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Abstract

We study the ground state of the boundary Izergin-Korepin model. The boundary Izergin-
Korepin model is defined by so-called R-matrix and K-matrix for Uq(Aéz)) which satisfy
Yang-Baxter equation and boundary Yang-Baxter equation. The ground state associated
with identity K-matrix K (z) = id was constructed by W.-L.Yang and Y.-Z.Zhang in earlier
study. We construct the free field realization of the ground state associated with nontrivial

diagonal K-matrix.

1 Introduction

There have been many developments in the field of exactly solvable models. Various methods
were invented to solve models. The free field approach [1] provides a powerful method to study
exactly solvable models. This paper is devoted to the free field approach to boundary problem
of exactly solvable statistical mechanics [2]. Exactly solvable boundary model [2, 3] is defined

by the solutions of the Yang-Baxter equation and the boundary Yang-Baxter equation

Ko(22)Ro1(z122) K1 (21)R1,2(21/22) = Ra1(21/22)K1(21)R1,2(2122) Ka(22).



In this paper we are going to study the boundary Izergin-Korepin model defined by the solutions

of the Yang-Baxter equation [4] and the boundary Yang-Baxter equation [5, 6] for the quantum

group U, (AgQ)). We are going to diagonalize the infinite transfer matrix T,(z) of the boundary

Izergin-Korepin model, by means of the free field approach. For better understanding of the

model that we are going to study, we give comments on the solutions of the boundary Yang-

Baxter equation. The R-matrix associated with non-exceptional affine symmetry except for D7(L2)

commute with each other

[R(21), R(22)] = 0,

where R(z) = PR(z) and P(a ®b) = b® a. Hence we know that the identity K-matrix
K(z)=id

is a particular solution of the boundary Yang-Baxter equation [3] for AS), Bél) , Cél), Dg) and

Ag) . There exist more general solutions of the boundary Yang-Baxter equation. The diagonal

solutions of the boundary Yang-Baxter equation for Ag), B,(ll), C,(LD, D7(11) and Ag) are classified

in [5]. For Ag) there exists the diagonal K-matrix that has one continuous free parameter.
However for BS), CT(LU, Dg) and Ag) there exist only discrete solutions. For example, for Agz)

there exist three isolated solutions K (z).
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In earlier study [7] W.-L. Yang and Y.-Z. Zhang constructed the free field realization of the
ground state associated with identity K-matrix K(z) = id for A§2). In this paper we construct
the free field realization of the ground state associated with nontrivial diagonal K-matrix K (z)
for Ag). This realization is the first example associated with the discrete solutions of the
boundary Yang-Baxter equation. It is thought that the free field approach to the boundary
problem works for every discrete K-matrix of the affine symmetry. Contrary to BT(LD, 07(11)’ D,(ll)
and A7(12) case, there have been many papers on the free field approach to boundary problem for
AS) symmetry. For example, the higher-rank generalization [8, 10] and the elliptic deformation
[9, 10] have been solved.

The plan of this paper is as follows. In section 2 we give physical picture of our problem.
We introduce the boundary Izergin-Korepin model and introduce the transfer matrix T(z). In
section 3 we translate physical picture of our problem into mathematical picture. We construct

the free field realization of the ground state |B). and give the diagonalization of the transfer

matrix Te(z).



2 Boundary Izergin-Korepin model

In this section we formulate physical picture of our problem.

2.1 R-matrix and K-matrix

In this section we introduce R-matrix R(z) and K-matrix K (z) associated with the quantum
group Uq(Ag)). We choose ¢ and z such that —1 < g2 < 0 and %] < |z| < |¢7?|. Let {vy,vo,v_}
denotes the natural basis of V = C3. We introduce the R-matrix R(z) € End(V ® V) [4].

