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Abstract

We review the deformed W-algebra Wq,t(g;) and its screening currents. We
explicitly construct the Local Integrals of Motion Z,, (n = 1,2,---) for this de-
formed W-algebra. We explicitly construct the Nonlocal Integrals of Motion G,, (n =
1,2,--+) by means of screening currents. The Integrals of Motion Z,, and G,, com-
mute with each other. Our Integrals of Motion give the elliptic version of those
of the Conformal Field Theory for the Virasoro algebra Vir [1] and those for the
W-algebra W(,;E)) [2].



1 Introduction

V.Bazhanov, S.Lukyanov and B.Zamolodchikov [1] constructed an infinite set of commut-

ing Hamiltonians for Conformal Field Theory, which have the form,

27 du
fgk_lz/ o), (k=1,2,--). (1.1)
0

Here the densities Ty (u) are differential polynomials of the energy momentum tensor of

the Virasoro algebra T'(u) = —Cg% +> L_,eY~1" where the operators L, satisfies

the commutation relation, [Ly,, Ln] = (n — m)Lytm + S22 (0% — 1)8,4mo. The first few

densities Ty (u) are written by

Ty(uw) = T(u), Ty(u) = T*(u) :, Ts(u) =: T?(u) : +% (T (u))? - (1.2)

However they did not give explicit formulae of general densities Ty, all densities Toy(u)
are uniequely determined by requirement of the commutativity, [log_1, I2—1] =0, (k,l =
1,2,--+). We call the operators I the Local Integrals of Motion. V.Bazhanov, S.Lukyanov
and B.Zamolodchikov [1] constructed another infinite set of commuting operators Gy, (k =
1,2,--+), by means of the screening currents, Fj(u), Fp(u). In this case, they gave explicit

formulae for every Gy, (k = 1,2,---), satisfying the commutation relations |Gy, G| =

0, (k,1=1,2,--").

Ge = / . / (e%\/__lpFl(“1)F2(u2)F1(U3)F2(U4) e 'Fz(u2k)
22Ul Zug > Zug 20
—+ 6_27T\/__1PF2(’U/1)F1 (Ug)FQ(Ug)Fl (U4) e Fl(u2k))du1du2 s dUQk, (13)

where P is zero-mode operator. We call the operators GG, the Nonlocal Integrals of Motion.
They conjectured commutativity [lor—1,Gi] =0, (k, I =1,2,---).

V.Bazhanov, S.Lukyanov and B. Zamolodchikov’s theory [1] can be thought of as the
quantum version of the KAV problem, as it reduces to the classical KdV problem in
classical limit Copr — —o00, under the substitution

Cerr o

5 Ulu), [, ]*mh } (1.4)

The Poisson bracket structure {,} gives the second Hamiltonian structure of the KdV

equation. The Local Integrals of Motion I5,_; tend to 12(2111.

T(u) — —

27
cl du cl
I2(k11 = / _T2(k)(u>’ (k = 17 27 o ')v (1'5)
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where the first few densities are written by
T = U), T = 0(), T8 = ) — (U (w)” (16)
The KdV hierarchy are given by
O U = {150, UY, (k=1,2,--). (1.7)

In this paper we study the elliptic deformation of the Conformal Field Theory given
by V.Bazhanov, S.Lukyanov and B.Zamolodchikov [1], and V.Bazhanov, A.Hibberd and
S.Khoroshkin [2]. We construct explicit formulae of both Local Integrals of Motion Z,
and the Nonlocal Integrals of Motion G,,, for the deformed W-algebra Wq,t(s/l;/).

[Im>In] = 07 [gma gn] = 07 [Zma gn] = 07 (m,n = 1727 e ) (18)

Our Integrals of Motion give the elliptic version of those of the Conformal Field Theory
for the Virasoro algebra [1] and W-algebra W(;l\g) 2].

The organization of this paper is as follows. In section 2, we give basic definition,
including bosons, screening currents. In section 3, we review the deformed W-algebra
Wqﬂg(s/l]\\[). In section 4, we construct explicit formulae for the Local Integrals of Motion
Z,, (n = 1,2,---) for the deformed W-algebra Wq,t(s/l]\v). In section 5, we construct

explicit formulae for the Nonlocal Integrals of Motion G,,,, (m =1,2,---).

