1 (22) 2617 (g22) b2 (g22) —b3 7 (g22) +(b+0) 23 (22) 4 (b40) P (¢%22)
. *)

[71,4(21), 52,5(22)] (A.26)

htl _ : ,
_ 2125((1162,2/21) R (e 22)—(7L702) (22| B51) +b1% (22) 4612 (g22) —b1 % (q22) — b7 (g22) + (b+¢) 3 (¢222) .
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