1 0 0 0 0 0 0 0 0
0 b(z) 0 c(z) 0 0 0 0 0
0 0 d(z) 0 e(z) 0 f(2») 0 O
1 0 zc(2) 0 b(z) 0 0 0 0 0
R(z) = ) 0 0 —q?ze(z) O j(2) 0 ez 0 0 (2.1)
0 0 0 0 0 b(z) 0 ¢(z) O
0 0 n(z) 0 —q®2ze(z) 0 dz) 0 0
0 0 0 0 0 ze(2) 0 bz) 0
0 0 0 0 0 0 0 0 1
Here we have set the elements
z—1 21
R =1
_PE-Der) - )
=ty YT @ D
f(Z) — (q2 — 1){(q3 —+ q)Z — (q B 1)}2 n(z) — (q2 — 1){(613 - q2)2 + (q2 + 1)}

(Pz=D(¢*z+1)
_ P+ (- -+t g-1)z—¢
(¢°z = 1)(¢*2 + 1) ’

(¢?z—1)(¢*z+1) ’

J(2)

and the normalizing function

a(z) = (6°%6%)0(0%/20) oo (= 0°23 6%) oo (= €/ 2 0%) o0 2.2)
(45/256%) 00 (6225 4%) 0o (—4° /2 45) 00 (— 4325 ¢%) o
Here we have used the abbreviation

o0

(2P)ec = ] (1 =p™2).
m=0
The matrix elements of R(z) are given by R(2)vj, ® vj, = 3y, jyes o Vky @ kaR(z)ill’fQ, where

the ordering of the index is given by vy ® vy, vy ® vg,v4 ® v—, Vg ® V4,V & Vg,V ® V_,



V- ® vy, v @, v— ®v_. The R-matrix R(z) satisfies the Yang-Baxter equation

Ry 2(z1/22)R1,3(21/23)Ra3(22/23) = Ro3(22/23)R1,3(21/23) R12(21/22), (2.3)

the unitarity

R172(2’1/22)R271(22/2’1) = id, (2.4)

and the crossing symmetry

L. jo—ko ko
R(z)ill’jfz:q 2 R(—q 3 1)—j22,7lﬁ' (2.5)

We have set the normalizing function £(z) such that the minimal eigenvalue of the corner transfer
matrix becomes 1 [11, 12].
We introduce K-matrix K (z) € End(V') representing an interaction at the boundary, which

satisfies the boundary Yang-Baxter equation
Ko(20)Ro1(2122) K1(21) R12(21/22) = Ro1(21/22) K1(21) R12(2122) K2 (22). (2.6)

We consider only the diagonal solutions K (z) = K(z), (e = £,0) [5, 6].

10 0 22 0 0
©o(2) 0+ (2) £/ 1g> + 2
Ko(z) = . Ki(z)= -2 0. (27
0(2) 2ol 010 +(2) 72D Ty (2.7)
001 0 0 1

Here we have set the normalizing function

1 (e=0)
(20 (—0° ¢ . .
(106(2) - (quZ; q12)oo(_q522; q12)oo X (i\/jQ?z; q6)oo(:|:\/?1qu; qﬁ)oo ( : (28)
(£V-1¢22;¢°) oo (FV—1¢22; %)

The matrix elements of K(z) are defined by K(z)v; =>4, ka(z)Z:, where the ordering of

the index is given by vy, vp,v—. The K-matrix K(z) € End(V') satisfies the boundary unitarity
K(2)K(z™1) = id, (2.9)
and the boundary crossing symmetry

k Liky—j —3_—2\—ki,k —3_—1\j
K@k = 3 g Rg S (g S 210)
J,j2==£,0
To put it another way we have chosen the normalizing function ¢¢(z) such that the transfer

matrix T(z) (2.16) acts on the ground state as 1 (2.24).



2.2 Physical picture

In this section, following [3, 2], we introduce the transfer matrix 7,(z) that is generating function
of the Hamiltonian H. of our problem. In order to consider physical problem, it is convenient
to introduce graphical interpretation of R-matrix and K-matrix. We present the R-matrix
R(z)]\%2 in Fig.1.

J1

R(ﬁ/@)ﬁ’ﬁ = 2 k J2

k1
21

Fig.1: R-matrix

We present the K-matrix K(z)i in Fig.2.