2 Basic Definition

In this section we give the basic definition. Let us fix three parameters 0 <z < 1,7 € C

and s € C.

2.1 Bosons

Let ¢;(1 <4 < N) be an orthonormal basis in RY relative to the standard basis in RY

relative to the standard inner product (,). Let us set & = ¢; — €, = Z;V:1 €j. We

idetify ey 1 = €. Let P = ZZ]\LI Z€; the weight lattice. Let us set o; = €; — €41 € P.
Let 37, be the oscillators (1 £ j < N—1,m € Z—{0}) with the commutation relations

etmlletmls o (1<i=j<N)

. . m
—— ml - ) 2.1
[ m’ﬁ”] B [(r—=1)m] [m] ™ sgn(i—j)5n+m0 (1 é i 7§ ] é N) ( )

[rm]  [sm]




zh—x ¢

Here the symbol [a] stands for T="+.

We also introduce the zero mode operator Py, (A € P). They are Z-linear in A and

satisfy

iP Q) = (A, (A\ueP). (2.2)

Let us intrduce the bosonic Fock space Fy(l,k € P) generated by 7, (m > 0) over

the vacuum vector |/, k) :

E,k = C[{ﬁj—lv 6127 o '}léjgN”l: k>7 (23)

where

G LKk = 0,(m>0), (2.4)

PLE) = ( ,/r_ >|lk: (2.5)

1, k) :ewﬁﬂﬂv%@wﬁy (2.6)

Let us set the Dynkin-diagram automorphism 7 by

2s

n(BL) =2 NmF2 o (BN = NN, p(BY) = 2 ¥V Umal (2.7)

and n(e;) = €1, (1 =i = N).

2.2 Basic Operators

In this section we introduce the basic operators. Let us set z = 2.

Definition 2.1 We set the screening currents F;(z)(1 < j < N) by
Fi(z) = eV (gF-1iy)

1 .
: —_BJ o m : 1<i<N-1 03
FN(Z) = ei\/EQaN (ZL'25_NZ)\/EP€N+T2?1 (Z)_\/r;_lpgl-i-g;rl

X exp (Z %Bn]\iz_m> s (2.9)

m#0

r—1 r—1
R

X

Here we set

Bj, = (B, —pMa™ " (1<jSN-1), (2.10)
BY = (z7*mBN - B)). (2.11)



The screening currents Fj(z), (1 < j < N — 1) are studied well in [7]. We introduce new
current Fy(z), which can be regarded as “affinization” of screenings Fj(z), (1 = j =
N —1).

In what follows, the symbol [u], stands for the theta function satisfying

[w+rl, = —[ul, = [y, (2.12)
u+7], = —er @D[y],, where 7 = %. (2.13)

Explicitly it is given by

W] = /"0, (2", (2.14)
O4(2) = (2 0)0(4/7 @)os(; @)oo (2.15)
(21 @) = H(l—ij). (2.16)

Proposition 2.1 The screening currents F;(z), (1 £ j = N) satisfy the following

commutation relations,

1 1 .
U —a — = 1 1] Fi(z1)Fj(z) = s — 1 + 2] Fii(2)Fj(z1), (1=j=N),
N r Nlir
(2.17)
Uy — U2|r Ug — U |y .
st B R = M FG)R), (1S5S V)29
and
Fi(21)Fj(z2) = Fi(z)F(x), (i—jl22) (2.19)
We read Fni1(z) = Fi(2).
Proposition 2.2 The action of n on the screenings F;(z) is given by
0(Fj(2) = Fya(a'™¥2), (1S5S N-2), (2:20)
N(Fx-1(2)) = Fy(z' =¥ 2)a® MV Pt (2:21)
M(Fy(2)) = Fi(a'" % 2)altmMVE RS, (2:22)

We have n(Fn-1(21)Fn(22)) = Fn(21)F1(22).



Definition 2.2 We set the fundamental operator A;(z), (1 = j < N) by

Aj(z) = a7 2Vr0DP ey (Z %@{;z—m) . (1< <N). (2.23)
m##0

Proposition 2.3 The action of n on the screenings A;(2) is given by

n(A(2) = Ajii(ez), 1S5S N=1), n(An(2) = Ai(a'72). (2.24)
Proposition 2.4  The screening currents F;(z), (1 < j < N) and the fundamental
operators Aj(z), (1 =<5 = N) commute up to delta-function §(z) =, ., 2™

22

A B = (18 (2 ) A )R ), (1S5S N)

(2.25)

i) B = (=725 (02 ) GORG) S5V -1,

21

(2.26)

—) t Ay (21)Fn(2z2) . (2.27)

21

Ar(z), ()] = (1— 27225 (

3 Deformed W-Algebra W, (sly)

In this section we review the deformed W-algebra Wq’t(s/l]\\[) 3, 4, 5].

3.1 Deformation of W-Algebra

In this section we give the deformation of the W-algebra.

Definition 3.1 Let us set the operator T;(z), (1 <j < N) by

Ty(z) = > A (T A (2771 A (2T 2) (3.1)
1<s1<52<<s; SN
Proposition 3.1  The bosonic operators T;(z), (1 < j < N) satisfy the following

relations.
fij(za/21)Ti(21)Tj(22) — fi(21/22)Tj(22)Ti(21)

i k-l j—i+2k o
- CZ HA(ﬂf%Ll) X (5 (H) fickgr(@ T (@70 20) Ty (2 22)

2
k=1 I=1 1

pIti=2k, . .
- 0 (—2) fi-k,j+k($ﬂ_l)ﬂ—k($k21)Tj+k($_k22)> , (s

21

A
<

A
2
w
N/
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where §(2) =3, 0, 2"
Here we set the constnt ¢ and the auxiliary function A(z) by

(1 _ x2r>(1 _ x—2r+2) (1 _ er—lz)(l _ x1—2r2)

T (1—2?) Al = (1—z2)(1—2"12)

Here we set the structure functions,

0 1 (1 _ :L.2mMzn(z,g))(1 _ x2m(s—Max(i,j)))
i — (1 — 2rm 1— —2(r—1)m
fij(z) = exp <m§:1: m( ) (1 - ) (1 — 22m)(1 — a2m)

Example For N = 2 the operators T1(z), T»(z) satisfy

fra(ze/z0)Th(21)Th(22) — fia(z/22)Ti(22)Th(21)
c(6(2%2/21) To(w2) — 6(2°21 ) 20) To(2 ™" 20)),

fra(z2/z1)Th(21)Ta(22) = fau(21/22)To(22) Th(21),
fop(z2/21)Ta(21)Ta(22) = fap(21/22)To(22) Ta(21).

Example For N = 3 the operators T(z), T5(z), T3(z) satisfy

Jia(z2/20)Th(21)Th(z2) — fia(z1/22)Ti(22) T1 (1)
= c(8(2P 2/ 2)Th(z2) — 6(2%21 ) 22) To (2 23)),

fra(ze/z1)Th(21)Ta(22) — fai(21/22)Ta(22)Th(21)
= c(0(2®z)21)T3(x22) — 0(2° 21 ) 20)T3(2 ™ 22)),

fo2(z2/20)To(21)Ta(22) — f22(21/22)Ta(22) T2(21)

= cfi3(1)(0 122y ) 20T (220) Ts(222) — 82221 ) 20) T (2 20) T3 (271 20)),

)
(
fra(z2/21)Th(21)T5(22) = f(21/22)T5(22) Th(21),
fos(z2/21)Ta(21)T5(22) = fa2(21/22)T5(22) Ta(21),
f33(22/20)T5(21)T5(22) = fs(21/22)T5(22) T5(21).

w"jmzm> )

(3.4)

Definition 3.2 The three parameter deformed W -algebra is an associative algebra

generated by T»,gj), (n € Z,1 < j < N). Defining relations are given by (3.2). The

elements T are Fourier coefficients of Tj(2) = > ,ex T 2.

For general N, upon specialization s = N, the operator Ty (z) degenerate to scalar 1.