J

Fig.2: K-matrix

Let us consider the half-infinite spin chain ---® V @ V ® V. Let us introduce the subspace

‘H of the half-infinite spin chain by

H = Span{--- @ vy(n) @ -+ @ Vpr2) @ vp1y|p(s) =0 (s >>0)}. (2.11)



We introduce the vertex operator ®;(z), (j = £,0) acting on the space H by Fig.3. To put it

another way, the vertex operator ®;(z) is infinite-size matrix whose matrix elements are given
o J 7j

by products of the R-matrix R(z); ",

, ~p(N)'-p(2)'p(1)" _ s V(J)p(J
((I)J(z))...p(N) —p(2) p(1) ]\}E)noo Z H R(z V(i—1).p(j)? (2.12)
v(1),v(2),,v(N)==%,0j=1

where j = v(0). In order to avoid divergence we restrict our consideration to the subspace H.

We introduce the dual vertex operator q);f(z*l), (j = £,0) acting on the space H by Fig.4.

(7)) = J
Fig.4: Dual vertex operator

From the Yang-Baxter equation, we have the commutation relation of the vertex operator
D;(2), (j = +,0)
k 5
®j, ()0, (1) = D Rl(z1/2)5 3, (21) P, (22). (2.13)
K1 ,ko=-,0

From the unitarity and the crossing symmetry, we have the inversion relations

905, (2)07,(2) = 65, ppid, g Y @3(2)@;(2) = id, (2.14)
j=%,0

where we have set




From the crossing symmetry, we have

3(2) = ¢ Fb_;(—q ). (2.15)

We introduce the transfer matrix T(z) acting on the space H by Fig.5. To put it another
way we introduce the transfer matrix T(z) by product of the vertex operators. We define the

"renormalized” transfer matrix T,(z) by

T.(2) =gT(2)=g Z q);(zfl)Ke(z)?(I)k(z), (e =%£,0). (2.16)
jk—+,0

Fig.5: Boundary transfer matrix

From the commutation relations of the vertex operators ®;(z), ®7(2) and the boundary Yang-
Baxter equation (2.6), we have the commutativity relation of the transfer matrix T¢(z), (€ =

:|:,O).
[Te(zl)vTe(Z2)] =0, (for any zi, 22)- (2'17)

The commutativity of the transfer matrix ensures that, if the transfer matrices T,(z) are diag-
onalizable, the transfer matrices T(z) are diagonalized by the basis that is independent of the

spectral parameter z. From the unitarity and the crossing symmetry, we have
T.()T(z ) =id, T.(—q 327" =T.(2). (2.18)

The Hamiltonian Hrgx of the boundary Izergin-Korepin model is obtained by

—1
5 +— Hig = iTﬁ(z) + const. (2.19)
4(qg—q V(g2 +q 2) dz 1



The Hamiltonian Hjg is written as

o0
Higx =H{+) Hjpy,
=1

where we have set H® € End(V) and H € End(V ® V) by

Oa (6

H = 0

Mg—a V(@2 +a ) — L@ —q 2 £2V/"DAs},  (e=+)

q2 + q*2)()\1 @AM+ A ® )\2)
q2 — q_2)\/—1(—)\1 ® Ao+ Ao ® )\1)

(= 2@ X6+ X6 @M — A5 @ A7 — A7 @ \5)
(q2 — q72)\/ —1(—)\4 RQMFAMRQM — A5 ® A+ Ag® )\5)
(—(q2 +472) +2(g7 +¢72) +2(7 +¢77)As ® A

b
3v/3

Here we have used Gell-Mann matrices A1, Aa, - - -, Ag satisfying Tr(A\jAx) = 20; 1.

+ o+ 4+ + o+ o+
=

(—(@ +¢72)+2(q° +¢73) = (6> +q 2)Ns @id +id @ Xg).