Let us set parameters ¢ = 2%" and t = 2272,



Theorem 3.2  Upon specialization s = N, the operator T;(z) (1 < 7 < N) give a free
field realization of the deformed W -algebra Wq,t(s/ljv).

Example For N =2 and s = 2, the operator T5(z) degenerates to scalar 1, and Fourier
coeflicients of T (z) = >, ., 1,27 " satisfy the defining relation of the deformed Virasoro
algebra Vir,, = Wqﬂg(gl;) [3].

[T, Trn] = — Z STt Tt — ToniTogr) + c((q/1)" — (/@) )0nsm,0 (3.14)

=0

where we set the structure constant f; by fi1(z) = 1+ >_;°, fiz". Let us set ¢ = e" and

t=¢% (B= "";—1), and take the limit A — 0 under the following h-expansion,
1— 2
Ty = 20,0 + 3 (Ln + ( 4;) 5n70) h* + O(h?), (3.15)

we have the defining relation of the Virasoro algebra,

C
o

61— 3)°

[Lpn, Ly) = (n—m)Lpyn + 3

— 1)pimo. Copp=1— (3.16)

3.2 Central Extension

In this section we study the realization of the deformed W-algebra. Let us set the element

Cpn by
N
Cp =Y aN2tmpr (3.17)
j=1
This element Cy, is n-invariant, 7(Cy,) = Cp,. Let us divide Aj(z) into APW4(z) and Z(2).
Aj(z) = APWA(2)Z(2), (1SjEN), (3.18)

where we set

rm

AfWA(Z) _ x—Z\/r(r—l)ng Cexp <Z # ( 7Jn _ %Cm> Z_m> (319)

m#0
' pTTm [m]x _
Z(z) = :exp Cmz™™ ] & (3.20)
(%;0 m [Nm], >
Let us set
TPWA(3) = Z L APWA(z I ) ADWA (77743 5) . .AfjWA(xj—lz) . (3.21)

1<s1<s2<-<s;EN



Theorem 3.3  The operators TjDWA(z), (1 £j <N -—1) give a free field realization
of the deformed W -algebra Wq’t(s/l?v).

Proposition 3.4 The operators TP (z) and Z(z) commutes with each other.
TPV 21)Z(2) = Z(2)T "M z), (1Zj<N-1). (3.22)

Three paramedter deformed W-algebra defined in the previous subsection (3.2), can
be regarded as central extension of Wq,t(s/l?v), therefore, we sometime call three parameter
deformed W-algebra, “the deformed W-algebra Wq,t(ﬂ?v)”. In what follows, mainly, we
consider three parameter deformed W-algebra. It is simpler to show the commutation
relations of the Integrals of Motion [Z,,,Z,,| = [Gm, Gn] = [Zm, Gn] = 0 for three parameter
(x,r,s) deformed case than those for two parameter (z,r,s = N) deformed case. One
additionnal parameter s resolves singularity in the Integrals of Motion, and make problem

simpler.

4 Local Integrals of Motion

In this section we give explicit formulae of the Local Integrals of Motion Z,.

In what follows we use the notation of the ordered product.

[[7G) =Tz)T(z0) - Tiz), (L= {l - dll <o <= < 1n}). (41)

leL
For formal power series A(z1, 22, 2n) = D 41 pyknez Uty g o 20 252 -+ - 2P0 e set the
Symbol [+ J1sy e
[A<Zlv 22y, Zn)]l,zhzm"',zn = 40,0,--,0- (42)

Let us set the auxiliary function g; ;(2) by fusion of g;1(2) = f1.1(2).

gia(2) = glyl(x_i+lz)g1,1(5€_i+32) o ‘91,1(9€i_12);

Gij(2) = gin (@7 2) gy (x77132) - gi g (2771 2). (4.3)

Definition 4.1  We set the operator O, (z1, 22, -+, zn) by

On(ZhZZa"'aZn): Z Z

s e >0 (1) (1) (N) (N)
1,Q2,03, AN = AN LA A A 1.2,
ay+2ag+3ag+--+Napy=n 1 o fag A T QNC{ ,2,0,m}

t t
4=t @40 =12, 0}



X H Ti(z;) H To(x'2) - H T, (1 2[] H Tn( _1+N_2[%]zj)

—

(1) @) A AN

JEAMzn JEAMzn ]EAI\/Iin JEAZ\/Iin
A N i

t—1 t 2,
> H ((_c>t—1 HA(x2u+1)t—u—1> H Z H 5 <x jj‘cr(vﬂ—l))
u=1 t=1 j=1 cESt 1 Jo(u)

N
X H H Jt.t (%) H H Gt (u t_2[%]+2[%]z—l;). (4.4)

t=1 i<k < < (t)
kEA(t) 1= t<u N ]eAkhn
7> Min (u)

kEA} rin

Here we have set the constant ¢ and the function A(z) in (3.3). When the index set
D= Lo ddii <jo < <gy, A<t S N1 < ), we set Aﬂ = Jk, and
t t t t

AS\/I)zn = {Ag,)lv Aé,)lv T AE,%}

Example

Oi(z) = Ti(2), (4.5)
Os(21,22) = gia(22/21)T1(21)Th(22) — c6(22 22/ 21) To (w21, (4.6)
O3(21,22,23) = gui(z2/21)91.1(23/21)91,1(23/ 22) 11 (21) T1(22) T (23)
— cqra(r 2/ 2)Th(21)0(2% 23/ 20) Ta (27 ' 25)

— cgia(z” Y21/ )T (20 5($22’3/21)T2:E '21)

) (
— cqra(z™ 2/ 23)Th(23)0(2% 20/ 21 ) Ta(z 71 21)
+ EA@)(0(2*22/21)0(2%21 [ 23) + (221 22)0 (2% 23/ 21) ) T5(21).- (4.7)

Let us set the auxiliary function s(z) = s(1/z) by

S(Z) _ (Z LUQS) (xQS 27‘2 .’1?25) (1/Z;x2$)oo(x2$—2r/z;x?s)oo
(.’1125 22’ m2s)oo(x—2r+227 x25)oo (LU2S_2/Z; x25)oo(x—2r+2/z; x25)oo

(4.8)

Definition 4.2 For Re(s) > 0 and Re(r) < 0, we define a family of the operators
Z,, (n=1,2,---) by

7, = H s(21/2)On(21, -+, 2n) . (4.9)

<j<k<
1Sj<ksn 1,21,,2n

10



For generic Re(s) > 0 and r € C, the definition of Z,, should be understood as analytic
continuation. We call the operator Z,, the Local Integral Motion for the deformed W -

algebra.

Proposition 4.1 The operator O, (21,29, , z,) is Sp-invariant in “weakly sense”.

H 5(26/25)On(21, 22, -+, 2n) = H 5(20k)/ 20(i)) On(20(1) Zo(2), * *» Zo(n))s (0 € Sh).

1<j<k<n 1<j<k<n

(4.10)
The following is one of Main Results.

Theorem 4.2 The Local Integrals of Motion I, (n = 1,2,--) commute with each

other.

L0, Z,] =0, (m,n=12--"). (4.11)

By using S,-invariance of O, (z1, 22, -, z,) in “weakly sense”, the above theorem is re-

duced to the following theta function identity, which is shown by induction [6].

up — u;j + 1sjup —uy +1 — 1
Z HH[ _+uj[ + ]’

JC{1,2,-,n+m} jeJ k‘i] [uk; s[uk - U/] + 7“]5

|J|=n
- Wy 1 s - Wy -1 s
JCC{ﬁjgi;’n_‘—m} jeJe kg e [uk - uj]S[Uk —Uj + T]s

Conjecture 4.3 The Local Integrals of Motion are n-invariant.

We have checked for small n. We have already shown n-invariance conjecture, n(Z,) =

Z,, for the deformed Virasoro algebra case, Vir,;, = Wq,t(s/l\g) 8].