—+

0 0 1 0
AM=100 0 |, A= 0
1 00 —/—1
010 0 —/-1
0
0

0 v—-1 1.0 0
0
0 O 0 0 -1

M=]11 00|, =] V-1
0 00 0

0
0],%=]1001/[,
0

0 0 0 1 0 0

1
=10 0 vV—-1 |, &zjio-ao
0 —v/—=1 0 0 0 1

0 7)\3: 0 0 0 )

(2.20)

,(2.21)

(2.22)

The diagonalization of the Hamiltonian Hjg is reduced to those of the transfer matrix T,(z).

Let us consider the eigenvector problem

Te(2)|v) = te(2)|v)-

(2.23)



We have chosen the normalizing function ¢.(z) (2.8) such that the ground state | B). satisfies
Te(2)|B)e = |B)e, (e ==£,0). (2.24)

We would like to construct the ground state | B). and would like to diagonalize the Hamiltonian

Hrk.

3 Free field realization

In this section we give mathematical formulation of our problem. We construct the free field

realization of the ground state | B)¢, and give the diagonalization of the transfer matrix T¢(z).

3.1 Mathematical picture

In order to diagonalize the transfer matrix T¢(z), we follows the strategy proposed in [1, 2]. The
corner transfer matrix method [11, 12] suggests that we identify H with the integrable highest-
weight representation V(Aj) of the quantum group Uq(AgZ)), because the characters of H and
V(A1) coincide. We note that the representation V(A1) is the only one level-1 integrable highest-
weight representation of U, (Ag)). We identify the line ®;(z) in Fig.3 with the components d i(2)
of the vertex operator ®(z), and the line ®7(2) in Fig.4 with the components 5;(2) of the dual
vertex operator ®*(z).

D(2): V(M) = VAD® VL, B(2)= Y Di(2) @, (3.1)
j==+,0

*(2) : V(A1) @ Ve = V(A1), ®5(2)|v) = &*(2)(Jv) @ vy). (3.2)

Here V, is the evaluation representation. The vertex operator <I>j(z) for Uq(Ag)) satisfies exactly

the same functional relations as those of ®;(2).

_ _ . _

©,(2)®5 (21) = Y R(21/22);0 520, (21) Py (22), (3.3)
k1,ko==+.,0

995, (2)®%,(2) = ), jyid,  B5(2) = ¢ 2_j(—q 32). (3.4)

Let us set the transfer matrix T,(z), (e = +,0) by

i(z):gAZ (2 YK (2)5Pp(2), (e=+,0). (3.5)

[Te(21),Te(22)] =0,  (for any z1, 22), (3.6)

T.(2)T(z" ") =id, T.(—q 327" =T.(2). (3.7)



Let us set the ground state |B). € V(A1) by
T.(2)|B)e = |B)e, (e==,0). (3.8)

Following the strategy proposed in [1, 2], we consider our problem upon the following identifi-

cation.
H=V(A), @) = 8;(2), Bi(2) =8i(), Tu()=To(e)s |B)e=IB)e  (39)
In order to study the excitations we introduce type-II vertex operator \TIZ(z), (b= =+£,0).
U(2): V. @ V(A1) = V(A1) Th(2)|v) = T%(2) (v @ |0)). (3.10)
Type-II vertex operator \f’;(f ) satisfies
()W, (6) = 7(/OVL(OP;(2),  (Gp=%0). (3.11)

Here we have set

prEet p(2) = (D3 P)oc (23 D)oo (P25 D) (3.12)
Let us set the vectors |£1,82, -+, EN )y oy unse € V (A1), (1, p2, -+, v, € = £,0) by
€1, 62, EN D giz,ie = W (€)W}, (62) -+~ W7 (€)1 B)ee (3.13)

From the commutation relation (3.11) we have

T( )’517527 "7€N>u17lt2,"',,u1v,e

2/51 1/‘13251') €1,82,- - ?§N>;Uf17ﬂ2,“':/$N75' (3.14)

||:]z

Comparing with the Bethe ansatz calculation [13] we conclude that the vectors [£1, &2, -+ EN) uy o, un e
are the basis of the space of state of the Izergin-Korepin model. In order to construct the ground
state |B). € V(A1), it is convenient to introduce the free field realization.

3.2 Vertex operator

In this section we give the free field realization of the vertex operator <T>j (2),(j = =£,0) [14, 16, 17].
Let us introduce the bosons a,, (m € Zxg) as following [14, 15, 16, 17].

] = G 0 (2] — (~1)" ). (3.15)

10



Here we have used g-integer

Let us set the zero-mode operators P, Q) by
[am, P] = [am, Q] =0, [P,Q] =1.
The integrable highest weight representation V(A1) of Uy (Ag)) is realized by
V(A1) = Cla_1,a s, -] Brez €A, |A1) = e30).
The vacuum vector |0) is characterized by
am|0) =0, (m >0), P|0)=0.

We give the free field realizations of the vertex operators. Let us set e(q) = ([2] 1
q

elements of the vertex operators are given by

B_(2) = e ez,
\I'fr(z) = e(lq)eP*(z)eQ*(z)e_Q(—qz)_P+é.
Here we have set the auxiliary operators P(z),Q(z), P*(z),Q*(z) by
a_m, om
PO = 2 g, g,
am _m
W = =2 g, Cop,? 7
* a—m m om
PG = = 2 g, g,

)2

(3.16)

(3.17)

(3.18)

(3.19)

. The highest

(3.20)

(3.21)

(3.22)
(3.23)
(3.24)

(3.25)

The other elements of the vertex operators are given by the intertwining relations (3.1) and

(3.10).
Cfo(z) = 5_(2)% —q:):OEL(Z),
b(2) = q2(Bo(2)xy — g Bo(2)),
Ui(z) = ag¥i(z)—q 'Ui(2)ay,
VS (2) = q 3 (ag Uh(2) — T(2)ag)

11



The elements £, (m € Z) are given by integral of the currents 2% (w) = Y, o, b w™™,

dw . _
zt = jg QW\/jw L (w), (m e 7). (3.30)

Here the free field realizations of the currents z*(w) are given by

:I:(w) _ e(q)eRi(w)eSi(w)e:I:Qw:I:P—f—%’ (3.31)

where we have set the auxiliary operators R (w), S*(w) by

RE(w) = iza_ i (3.32)

m>0

Stw) = ;Z 3F2w m, (3.33)

m>0
3.3 Ground state

In this section we give the free field realization of the ground state | B). which satisfies
Te(2)|B)e = |B)e-
Theorem 3.1 The free field realizations of the ground states |B)e are given by
|B)e = e |Ay), (e ==+,0). (3.34)

Here we have set

sz 2m]q )[]q -
{ ( - % (vV=Dm)q" )_ (v=1)"g™" } 0
[ —m )

— (=1)™[ml 2mlq — (=1)™[ml,

where

T, Mm :.even

0, m:odd

Om(x) =

Multiplying the type-II vertex operators \T/Z(é) to the ground state |B)., we get the diagonal-

ization of the transfer matrix T,(z) on the space of state.

Proof.  Let us multiply the vertex operator ®;(z) to the relation T,(z)|B) = |B). from the

left and use the inversion relation (2.14). Then we have
Ko(2)0;(2)|B). = ®,(z"1)[B)e,  (jye = £,0). (3.36)

12



We would like to calculate the action of the vertex operator ®;(z) on the vector |B).. Using the

normal orderings

_ _ —1
d_(2)z (z'w) = :O_(2)z (ztw): A= qu/a)’ (lqw| < |2|), (3.37)