5 Nonlocal Integrals of Motion

In this section we give explicit formulae of the Nonlocal Integrals of Motion. Let us set

the theta function 9(u™|u®|---|u™) by following conditions.
ﬁ(u(1)| e |u(t) + 7| |u(N)) — ﬁ(u(1)| e |u(t)| e |u(N))’ (1<t < N) (5.1)

11



— e—2wif—¥(ut—1—2ut+ut+1+ r(r—=1)Fa;) 9 I(u (1)|...|u(t)|...|u(N))7 (1<t<N),(5.2)

D(u® + k[ Ju™ + k) = 9| [u™), (ke ), (5.3)
n(@u] - [u)) = HuNuM] - N), (5.4)

Example For N = 2 case, we have

19(U1|u2) = ul—u2 \V/ T Pa1+Oé ul—ug—a]

+ [ug —uy — r(r —1)P,, — al,Juy —us + o, (ae€C). (5.5)

Definition 5.1  For Re(r) # 0 and 0 < Re(s) < 2, we define a family of operators
gm7 (m: 1727) by

N m ()
dz;
G = HH% 27T\/]—Z(t Fi(Y) - RO Bo(2?) - Fa(2P) - Py (M) - Fn (2

t=1 j=1
H H [ugt) — u§~t)] [ugt) — ugt) — 1}
t=11<i<j<m " "
X N—-1 m s m s
[l o1 3] T -7+,
t=1 ¢,5=1 ij=1
1 2 N
<o (| 3. 59
j=1 j=1 j=1

Here the integral contour C' is given by

¥ ) < 9] < R 1SS N-1,1Z0,Sm),  (5.7)

22 %2V < 2 < 2 ¥ D) (14,5 Sm). (5.8)

For generic s € C, the definition of G,, should be understood as analytic continuation. We

call the operator G,, the Nonlocal Integrals of Motion for the deformed W -algebra.

Example For N =2 and m = 1 case, we have

- dz dzy z . Oy |us)
o= [ | e R e T Y

12



Here C is given by |2°2;| < |21] < |2z~

2+322|‘

The following is one of Main Results.

Theorem 5.1  The Nonlocal Integrals of Motion G,, (n=1,2,---) commute with each

other.

G, Gn] =0, (mn=1,2--). (5.10)

By using commutation relations of the screening currents F}(z), the above theorem is

reduced to the following theta function identity, which is shown by induction [6].

where 9, (u)

functions.

DD ST D (z

(2)
Z Usy(5)
=1

(N)
Z uUN(i))
i=1

o1 ESm+n 02€Sm+n 0N65m+n =
S ), L ) =W
1 2
(32 ] 30| 5 )
Jj=m-+1 j=m+1 j=m-+1
m min © @) s (t) MGy s
N H li:[ |: o‘t(l) u0t+1(j) N:|7‘ [uot(j) o‘t+1(7,) +1 ]r
() () () ()
t=1 i=1 j=mt [“otm - “mj)] \ [“m) o) 1} .
DD IR D (z | S|+ 2o )
01ESm+n 02€ESm4n ONESm+n = j=1
m+n ( ) m+n m+n )
1
(55| 52 |5 )
Jj=n+1 j=n+1 j=n+1
n oman |g® D) s (t) MGy s
ﬂH ﬁ [ o) NL [“mm Ugpiati) T 1 ] (5.11)
WO —u® T Ty® — 0 ’ '
t=1 i=1 j=n+1 ot (7) ot(j) . ot(j) o+ (i) ,
[u@] - |u™)) and 95(uMu®]- .- [u™) are not necesarry the same theta
Theorem 5.2  The Nonlocal Integrals of Motion are n-invariant.
(Gm) = Gm, (m=1,2,--). (5.12)

13



Conjecture 5.3  The Local Integrals of MotionZ,,, (n =1,2,---) and Nonlocal Integrals

of Motion G,,, (m=1,2,---) commute with each other.
Z0,Gn] =0, (myn=1,2---). (5.13)

We have already shown the commutation relations [Z,,G,,] = 0,(m,n = 1,2,--)
for the deformed Virasoro algebra case, Viry, = Wq’t(;l\g) [8]. We have already shown
the commutation relations [Z,,G,,| = 0, (m = 1,2,---) for general Wq7t(s/l7v) case. If
we assume 7-invariance of the Local Integrals of Motion 7(Z,) = Z,,, the commutation
relation [Z,,,G,,] = 0, (m,n = 1,2,---) for general Wq’t(s/l]\\[), can be shown by simple

argument.
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