_ _ 1
X (gj4w)¢_(2§) = X ([13‘4’11})@_(2) : m, (|qZ| < |’lUD7 (338)

w1 (1 — ¢?wa /w1 (1 — wa /wr)

o (w)e” (wg) = a(wi)r (wa) 0+ qua/w) » (Jwa| < fwrl),
(3.39)
we have following realizations of the vertex operators ®;(z).
d_(2) = E(lq)ep(z)eQ(Z)eQ(—zq‘L)P"'é, (3.40)
dw 21

o) = 7£12w»/—1UJq4z<1——5zvz><f——qz/uo o) (34D

dw dws _5

O, (z) = 747402 Py Py oL ¢*)?
(1 — w1 /w2)(1 —wa/w1) 2 *{(q+q )z — (w1 +wa)}
(14 qwi/w2)(1 + qua/wy) 2
(1 = qu;/2)(1 = gz/w;)

j=1

x @ (2)z (¢twy)z (¢ Mwy) ;. (3.42)

The integration contour C; encircles w = 0,¢z but not w = ¢~ 'z. The integration contour

1 1

C5 encircles w1 = 0,qz, qws but not w1 = ¢~ "z,¢ *ws, and encircles wy = 0, gz, qw; but not

-1 -1
w2 =4q 2,4 “Wi.

The actions of the basic operators €5 (¥), e?(?) on the vector | B). have the following formulae.

e?D|B), = (x| B),, (3.43)
5@ B), = ge(w)e @ /)| By, (3.44)

where @.(z) is given in (2.8) and g.(w) is given by

(- ) (c=0)
(w) = 1 . 3.45
ge(w) (1—w (1 Fv~1g 2w, (e=+) (3.45)

We have the action of the vertex operators ®;(z) on the vector |B) as following.

1
e(q)”

B 3 dw Z_1w96(w)
BB = (e

d_(2)|B)e = (27 1)eP@HPETDQF (| Ay, (3.46)

13



x  eP@FTPETHHR™ (W) +R™ (¢4 /w)  F(O)| 7 1), (3.47)

_ dw1 dw2
) B), = (1-— 5 (z7hH 7{7{
+(2)|B) (1—¢*)%q 2e(q)pe( T P Ry

(1~ wi/ws)(1 = wa/wi)(1 = 1/wiwy)(1 = ¢*/wiws) Hw w;
(1 + qui /w2)(1 + qua/w1)(1 + q/wiws) 39¢(w;)

% _2{(q+q_l)z — (wl +ZU2)} (348)

2
[T —qu;/2)(1 = gz/w)) (1 = g/ zw;)
7=1

P(2)+P(z~)+R™ (¢'w1)+R™ (¢*/w1)+R™ (¢ w2)+R™ (¢"/w2) ,—Q F(e) A1)

X e
The integration contour 6’1 encircles w = 0,qz,¢qz~' but not w = ¢~ 'z. The integration
contour 6’2 encircles w; = O,qz,qz_l,qwg,qwz_1 but not wi = ¢ 'z,¢ 'ws, and encircles

we = 0, qz, qz_l,qwl, qwl_1 but not we = q_lz, q_lwl.
For simplicity we summarize the case e = +. The relation (3.36) is equivalent to the following

three relations.

0+(2)®_(2)|B)x = (2P (z71)|B)x, (3.49)
0r ()L FV—1g 22)®0(2)|B)r = ¢ur(zHAFV—1g 22 HPo(z HB)x, (3.50)
0+(2)2®1(2)|B)x = @i(z71)z7 @4 (27)[B)x, (3.51)

e The relation (3.49). Using formula (3.46), we have
1 _
(LHS) = @wi(z)gai(z*l)ef’(ﬂ”’(z DeQel|Ay) = (RHS). (3.52)

e The relation (3.50). Using formula (3.47), we have

(LHS) — (RHS) = (1 — ¢*)ps(2)px (2 (27! = 2) (3.53)
dw PEIHPE DR () bR (o) F(o
g 721 2”\/j1w11(w) (1—-qw/2)(1—qz/w)(1—q/wz)(1 — qwz)e A1),

where we have set I1(w) = (w —w™1)(1F \/—1q_%w)(1 F \/—lq_%w_l). Here the integration
contour 61 encircles w = 0, ¢z, gz~ " but not w = ¢~ '2z,¢~'2~!. The integration contour 5’1 and

the integrand
eP(2)+P(z"")+R™ (¢*w)+R™ (¢"w ™)

(1 —quw/2)(1 = gz/w)(1 = q/wz)(1 — quz)
are invariant under w — w~!. Hence the relation I1(w)+1I; (w™!) = 0 ensures (LHS)—(RHS) =
0.
e The relation (3.51). Using formula (3.48), we have

(LHS) — (RHS) = ¢ 3(1 —q2)2€(Q)‘Pi(2)¢i(2_l)y{7{a

dw1 d’wz

2/ — 1wy 27/ —1wo

14



(1 — ’wl/’LUQ)(]_ — ’LUQ/’wl)(l — ’U)l’wg)(l — 1/w1’w2)
(1+ qui/w2)(1 + qwa/wi)(1 + quiwz)(1 + q/wiws)

x ¢z = 2 )o(wy, wp) (3.54)

2
[10 = az/w)( = qu;/2)(1 = gzw)) (1 — g/ zw;)
j=1
P()+P(z")+R™(¢"w) + R (¢ /wi)+R™ (¢ w2)+R™ (¢ /w2) o= Qo F(e) | 7 ),

X e

where we have set

L(wi,wy) = {=(g+q )(z+2z Huwiws + (w1 + wa)(wiwz + 1)}
(1+ qwlwz) 1
— (1 - V- 2 3.55
1- w1w2) ¢ Jwiwy) 1;[ 1F lg 2wy ) ( )
Here the integration contour 62 encircles w; = 0, ¢z, gz, quo, qw2_1 but not wy = ¢ 'z, ¢ 1271,

1 1 1 1,-1 1 1

q Twa,q” w;l, and encircles wy = 0, ¢z, gz~ ', quy, qwl_1 butnot wo =q¢ "z,q 27, ¢ wi,q wy .

The integration contour 6’2 and the integrand

(1 —wy/w2)(1 — wa/wi)(1 — wiwa)(1 — 1/wyws)
(14 qwi /w2)(1 + qua/w1)(1 4+ quiws) (1 + q/wiws)
eP(2)+P(z" 1 )+R™ (¢*w1)+R™ (¢" /w1)+R™ (q*w2)+R™ (¢* /w2)

X
2
[T = gz/w))(1 = qu;/2)(1 = gzw;) (1 = q/zw;)
j=1

are invariant under (wy,ws) — (wyt,ws), (w1, wy '), (wi ™, wy'). Hence the relation

Iy (wy, we) + Ig(wl_l, wa) + Ig(wl,wgl) + Ig(wl_l, w;l) =0
ensures (LHS) — (RHS) = 0.
Q.E.D.
3.4 Dual ground state

In this section we give the free field realizations of the dual ground state (B| € V(A1)*, (e =
+,0), which satisfies

E<B|TE(Z) = 6<B’7 (6 = :|:,0). (356)

The dual integrable highest weight representation V' (A1)* of Uq(AéZ)) is realized by

Q

V(A1)* = (M| ©nez €"“Clar, az, -], (A1] = (0”3 (3.57)
The vacuum vector (0| is characterized by
(Ola—m =0, (m >0), (0|P=0. (3.58)
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Theorem 3.2  The free field realizations of the dual ground states (B| are given by

(Bl = (M1]e“9, (e =+,0). (3.59)
Here we have set
1 mq—Qm 5
Gle) = —5 Uy, 3.60
© = =52 Gup,— 1, (3.60)

s {_em ((q? —q% <ﬁ>m>q—m> L ey mDmge }m S

m>0 [Zm]q - (_1)m[m]q [27”]11 - (_1)m[m]q

The proof of (3.56) is given as the same way as those of (2.24). The following relations are useful

for proof.

(BlPCTED = (271 (BleQT), (3.61)
(Bl @) = g (w) (Bl (), (3.62)

where @.(z) is given in (2.8) and g} (w) is given by

. (1 —w?), (e =0)
Hw) = ) . 3.63
e I NI (09
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